
Can. J. Math. Vol. 48 (2), 1996 pp. 274-287 

POLYNOMIAL LIE SUBALGEBRAS 
OF THE INFINITE MATRIX LIE ALGEBRA 

LIANG CHEN 

ABSTRACT. We construct two classes of Lie subalgebras of the infinite matrix Lie 
algebra Qloo(C) and prove that they are all simple Lie algebras. 

1. Introduction. The infinite matrix Lie algebras gloo(C) and 3loo(C) = 
[9loo(C), Qloo(C)] have been discussed by many authors (for example [K], [KR]). In this 
paper we construct two classes of Lie subalgebras of 3loo(C) and prove that they are all 
simple Lie algebras. 

Recall that the Lie algebra gloo(C) is given by 

Gloo(C) = £ My 

with Lie bracket 
[EijyEkl] = SjkEu — duEjg. 

Let/?(/) = ao + a\t + • • • + arf, ar ^ 0. Define 

^ : = ± a k E i j + k 
k=0 

and 

AloofcKO) := E C£f • 

Thengloo(/7(0) is a Lie subalgebraof flloo(C) and Sla>(p(0) : = [flloo(p(0)>flloo(p(0)] 
is a simple Lie algebra (see Section 1). Further, we define 

r 

Ff> := £ <>kaiEi+kj+i 
k,l=0 

and 

flteo(p(0) := £ <*f • 

Then gtoo^CO) *s a Lie subalgebra of gloo(p(0) a n d 

2too(p(t)) := [fltoo(p(0),fltoo(p(0)] 
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is a simple Lie subalgebra (see Section 3). Since the n x n matrix Lie algebra gI„(C) = 
Ei <tj<n &Eij is a Lie subalgebra of gloo(C), we naturally get Lie subalgebras 

Gl«(^(0):=9loo(^(0)n9lw(C), 

^(/7(0):=9too(^(0)ngrw(C), 

if deg(/?(0) < n. We call gloo(/>(0), 3loo(/?(0), 8*00 (/>(')), 3loo(/>«) the polynomial 
Lie subalgebras of gloo(C), and qln(p(t)), $ln(p(tj), &n(p(f))> ^n{p{t)) the polynomial 
Lie subalgebras of gI„(C). 

This paper is organized as follows. In Section 1, we prove that $loo(p(t)) is a simple 

Lie algebra for every p(t) G C[t]. In Section 2, we discuss representations of Q loo (/?(/))• 

In Section 3, we prove that iToo(/?(0) *s a simple Lie algebra for every p{t) G C[t]9 and 

in Section 4 we discuss Qln(p(t)) and gl„(/?(/)) in the cases w = 2 and n = 3. 
In this paper, we denote the complex number field by C and denote the polynomial 

ring with one variable / over C by C[t]. 

2. First class polynomial Lie subalgebras of q loo(C). We discuss the first class of 
polynomial Lie algebras of gloo(C) in this section. gloo(C) = Hijez CJÊ - is an infinite 
dimensional Lie algebra with Lie bracket 

[Eij,Eki] = 6jkEji — SuE/g. 

Letp{t) = a0 + ait+--+arf G C[f], wherear ^ 0. DefineE™ := E*=oakEiJ+k9 and 

&oo(p(t)) := Eyez CE^. Then we have the following: 

PROPOSITION 1. gloo(p(0) » a £& subalgebra of qloo(C). 

PROOF. 

t ^ , ^ ] = £ aman[EiJ+m,EkJ+n] 
m,n=0 

r 

= X I aman(5j+mtkEi,l+n ~ fy+njEkj+m 
m,n=0 

= \ J2 amf>j+m,k K°-(E«-«^K0€9ioo^(o) 
m=0 »=0 

for all i j , k, I G Z. • 

REMARKS. (1) If /?(/) is a non-zero constant, then 

flloo(p(0) = flIoo(C). 

(2) If p(t) = Em flm*"1 € C[f], and q(t) = Ew *w^ G C[f], and we use the notation 

(3) Without loss of generality,we assume in the rest of the paper that ao = 1. 
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PROPOSITION 2. Let pit) = 1 + axt + • • • + arf, q{t) = 1 + b\t + • • • + bsf, ar ^ 0, 

bs ^ 0. 7%e« 

r^ 8ioo(?w) c aioo(p(o) # x o I *«• 
(6;^g.c.cL(p(0,9(0) = l ^ ^ 

flioo(p(^(0) = flioo(p(0) riflioo(?(0)-

In particular, if 

p(t) = i[(l + ajt)kJ, 

where a\,..., a/ are distinct, then 

i 

r flIoo(p(0) = h B I o o ( ( l + a ^ ) . 

PROOF, (a) It is clear that if/?0) | #(0, then qloo(q(t)) C gl<x>(p(0)- Conversely, if 

flloo(?(0) Q flloo(p(0)9wehave 

k 

where r(f) = Ek>ockt
k G C[f]. So/K0 | ?(0-

(b) Let 

A'Ggloo^Ojnf i loo^W). 

We may write 

m<k<n,m\ <l<n\ k 

where cjt(/) = £/ c ^ G C[/]. On the other hand, we may write X = £* £|^f (0, where 
4 ( 0 = £/ ^ € CM. So for every k, q(t)dk(t) = p(t)ck(t). But g. c. d. (p(t), q{t)) = 1, 
so q(t) | Ck(i) and hence 

Xe^loo{p{t)q{i)). 

Now (b) follows at once. • 

PROPOSITION 3. Letp(t) = 1+ a\t + • • • + A,/", <zr ^ 0. Define 

*loo(p(0) = [flloo(p(0),flloo(p(0)]. 

7%e« ^loo(p(0) w ̂  simple Lie algebra and 

flloo(p(0) = C ^ ° tX g loo(p(0) -

PROOF. We first prove the following 
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CLAIM 1. 

Koo(p(tj) = E CE«0 + E <Pf - £?_'],,_,) 
jel,i#,...j+r i€Z 

+ E c(o^*>-0 

PROOF OF CLAIM 1. We have 

(1) [2^,<>] = (± am8j+mM» - (± an8l+n^\ 
Vm=0 J Vn=0 y 

For / < / or i > / + r, En «ŵ /+w,/ = 0. So 

£ Cfif C «oo(p(0)-

Let j = /, k =j = i - 1 in (1). We get 

EC(^-^Vl)^Ioo^)). 
i 

Finally, let i —j = / in (1), we get 

/GZ,m=l,...,r 

But 

^jJV«oo(p(0). 
In fact, if 

£*° =£00+ ai£oi + ' ' ' + arE0r € Sloo(p(0)> 

then £00 € ^Ioo(C). This is a contradiction. Since 

9Ioo(p(0) = C£*» + E C£f + E C(25f - £*Vi> 
jez,#j,...j+r iez 

+ E C(as£^'>-^,), 
i'GZyy=l,...,r 

we proved the Claim 1. 
Now let N ^ 0 be an ideal of $loo(p(t))9 and let 0 ^ X e N. We may write 

k—m 

where ck(t) e C[t]. Choose q > 0. Then£$0 G 3loo(/>(0)> and 

= E ^4»,^» ] 

j=m\ 
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where cn(t) = T^Lm cjf. 
Let k > q. Then 

t^l>^+rH,J — 2^ Cj[&q,l+j>Eni+l+r,k] 
j=m 

- r rriKO riKO "I 

= c„xarE*?eN. 

So we have that Eff G TV for all k > 9 > 0. 

CLAIM 2. £$° G N/or a// /J G Z w#A «V y,. . . j + r. 

PROOF OF THE CLAIM 2. For every y G Z, and i^j,... ,j + r, choose k, q such that 
k > ? » y and k > ? > /. Then ̂ *> G AT, and£j'} G 8l«,(p(0)- Hence 

But £^° G «loo(p(0). so we have 

Now it is easy to prove the Proposition. Since E!fflx G N, and axE^ — Effli G 

8loo(p(0), 

So 

for all i. For asE$l) - E$\ G Sloo(p(0)» choose A: > i. Then 

So we proved that yV = ^loo(p(0) anc* hence 3loo(p(0) *s a s^pte Lie algebra. 

flloo(p(0) = C£*° K 3loo(p(0) 

is clear. We completed the proof. • 

3. Representations of Q loo (/?(/))• In this section we discuss some representations 

of Qloo(/>(0)- First ^t ^ = Ejtez Cv̂ . K is a representation of Qloo(p(t)) if we define 

/w=0 

where/?(/) = 1 + ai* + • • • + a^. 
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PROPOSITION 1. V is an irreducible representation ofq 1^ (p(f)). 

PROOF. Let 0 ^ U C V be a subrepresentation and 0 ^ X = E*=m
 c*v* € £/. Then 

for every / £ Z, 

£g?_ r ' * = Cn0$_r - vm = cmarVi e U. 

Hence vt € U, and U = V. m 

Next we consider gloo(C) as a gloo (/?(/))-module. Assume that/?(/) = (1 + ot\i) • • • 
(1 + art), mdpt(t) = (1 + a\t) • • • (1 + a//), where i = 0,1,. . . ,r. then 

flloo(p(0) = filoo(pr(0) C filoo(pr-l(0) C • • • C gloo(p«)(0) = 9^oo(C) 

is a sequence of gloo(/?(0)_m°dules. 

PROPOSITION 2. 7%e m ^ 

fltoo(p,-(0) ^y 

gloo(pi+i(0) 

^S)(0 + flloo(pm(0)—>v* 

w 0 §loo(p(f))-module isomorphism, i = 0 , 1 , . . . , r — 1. 

PROOF. Fix /. Assume that/?(f) = pi(t)qi(t)9 where /?/(/) = Jlmbmt"1, and #,(/) = 
End*". Then 

ad(2<£<>) • ( ^ + flloo(pw(0)) = [*$,!$*] + flloo(pw(0) 

= E c . K l ^ ] + flloo(pw(0) 

= E c« (E W » « ^ W - E Mm,u£^„) 

+ gioo(prH(0) 

+ flIoo(pHl(0) 

= ( E « / W ) ( ^ + AIOO(P»I(0))-

We complete the proof. • 

Finally, recall that gloo(C) has the triangular decomposition: 

gioo(C) = £ CEtj + 2 C £ « + E ^ , 
i>y IGZ i</ 

where E/</ C£,y and E/>y C£# are Lie subalgebras of gloo(C), and E/ez C£/,- is an abelian 
Lie subalgebraof gloo(C). 
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Let U(q) be the universal enveloping algebra of a Lie algebra q. Then we have 

U{ql(C)) <* u{ZCEy) ® u(ZCEa) ® l / f e c ^ A 
xt>j J V/GZ y v/<y y 

Let A = {A/ | / G Z} be a set of complex numbers. 

J(A):=(j2CEij,Eii-\X 

the left ideal of £/(gIoo(C)) generated by £1>y- C£// and En — A,-, / G Z. Then 

t/(flUC» 

-/(A) 

is a left gIoo(C)-module. Hence it is a gloo(/?(/))-module by restriction. 

PROPOSITION 3. Let N C M(A). Tfte/i TV is a qloo(p(t))-module iffN is a gloo(C)-
module. 

PROOF. Suppose that N ^ 0 is a flloo(p(0) -module. Let 0 ^ X G iV. Then E^f) X G 
JV. Since N C M(A), so for z < y , ^ • X = • = JSi^r-i • X = 0 G AT. Then 

£,7-1 • Jf = (^v-i + aiEij + • - • + OrEi^r-i) • X = ^ • X G TV. 

By induction ony — i, we see that Ey -X EN, for all ij G Z. Hence gloo(C) • N CN. m 

4. Second class polynomial Lie subalgebras of gloo(C). In this section we discuss 
the second class polynomial Lie subalgebras of gloo(C). We assume that p(t) = l+a\t+ 
• • + arf, where ar ^ 0. We define 

J k kj 

and 

flt<»(p(0) := E C*f. 

PROPOSITION 1. fltoo(p(0) « « £fe subalgebra O/GIOO(/?(0)-

PROOF. 

(i) [if°,^°] = E 
Vm,n=0 y Vm,«=0 y 

It is clear that if^(0,^(0 G C[f], then fltoo(p(0) C fltoo(?(0) iff ?(*) |/>(')• Now we 
define 

8too(p(0) := [9lco(p(0),flloo(p(0)]. 

We prove that ltoo(p(0) *s a simple Lie algebra. 
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First we see from (1) that if i < I — r or / > /+r , then E ĵW=o oma^i+mj+n = 0. In this 

case if we choosey = 0, k = r, then arF^ G 3too (/?(/))• Hence 

(2) Fff G Stoo(p(0) 

for all / G Z, i < I - r or i > I + r. 
Next let / = / andy = k in (1). Then 

(3) E4(^-^°)€«too(p(0) 
m=0 

for a l l / J GZ. 
Finally let / = / —j in (1). We get 

(4) E ^ ° - E^K°elt°o(p(o) 
vm,»=0 y vro=0 ' 

for all /, i G Z . 
We consider two different cases: 

CASEl. £ U « m ^ 0 . 
In this case F$> g 3loo(p(0)- In fact, 

F^=±a2
mEmm+Y,amanEmn. 

If F$> € iloo(p(0) C §Ioo(C), then Zma2
mEmm G 3loo(C), and hence Em<£ = 0. This 

is a contradiction. So in this case, we have the following lemma. 

LEMMA 1. 

iloo(p«) = E cif>+E c(/f> - *£V,) 

• E cf ( E ^ A + ^ W 0 - ( £ 4 ) ^ ) . 
ieZ,i-r<s<i+r V vm,« y x m ' J 

PROPOSITION 2. IfZr
m=0 a2

m ^ 0, f/*e« 3loo (p(0) w « simple Lie algebra. 

PROOF. Let N ^ 0 be an ideal of §1^ (p(t)), and 

i=nt,...,nj=ffii ,...,/ii 

Let ? > 0 . Then^ }
+ r G H<x>(p(0)- Hence 
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Let k > q. Thenf* ' ]^ G ltoo(p(0)- Hence 

^ ^ G J V . 

Now for i G Z, choose A: > q > i. Then 7**° G AT and i ^ | r G Hoo(/>(0)- This implies 
that 

For every y G Z, withy < i - r oxj >i + r. Choose Jfc > y + r. Then i ^ . G ltoo(p(0)-
Hence 

In summary,we proved that 

(5) Ffl) € N 

for all ij G Z, with / <y — r or / >y + r. 
Next let/ = i + r + 5, where s > 1. Then by (5), /*$£+,, ̂ ^ / £ N and 

V i,i+r+s>* *+rfs,/J \Z^,um IK1 ii J i+r+s,i+r+s' ^ J V -

From this we get 

(6) Jff> - /?_'>,,_> = (/f> - i f ^ , , ^ , ) - (if_'>,_, - /f+^,,+r+1) € N. 

Finally, for i G Z, / — r < s < i + r, 

y. := ( E ^ W ^ W 0 - (t 4)*2° G «loo(p(0). 

For all zj G Z, 

Sn,«=0 ' 

So 

y, - y2 = ( E a»«»w*,W0 - (£«2
m)^° G HOO(P(0) 

for all ij G Z, and i — r<s<i + r. 
Let ^ > y > 1. Then/^° - / $ ° G N. Hence 

[Fg-!$*,* - Y2] = (± al)[^,^] 
v/w=0 y 

= (£ "I) (( E ^ W » k W - (E 4)^) G AT. 
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So 

(7) £ amaj> 
vm,«=0 y \H=0 y 

for all / G Z, and / — r < s < i + r. 
Now we see from Lemma 1 that N = 3loo(p(0) an(* hence complete the proof. • 

CASE 2. 1 ^ 4 = 0. 
We see from (2) and (4) that in this case / # ° G 3l<x>(p(0) a n d ^ ° € Sl^ (/?(/)) f ° r 

ally G Z, / <j — rori >j + r. 
Let*=</ + r in( l ) . We get 

^ ° - ( E ^ W * ) ^ 0 G ltoo(p(0). 

Then 

W ° G 8loo(p(0) 

for all s G Z and hence 

(8) ^ ° - ^ . e i t o o ( p ( < ) ) 

for a l l / , /GZ. 

LEMMA 2. IfT,rm=0
 ali = °> ^ e n 

Hoo(p(0)= £ c*f + £ c/$> 

j€Z,-r<5<r,^m amam+s^0 

PROOF. We claim that J**° 0 §!«,(p(t)). In fact, since 

Fff = alE0r + fl0«i^o,rfi + • • • + a0arE0,2r 

+ a0aiEir + a ^ r f 1 + • • • + fli^i^r 
+ . . . 

+ aoarEn + a\arErj+\ + • • • + crrEr^r, 

if 

rf? G Itoo^KO) C Sloo(C), 

then #,.£„. G 3loo(C). This is a contradiction. Similarly we have F^_r $ M^ (/?(*)) • Now 
for — r < s < r, 

F S ^ l = E W - a ^ G l ! o o ( p ( 0 ) . 
Vro,«=0 7 
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B u t / # ° $ 3 l o o ( p ( 0 ) , S 0 * * ' > G S l o o ( p ( 0 ) i f f 5 ^ = 0 f l « « m + * = ° - I f ^ ^ 3 l o o ( p ( 0 ) , 

then by (8), F*J>S G Hoo(p(0) for all / G Z. -

PROPOSITION 3. IfT,m ai = 0, then f!oo(p(0) w « swwpfe Lie algebra. 

PROOF. Let JV ^ 0 be an ideal of sloo(p(0)- An argument similar to the one of 
Proposition 2 shows that 

Ffl)eN 
for all I J G Z, with i <y — r or j >y + r. 

For — r < s < r, 

(9) 
Pf .*$/] = ( E ^-W-W0 - ( E ̂ W ^ J -

vm,w=0 y vm,«=0 ' 

m=0 m=0 

Let i = / > y and* = r in (9). We ge t /#° G Nfor all i G Z. 
Assume that Y.m^m^m-s = 0. Fory € Z, choose / = / + r < j . Then from (9), 

~a^J G M So ̂  G N for a11 ' G Z* 
Assume that E^= 0 ^tfm+s ^ 0. Then for i > k, F^.s9F^s G AT, and hence 

[ * & * & ] = ( t aman6k+s+mMn)F*l-( ± aman8i+s+mJ+n)l*$+s 
m,n=0 m,n=0 

Then from 

vro=0 

and 

where / ^> k, we get 

for all i G Z. 

ri,i+s ri+U+l+s c i v ' 

5. Polynomial Lie subalgebras of gI„(C). gI„(C) = £i<jy<n CEy is a Lie subal-
gebraofgtoo(C)- We define for p{t) = \+a\t+---+arf, where r < n, the following Lie 
subalgebras of g[„(C): 

fll»(p(0) 

«I»(p(0) 

9t„(p(0) 

3l-(p(0) 

= gioo(M0)ngt„(C), 

= 3ioo(p(0)nfllI,(C), 

= gtoo(p(0)ngin(C), 

= itoo(p(0)nflil,(C). 
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We call them the polynomial Lie subalgebras of gI„(C). In this section we discuss the 
cases n = 2 and n = 3. We will see that 3 !„(/?(/)) and 3l„(p(0) are not simple Lie 
algebras in general. 

(a) n = 2,p(t) =\+at,(a^ 0). 

where 

Since 

if we set 

and 

then 

Qh(p(t)) = CE*) + CE*[>, 

E*?=Ell+aE21=[\ I). 

A fin 2 21 ' 

8i2(p(0) = CAr+cr, 

where [X, y] = K 
(b) H = 3,/KO = 1 + «' + bi2, (b ± 0). 

flI3(p(0) = C^' ) + C ^ + C ^ , 

where 

< = (o o o], 
\ 0 0 0/ 
/0 0 0\ 

£ * / > = ! a 6 , 
\ 0 0 0/ 
/0 0 0\ 

E*> = 0 0 0 . 
\ 1 a 6/ 

It is easy to see that 

8l3(p(0) =C(aE*)-E*?) + C(bE*?-E«?) 

is an abelian Lie algebra and 

Qh(p(t)) = CEff K 8l3(p(0). 
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(c) n = 3,p(t)=l+at,(a?0). 

fll3(p(0) = E C£*» 
1=1,2,3^=1,2 

where 

/l a 0\ /O 1 a\ 
£*° = 0 0 0 , £*° = 0 0 0 , 

\0 0 0/ \0 0 0/ 
/O 0 0\ /O 0 0\ 

£*'> = 1 a 0 , £*? = 0 1 a], 
\0 0 0/ \0 0 0/ 
/O 0 0\ /O 0 0\ 

^ = 0 0 0 , £*'} = 0 0 0 . 
\1 a 0/ \0 1 a/ 

8l3(p(0) = C ( < - 4 0 ) + C< 
H - C ^ + C ^ + C ^ 

is a Lie algebra of dimension 5 which is not simple, and 

Qh(p(tj) = C£*/> K 3l3(p(0). 

(d) « = 3,j3(0= 1+ at, (a ̂  0). 

9*3 (/>(')) = E < * f , 
V=l,2 

We see that 

where 
/ l a 0 \ /O 1 0 \ 

/ # > = a a2 0 , F^=\0 a 
\ 0 0 0 / \ 0 0 0 / 
/O 0 0 \ /O 0 0 \ 

/#> = 1 a 0 , i f 2 ° = 0 1 a . 
\ a a2 0 / \ 0 a a 2 / 

(i) If 1+a2 = 0, then 

SI3(p(0) = C/tf> + C(/#> - /#>) + C*g> 

= «I2(C) 

is a simple Lie algebra and 

qh{p(t)) = CF^^rh(p(t)). 

(ii) If 1 + a2 ± 0, then /f,0 £ St3 (/>('))• But 

/ 0 1 a\ 
X:= F*> - F«> = - 1 0 a2 e lt3(p(0), 

\ - a - a 2 0 / 
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and 

Y:=F#>-F«>=(a / - I -a ) € i!3 (*'))• 
\ 0 -a -a1) 

So we have 
[X,Y] = 2Z, 

where 

( a - 1 -a-a3\ 
Z = - 1 - a - a3 -a4 G lt3(p(0)-

\— a — a3 —a4 a3 / 

Since X, Y, Z are linear independent, 

gI3(p(0) = CAr+cr+cz. 

Moreover, 

[X,Z] = - 2 ( l + a 2 + a4)7, 

[7,Z] = - 2 ( l + a 2 + a 4 ) I -

So if 1 + a2 + a4 ^ 0, then fl3(p(0) = 3I2(C). If 1 + a2 + a4 = 0, then lt3(p(0) is 
isomorphic to the 3-dimensional Heisenberg algebra. 
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