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POLYNOMIAL LIE SUBALGEBRAS
OF THE INFINITE MATRIX LIE ALGEBRA

LIANG CHEN

ABSTRACT.  We construct two classes of Lie subalgebras of the infinite matrix Lie
algebra gl (C) and prove that they are all simple Lie algebras.

1. Introduction. The infinite matrix Lie algebras gl.,(C) and 381(C) =
[810(C), gloo(C)] have been discussed by many authors (for example [K], [KR]). In this
paper we construct two classes of Lie subalgebras of 81,,(C) and prove that they are all
simple Lie algebras.

Recall that the Lie algebra g[,(C) is given by

alwo(C) = ) CE;
ijez
with Lie bracket
[Eij, Eul = 0yEy — O1Ey;.

Letp(f) = ap + ajt+ - - - + a,t", a, # 0. Define
r
E’;-( "= > aEij
k=0

and

aloo(p(0) := 3 CE".

ijez
Then glo (1)) is a Lie subalgebra of gloo(C) and 81eo(p(1)) = [aleo(p(1)), 8100 (p(®)) ]
is a simple Lie algebra (see Section 1). Further, we define
F’;(t) = 3 qaiEupjn
ki=0

and

Aloo(p() = 3 CF°.

ijez

Then g1, (p(t)) is a Lie subalgebra of gl (p(t)) and

8o (p() = [§1o0 (P(D), 8o (P))]
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is a simple Lie subalgebra (see Section 3). Since the n X n matrix Lie algebra gI,(C) =
Yi<ij<n CEj is a Lie subalgebra of gl(C), we naturally get Lie subalgebras

ala(p() := aloo(p(1)) N GLA(C),

31,(p(0) = 8loo(p(H) N G14(C),

a1, (p®) := 8loo(p(®) N 81,(O),

81,(p(1)) := 8loo(p(5) N GLA(C),
if deg(p(9)) < n. We call gloo(p(1)), 8100 (P(9)), 8100 (P()), 81oo(p(9)) the polynomial
Lie subalgebras of glo(C), and gL, (p(1)), 81x(p(0)), aL.,(p(1)), 8Tx(p(?)) the polynomial
Lie subalgebras of g1,,(C).

This paper is organized as follows. In Section 1, we prove that éloo(p(t)) is a simple
Lie algebra for every p(¢) € C[¢]. In Section 2, we discuss representations of gIoo(p(t)).
In Section 3, we prove that ?TIoo(p(t)) is a simple Lie algebra for every p(¢) € Cl[t], and
in Section 4 we discuss g, (p(t)) and g, (p(t)) in the casesn =2 and n = 3.

In this paper, we denote the complex number field by C and denote the polynomial
ring with one variable ¢ over C by C[¢].

2. First class polynomial Lie subalgebras of g{.,(C). We discuss the first class of
polynomial Lie algebras of gl(C) in this section. glo(C) = ¥ijez CEj; is an infinite
dimensional Lie algebra with Lie bracket

[Ey, Eu] = duEy — biEy;.
Let p(f) = ap +ajt + - - - +a," € C[t], where a, # 0. Define E”() = Yi_o akEijs, and
gIoo(p(t)) Yijez CE"’() Then we have the following:

PROPOSITION 1. ¢ c><,(p(t)) is a Lie subalgebra of gl o(C).

PROOF.
(B0, B0 = mzoama,.[E,,m,Ek jon
= i aman(5j+m,kEi,I+n - 61+n,iEkj+m
m,n=0
= (3 antima) B = (3 antions ) € ol (p0)
forall i,j, k1 € Z. n

REMARKS. (1) If p(¢¥) is a non-zero constant, then

Lo (P(1)) = 81o(C).
) Ifp(f) = Tmant™ € C[f], and g(t) = ¥, bat" € Clt], and we use the notation
(E’;.(’))‘l(’) = Y, b,EP? | then

ij+n®
(EPOYHO = (EXOPO = ppoac),

(3) Without loss of generality,we assume in the rest of the paper that ap = 1.
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PROPOSITION 2. Letp(f) = 1 +ayt+---+at, qt) = 1 + byt +--- + bt*, a, # 0,
bs # 0. Then

@ 8loo(q(t) C 8loo(p(®) i ) | 4(0).

(®) If g.c.d.(p(6),q(t)) = 1, then

8loo(P(D9()) = Lo (p(1)) N 8100 (g(®))-
In particular, if

!
p) = Hl(l + oyt
j=

where a, . .., oy are distinct, then
I

aloo(p(9) = ) 8loo((1 + 050)").

i=1

PROOF. (a) It is clear that if p(?) | g(?), then g[oo(q(t)) - g[oo(p(t)). Conversely, if
aloo(9(1) C 8loo(p(r)), We have

t t Or(t
E?é) =‘L;CkE?}§) =E’?é)'(),

where r(t) = Yo cit* € C[£]. So p(f) | q(0).
(b) Let
X € gloo(p(®) N aloo(q()).
We may write
X= % = EN
k

m<k<n,m; <I<n

where ci(f) = ¥y cut’ € C[t]. On the other hand, we may write X = ¥ EZfzj‘('), where

di(f) = Yy dut’ € C[t]. So for every k, q(f)di(f) = p(H)ck(f). But g.c.d. (p(t), q(t)) =1,
50 q(?) | cx(?) and hence
X € gloo(p(1)q(2)).

Now (b) follows at once. n

PROPOSITION 3. Letp(f) = 1 +ayt+--- +a,t, a, # 0. Define
8loo (P() = [8leo(P(®)), 8loo (P(®)) |

Then 31 (p(t)) is a simple Lie algebra and

8loo(p(1) = CEG 310 (p(0)).

PROOF. We first prove the following
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CLAIM 1.
Slolp0) = 3 OB+ CED — L,
JELi#,...j+r i€
+ Y C@EP -EY).
i€ls=1,..,r

PROOF OF CLAIM 1.  We have

¢)) Ez(t)’Ep(t)] = (Z am5j+mk)E,?1(t) (Z an51+m)Ep( .
m=0 n=0
Fori<lori>I+r,3,a01,; =0.So
CERY C 8Loo(p(0)).
I€Li#l,... +r

Leti=Lk=j=1i—1in(1). We get
Y CE" - B ) C 8loo(p(0)-

Finally, leti = = /in (1), we get
> CanE — B9 ) C 8l (p(1)).
i€Zm=1,...r
But
B3 & 810 (p(1)).
In fact, if
Ep(t) Eop+a1Ep +---+aEy € gloo(p(t)),
then Eyy € 31(C). This is a contradiction. Since

aloo(p(t)) =CERY + Y CEY +EC(E§§‘) B

lx—

JELiH,..j+r
3 t
+ Z C(as Ep( ) E?‘ES)I
i€ls=1,.

we proved the Claim 1.
Now let N # 0 be an ideal of 31, (p(t)), and let 0 # X € N. We may write

n

X = E?(f)ck(f)’

where ci(f) € C[f]. Choose g > 0. Then Ejy) € 31o0(p(1)), and
= [BY,X]

qn >

Ep(t) EP(')C,.(!)]

qn >~nl

Z GO, P9

qn > 1+J
Jj=m

- $ o€

I+j
Jj=m
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where c,(1) = TL,, Gt

Let k > q. Then

n
(%) — ] Y]
[Xl’Ef;rﬁH-l,k] =2 cj[E’Zij,Ep( 1+r,k]

R ny+i
J=m

=y [EPO BP0 ]

q,+n;° “nytl+rk

= Cp,Qar qkt) EN.
So we have that B € N forall k > g >> 0.

CLAM?2. EY° € Nforalli,j € Zwithi#j,....j+r.

PROOF OF THE CLAIM 2. Foreveryj € Z,andi #j,...,j +r, choose k, g such that
k> gq>jand k> q> i. Then E‘Z}C’) € N, and E‘;’;’) € 8o (p(1)). Hence

(B, Byl = By €N.
But E’Z}') € 3l (p(t)), so we have
B0, B =B eN.

ik 2Lk

Now it is easy to prove the Proposition. Since )24

i1 € N, and alE‘z.(’) _ P9
8L (p(0)),

i+,

[al Egi)i(t) _ Ep(t) Ep(t)

i+, i+l

l1=aBY) — (B, —EP)EN.

i+l i+1,i+1
So
B0, —FOeN

i+1,i+1

for all i. For a, B — B2, € 815 (p(1)), choose k >> i. Then

i+s,i

[E‘Z.(') _ E’Zk(t),asEﬁ-(t) _ PO 1=— PO P |

it+s, i i s
= —(@EY —EO)eN.
So we proved that N = 31, (p(t)) and hence 81, (p(t)) is a simple Lie algebra.
aloo (p(0)) = CERY & 810(p(8))

is clear. We completed the proof. (]

3. Representations of gl (p(t)). In this section we discuss some representations
of gIoo(p(t)). First let V' = Y pcz Cvi. V is a representation of gl (p(t)) if we define

r
I;Z‘(t) Vg = (E am§j+m,k)viy
m=0

where p(f) = 1 +ayt+--- +a, .
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PROPOSITION 1.  V is an irreducible representation of gl (p(t)).

PROOF. Let0 # U C V be a subrepresentation and 0 # X = ¥}_,, ckvk € U. Then

foreveryi € Z,
7 = U]
B X = cnB!

im—r Ym = cmayvi € U.

Hencev; € U,and U = V. n

Next we consider glo(C) as a gl (p(t))—module. Assume that p(f) = (1 + o) - --
(1+ o), and pi(H) = (1 + oyt) - - - (1 + oyt), where i = 0, 1,.. ., 7. then

8loo(P(9) = 8loo (Pr(1)) C 8loo(Pr-1()) C -+ C @loo(Po(t)) = 8Loo(C)
is a sequence of gl (p(t)) -modules.

PROPOSITION 2.  The map

aloo(pi(0))
gl (Pi+1 (t))
O + gloo(pin () — i

—V

isagly (p(t))-module isomorphism,i = 0,1,...,r— 1.

PROOF. Fix i. Assume that p(f) = pi(£)qi(¢), where pi(t) = X, but™, and q;(t) =
Sncat”. Then

ad(@30) - (E5S" + gloo pin () ) = (B2 35”1+ gloo (i )

=3 cal B, By "1+ 8loo (pi1 ()

= Z Cn (; bm5V+m+n,kEZi)( - ; bmém,ubgfgz,,)
+ gloo(pir1()

= (Z aj5j+v,k)b”ui§t) - (Z b ) B
j m
+ gloo(pin1(0))

= (Z ajéj'f'v,k) (E%t) + gIoo(pH'l (t))) .
J

We complete the proof. =

Finally, recall that g1,,(C) has the triangular decomposition:

gl(C) =) CE;+) CE; + ) CEy,

i>j i€z i<j

where ¥;; CE;; and ¥;5; CEj; are Lie subalgebras of gl (C), and Yicz CEj; is an abelian
Lie subalgebra of gl(C).
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Let U(g) be the universal enveloping algebra of a Lie algebra g. Then we have

U(gl(©) CE;) ® U(S"CE;) ® U(Y CE;
(a1(0)) = (L e8) & V(3 8) @ UL 05,
Let A = {)\; | i € Z} be a set of complex numbers.
I = (Y OB, B — i),
i<y
the left ideal of U(gloo(C)) generated by Y5 CE; and E;; — X;, i € Z. Then

U(a1x(0))

M) = =5

is a left glo(C)-module. Hence it is a g[oo(p(t)) -module by restriction.

PROPOSITION 3. Let N C M(A). Then N is a gloo(p(t))-module iff N is a gloo(C)-
module.

PROOF. Supposethat N # Oisagly (p(t))-module Let0 # X € N. Then E"’(') X e
N.Since N C M(A),sofori < j,Ejj-X=---=Ejj,_i-X=0€&N.Then

Ej - X=Ej1taEj+---+aEij 1) - X= Ef’y_)_ -XEN.

By induction on j — i, we see that Ej; - X € N, for alli,j € Z. Hence g[o(C)- NCN. =
4. Second class polynomial Lie subalgebras of gl ,(C). In this section we discuss

the second class polynomial Lie subalgebras of gl.(C). We assume that p(f) = 1 +a,¢+
-+ +a,t", where a, # 0. We define

FZ.(‘) = EakEf’fQ =2 k@B
k k1l

and

aloo(p(0) == 3 CFY.

ijel
PROPOSITION 1. gl (p(t)) is a Lie subalgebra of gl (p(t)).

PROOF.

1) Fz(t)’FP(t)] = ( Z amQn j+nk+m)Fp1( ( Xr: aman5l+m,i+n)F1;;t) L]

m,n=0 m,n=0

It is clear that if p(2), q(¢) € C[#], then glo,(p(t)) C aloo(q(0)) iff q(¢) | p(¢). Now we
define

BToo (P(1)) := [8Too (P(®)), 8Too(P()) ]-
We prove that 31, (p(t)) is a simple Lie algebra.
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First we see from (1) thatif i < /—rori > [+r,then 3 ,_o am@nOremi+n = 0. In this
case if we choose j = 0, k = , then a,F" € 31, (p(t)). Hence

@ P € 3l (p())
forallle Z,i<l—rori>I+r.

Nextleti =/andj = kin (1). Then
©) Z A(F0 — FY) € 310(p(1))

foralli,j € Z.
Finally leti =/ = j in (1). We get
(4) aantmkan() aranp( Ad[ P(t)
(5 et~ ($2)0 €10
foralli,k € Z.
We consider two different cases:

CAsEl. Y _,a% #0.
In this case F2Y ¢ 31, (p()). In fact,

Fp(t) = Z a Emm + Z manEmn.
m#n

If 75 € 31oo(p(1) C 8l0o(C), then Ty a%Emm € 3loo(C), and hence X, a2, = 0. This
is a contradiction. So in this case, we have the following lemma.

LEMMA 1.
flu(p) = 3 CRO+LCE-FY, )
JELiFj—r,...4+r icZ ’
+ z ((z amay 1+m,s'+n) (Za )Fp(t))
i€L,i—r<s<itr m,n

PROPOSITION 2. If ¥ _oa2 # O, then (p(t)) is a simple Lie algebra.
PROOF. Let N # 0 be an ideal of 31, (p(t)), and
0#X= > g eN.

Let g >> 0. Then F2'),, € 31, (p(t)). Hence
= [Fy X1
[ s Z CnJFp( t)]

_ml

= z c,,ja,F”( EN.

Jj=my
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Letk>> . Then '), € 81o5(p(1)). Hence

nytr,

[XI’FP() k]:arcnm[Fpt) Fp(t)rk]

ny+r, q,n°" nt

=a c,,,,lF’”(') € N.
Now for i € Z, choose k > g > i. Then F"(’) € Nand ) ¢ 31 oo(p(?)). This implies

Lgtr
that
[P, Fo0) = a,F0 €

iqtr?

Foreveryj € Z, withj < i—rorj > i+r.Choose k> j+r. Then ¥ . € 81 (p(t))

k+rj
Hence
(P00, = a0 € N.
In summary,we proved that
) FYeN

foralli,j € Z,withi <j—rori>j+r.
Next letj = i+ r+s, where s > 1. Then by (5), Ff’ffﬁs,FﬂzM € Nand
Ff’f-?ﬁs’l;ﬁz-sx] - (Za ) Fp(t) Fp(t) )GN

i+rts,itrts

From this we get
(i 1) _ ( ( () 1)
(6) FZ‘() _Fz(-l,i‘l - (FZ() FD(BH 1+H-1) (Fp( 1,i—1 Ff(i'H-l ;+r+l) EN.

Finally, fori€ Z,i—r <s <i+r,

ho= Y G Bivmsin | P — (Z @ )P € 3loo(p(0).

m,n=0 m=0

Foralli,j € Z,

vi=( zoaman bomsn )R — F10) € 8100 (p(0).

S
’ Y, — ( Z amQn t+m,s+n)Fp(t) (Z afn)F;@ € gim(p(t))

m,n=0
foralli,j€ Z,andi —r <s <i+r.
Letg > j > i. Then F5 — F/¥ € N. Hence
[P0 — POy, — vy] = (i az) 120

i 2 m i 2
m=0

= (28) (32 ontiomnr) 20 ($5.8)720) v

m m,n=0 m=0

0]
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So
r r
(7) (5 antbiomenn )20 — (3 2) 0 € N
'm,n=0 m=0
forallie Z,andi—r <s<i+r.
Now we see from Lemma 1 that N = 31, (p(t)) and hence complete the proof. =

CASE2. Y _,a% =0.

We see from (2) and (4) that in this case F7 € 81, (p(®)) and F‘,’.’j(') € 3l (p(t)) for
alljeZ,i<j—rori>j+r.

Letk =j+rin(1). We get

arF?](t) - ( i aman61+m,i+n>F'];§t) € gTc‘o (P(t))

m,n=0
Then ,
arF;(.?,Iﬂ - ( Z aman51+m,i+n)Fi);(-t) € E’Too(P(t))
'm,n=0
for all s € Z and hence
® FiP — P, € 8loo(p(0)

foralli,/ € Z.

LEMMA 2. Iy _,a2 =0, then

Mofp)= X CHO+ Y cRY

i,its
jezsi#j—r’--wﬂ"‘ iezy_’SS"’ZM AmAm+s=0

" > CFL, = Fo o)

iits R
i€2,—r<s<r,y ", Amamss#0

PROOF. We claim that i\ ¢ 310(p(#)). In fact, since

PO = @Ey, + aga\Eopi1 + - - - +aoa,Eo
+aoa Ery + @E iy + - - + @1a,E1 2
+...
+a0@,Ey + @1a,E, 41 + - - - + @2E, 3y,
if
P9 € 8T0(p(f)) C 810o(C),

then a,E,, € 31(C). This is a contradiction. Similarly we have Fﬁfﬂ, & 31, (p(t)). Now
for—r<s<r,

[Fa(vt)’ Fiéﬁ’)] = ( i aman5m+s,n)F§£.t) — ang_(:) € ?»Too(p(t))

m,n=0
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But F5” ¢ 81oo(p(1)), 50 F) € 8log(p(0)) iff 3,9 mames = 0. If F50 € 3loo(p(d)),
then by (8), F2\), € 310(p(?)) for all i € Z. .
PROPOSITION 3. If a2 = 0, then 31oo(p(f)) is a simple Lie algebra.
PROOF. Let N # 0 be an ideal of 31, (p(t)). An argument similar to the one of
Proposition 2 shows that
FYeN

foralli,je Z,withi <j—rori>j+r.
For—r<s<r,

’
F{;(t), Fﬁ?]] = ( Z amQn m,s+n)FPI( ( Z aman51+m,i+n)F?4(.2j

J

m,n=0 'm,n=0
9) . \ , \
= ( Z amam—s)Ff-’l( - ( Z aman51+m,i+n)Fﬁ(.sJ
m=0 m=0

Leti=1>>jands = rin (9). We get ) € N foralli € Z.
Assume that ¥, aman,—s = 0. Forj € Z, choose i = [+ r < j. Then from (9),
—a,F%), € N.So ¥ € Nforalli € Z.
Assume that 7 @mamss # 0. Then for i >> k, Y P9 ¢ N, and hence

ik+s> " k,its

r
Fpsgs’Fi(g-s = ( Z a,,,a,,ékﬂm,km)Ff’fis ( z a,,,a,, i+s+m ,+,,)F‘,:(Jtt+x

m,n=0 m,n=0

;
- (zo amaimss ) (FL0, — {0 €N.
m=

Then from
AT A
and
Fo ivies = Fies €N
where i > k, we get
Flps‘?s Ff:('tl) l+l+S
foralli e Z. [

5. Polynomial Lie subalgebras of g[,,(C). gl,(C) = Ti<ij<x CEj is a Lie subal-
gebra of gl (C). We define for p(¢f) = 1+at+- - - +a,¢", where r < n, the following Lie
subalgebras of g[,,(C) :

#(P®) = 8loo (P(®) N gLa(©),

81,(p(8)) := 8leo(p()) N @LH(C),

#(P(®) = 8l (p(®) N gLA(C),

n(P(®) = 810 (p(®)) N gLa(C).
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We call them the polynomial Lie subalgebras of gl,(C). In this section we discuss the
cases n = 2 and n = 3. We will see that QI,,(p(t)) and ?I,,(p(t)) are not simple Lie
algebras in general.

@ n=2,p(t)=1+at, (a #0).
al(p(t)) = CEY) + CE5Y,

where
1 a
B = Ey +aEp = (0 ) ,
0 0
B = Ey +aEp = (1 ) .
a
Since
[0, 50 = aBY) — B3,
if we set 2
_ U]
X= B0 - 280,
and )
r=E0- e,
a
then

alx(p(r)) = Cx+cCY,

where [X, Y] =Y.
() n=23,p(t) = 1 +at+ b, (b #0).

al3(p(9)) = CEY + CEZ + CELY,

where

) _
B =

)
B

)
By

I
—o oo~ O OO~
Tooc oo o0

QR oSO O OCOoOR

It is easy to see that
813 (p() = C@BY — B}) + COETY — BLY)
is an abelian Lie algebra and

al3(p()) = CEYY x 313(p(®)).
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(c) n=3,p(t) = 1+at, (a #0).
sli(p®) = Y, CEO,

i=1,2,3,j=1,2
where
1 a0 01 a
E%=(0 0 0|, EY={0 0 0],
000 000
000 000
=11 a 0|, BEP=|0 1 af,
000 000
000 000
=10 0 0|, EE9=[0 0 0].
1 a O 01 a
We see that

313 (p() = C(BYY — E5) + CEY
+CE) + CEZY + CEEY
is a Lie algebra of dimension 5 which is not simple, and
al3(p(9) = CEY % 313 (p(n)).
d) n=3,p@) =1+at,(a #0).
ol (p()) = ZZCFZ-(O,

ij=I,
where
1 a O 01 a
F']’(l')= (a a? 0), F’l’(z')z (0 a az),
0 0 O 0 0 O
0 0 O 0 0 O
Fg‘{)=(1 a 0), F;g’)=(0 1 a)
a a 0 0 a d

(i) If 1 +a% = 0, then
313 (p(0)) = CF" + C(FY — F3Y) + CFY
= 31,(C)
is a simple Lie algebra and .
al3(p(t)) = CFY x 313 (p(y)).
(ii) If 1 +a® # 0, then P & 813(p(1)). But

0 1 a
xmrgrp= (21 0 &) eabipo)
—a —-a 0
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and
1 a 0
Y:=P-FY=|a &—1 —a |e3h(p®).
0 —-a —d
So we have
[X, Y] =22,
where
a -1 —a—a
Z= -1 —a—a —-a* |esl; (p(t)).
—a—-a —a* a

Since X, Y, Z are linear independent,
813(p(1)) = CX+CY +CZ.
Moreover,

[X,Z] = —2(1+d* +ahy,
[Y,Z] = —2(1 +a* +a*)X.

So if 1 +a? +a* # 0, then 813(p(1)) = 8I5(C). If 1 +a? +a* = 0, then 813 (p(»)) is
isomorphic to the 3-dimensional Heisenberg algebra.
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