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Some Extensions of Pincherle’s Polynomials,
By Pierre Humsert, Sc.D.
(Read and Recevved 1jth January 1921.)

The polynomials which satisfy linear differential equations of
the second order and of the hypergeometric type have been the
object of extensive work, and very few properties of them remain
now hidden ; the student who seeks in that direction a sut ject for
research is compelled to look, not after these functions themselves
but after generalisations of them. Among these may be set in
first place the polynomials connected with a differential equation of
the third order and of the extended hypergeometric type, of which
a general theory hLas been given by Goursat. The number of
such polynomials of which properties have been studied in
particular is rather small; in fact, Appell’s polynomials

du . ”>
P, = a;:[w (#*-1) J

and Pincherle’s polynomials, arising from the cxpansions

(1 -3+~ 1=2¢P, (x)
are, so far as I know, the only well-known ones. To show what
can be dono in these ways, I shall briefly give the definition and

principal properties of some polynomials analogous to Pincherle’s
and of some allied functions.

I. Starting from the expression
(1-3txc+)~"

where v is an arbitrary quantity I expand it in ascending powers
of ¢, and call P, (x) the coeflicient of the nth power of ¢; so

4y (l—3tm+t’)_"=%‘,t"l’f,(w).

P}, is obviously a polynomial of degree = in respect of z; and,
bearing in mind the definition of Pincherle’s polynomial 2P,
given above, it may be seen that 7, plays with P, the same part as

Gegenbauer’s polynomial €, plays with the ordinary Legendre’s
polynomial X, .
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From the fundamental relation (1) may be easily obtained,
through the ordinary method in such cases, the following recurrence
formula
(1) m+ D) Pry-3a(n+V) P +(n+3v-2)Pi,=0.

This formula affects ohly polynomials with the same superior
index ; but another one can be readily written, connecting polyno-
mials with different indices, both superior and inferior

(n+ 1) P +3v P2 3y PP FL,

Other recurrence formulae introduce the differential coefficient of
the functions :

dP’,  dP’

O ~a bl
dP’, ar;,
3 Pl’ — 241 Hin
(n+30) P, dx - dz
and
dpP,
(2) =8y PRl
This last formula is of special interest. If we write it
apr’ ;!
(3) = _3(y-1) P’
L 3 (v-1) P
and compare (3) with (2) we obtain
P! -
——d?}l- =9v(v- 1)1",,1'1l

and so on. Any polynomial P; may then be expressed in terms
of a differential coefficient of a polynomial whose superior index
lies between O and 1. In particular, if v is of the form o + 3},
o being an integer, we have

2\a 1 de
(5 iy
P (5) T T g D

Pn+a being the ordinary Pincherle’s polynomial of order n+«;
and if v is itself an integer, we have

B l dl'—l P
3v_l(v—l)!dxv_l n+v-D
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P 1 d o

T udyt mHY

P being the coeflicient of ¢* in the expansion, in ascending
powers of ¢, of
—log (1 - 3t + ¢%).
From the recurrence formulae we shall obtain a differential
equation of the third order and of the extended hypergeometric

type, satisfied by P, namely
(4=* - 1)y +62° (2v + 3) y" — oy’ [3n* + 3n (2v + 1) - (3v + 2) (3v + 5)]
-n(n+3v)(n+3v+3)y=0.

II. A certain number of functions are connected with these
polynomials P?; for instance, if we consider the finite difference-
equation

(r+1)fo-3x(n-v+1)fi+(n~-3v+1)/, ,=0
which is satisfied by P,l, ~%, we can see that another solution of it
is the function

2v-1

X (@) =j: o 4,

(? uyn+l
the Weierstrassian elliptic function @ being defined by the radical
JE3tx+ 1, and w being its real period. This function A’ is also
the coefficient of x" in the expansion in ascending powers of z of
the integral

I“" de
Je, (2 t) (¢ “Btw T i
¢, being the greatest root of ¢* - 3tx+1=0.

Another function, o}, (), may be introduced by the formula
Gl 1
.= ;-8 + 1)’ de
0

¢, being the smallest root of the polynomial of the third order;
this function satisfies the recurrence formula

(n+8v-1)ol_ -3x(n+v-1ol_+(n-1)o,_,=0
which is the inverse of the difference-equation satisfied by P,. The
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presence of a polynomial of the third order in the definition of
these functions leads to the introduction of elliptic functions in all
these theories.

III. Leaving now the field of differential equations of the third
order, we can introduce new and more general functions; con-
sidering, for instance, the formula

dr,
T 3vpril
and comparing it with the relation
ac, w+l
- 2v Ch

for Gegenbauer's polynomials, we are led to consider the poly-

nomials IT, ,,, where m is an integer, defined by the expansion
(1 -mix+em)~ " =3¢1, , (x).
These satisfy the recurrence formulaen
(n+ DLy, ~max(n+v)IT, - (n+mv-m+ 1)1, ., =0

d

J{; H:, m=my H:jl,lm

which generalise the formulae (1)’ and (2), and also a differential
equation of order m.

IV. In conclusion, we may remark that it would be easy to
extend these properties to certain polynomials with two variables;
tor instance, just as Hermite generalised Legendre’s polynomials,
we can start from the expansion

(1-3ax-3by+a*+ )= %% a" bV, . (xy)
and obtain formulac such as
OV urr 0 Vg
dx 0 y

oV

-

ui, 0

——+mV, .=0,
ox

oV,

w—I, n

ox

and so forth.

Note. —The properties of Pincherle’s polynomials are given by S. Pincherle
in Memorie della R. Accademia di Bologna, seria quintas, t. L., 1890, p. 337.

https://doi.org/10.1017/50013091500035756 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500035756



