Can. J. Math., Vol. XXXIV, No. 2, 1982, pp. 298-306

LINEAR ISOMETRIES OF SPACES
OF ABSOLUTELY CONTINUOUS FUNCTIONS

V. D. PATHAK

1. Let X be an arbitrary compact subset of the real line R which has
at least two points. For each finite complex valued function f on X we
denote by V(f; X) (and call it the weak variation of f on X) the least
upper bound of the numbers D_, | f(b;) — f(a;)| where {[a,, b;]} is any
sequence of non-overlapping intervals whose end points belong to X.
A function f is said to be of bounded variation (BV) on X if V( f; X) < 0.
A function f is said to be absolutely continuous (AC) on X, if given any
e > 0 thereexistsany >0 such that for every sequence of non-overlapping
intervals {[a;, b;]} whose end points belong to X, the inequality

; by —ai) <n
implies that

210 — f@d| < e
(7], p. 221, 223).

We denote by AC(X) the linear space of all absolutely continuous
complex valued functions on X and define a norm on it by

@) A =1 flle + V(£ X), f€ ACX)

where || f||. is the usual uniform norm.

Now let @ and b be the greatest lower bound and the least upper bound
of X, respectively. Since X is compact, ¢ and b belong to X and hence
[a, b]\X is an open subset of the real liné R. Clearly then [a, b]\X is the
union of a countable number of disjoint open intervals. In order to show
that AC(X) is a Banach space we first prove the following lemma.

Lemma 1.1. Let f € AC(X). Then there is a unique function F on [a, b]
such that

(i) Flx=f
(ii) F is linear on the closure of each component of [a, b\X. We have
F € AC [a, b] and
(i) V(f; X) = V(F; [a, b]).
Proof. The existence and uniqueness of a continuous function Fon [a, b]
with properties (i) and (ii) is obvious. It is easy to see that (iii) holds.
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To show that F € AC [a, b] it is enough to show that the real and imagin-
ary parts of F belong to AC [a, b]. From (iii) it follows that F is of BV
on [a, b] and hence Re F and Im F are of BV on [a, b]. Clearly, Re F and
Im F are absolutely continuous and hence N-functions ([7], p. 224) on X
as well as on each component of [a, 8]\X. Since [a, 8]\X has only a
countable number of components Re Fand Im Fare N-functions on [a, b].
The result now follows from ([3], p. 288, Theorem 18.25).

Let Sx = {G|G € AC [a, b] and G is linear on the closure of each com-
ponent of [a, b]\X}.

i1 = el + |16

where ||G||,, is the usual uniform norm. It is well known that AC [a, b]
with this norm is a Banach space.

PropositioN 1.2. Sy is a closed subspace of AC [a, b] and AC(X) with
the norm given by (1) is a Banach space which is isometrically 1somorphic
to Sy.

Proof. Clearly, Sy is a closed subspace of AC [a, b] and hence it is
complete. Now define a map ¢x: AC(X) — Sy by f — F where F is the
unique extension of f as defined in Lemma 1.1. Clearly, yx is well defined
and is an isomorphism of AC(X) onto Sx. Now,

180 = Ul V) = [l + VE b
= 18+ [ 1Ol = 17 = Ol

Therefore, ¥x is an isometry. This implies that AC(X) is complete. Thus
AC(X) is a Banach space which is isometrically isomorphic to Sx.

2. By an isometry of a Banach space B; onto a Banach space B, we
will mean a linear norm preserving map of B; onto B,. The isometries of
AC [0, 1] were investigated in (1] and in [6]. In this article, we show that
the techniques of [1], in fact, can be employed to prove that if X and ¥
are compact subspaces of R, then the existence of an isometry 7" of AC(X)
onto AC(Y) implies that there exists an absolutely continuous homeo-
morphism 7 of ¥ onto X. Moreover 7 can be described via 7.

Let V denote the closed unit ball of the space L*([a, b]) provided with
the weak-star topology and let Wx denote the compact space X X V.
Corresponding to each f € AC(X) we define f € C (Wyx) by

Fl, @) = flx) +f Fa)d, (v, a) € Wx
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where F is the unique extension of f as defined in Lemma 1.1. It is easy to
see that the following lemma holds.

LEMMA 2.1. The mapping f — [ establishes an isometry between AC(X)
and the closed subspace Sx of C(Wx) where Sy = {f| f € AC(X)}.

Next, for (x,a) € Wy we define the continuous linear functional L, , on
AC(X) by
Lea(f) = f(x,a), f€ AC(X).
It follows from ([2], p. 441) that the extreme points of the unit ball Ux*
of AC*(X) constitute a subset of

{vL,« v isa complex number with |y| = 1, (x, a) € Wx}.
Moreover, it is clear that if L, , is extreme in Ux®*, then a must be extreme
in the unit ball of L* ([a, b]), i.e., |¢| = 1 almost everywhere on [a, b]
([4], p. 138).

For a given x in X we denote by a, the L* function which takes the
value 1 on [a, x) (if [a, x) # @) and takes the value —1 on (x, b] (if (x, b)
# ). Let S be the set of all complex numbers with modulus one and
having positive real part.

LEMMA 2.2. For all x € X and v € S the functional L ,a, s an extreme
point of the unit ball in AC*(X).

Proof. Given x € X, define H, € Sy by H,(x) = b — a, H' = a;a.e.
on [a, b]. Nowlety € S. There is a real number M such that

y(b — a + Mi) = |b — a + Mi.
Set

Hey = v(H;+ Mi) and h,y = Hyylx
Then k,, € AC(X),

Linealhan) = han@) +7 | 2/ Qs

= th.‘r”w +j:l IHxvvl(t) ldt = “hI‘Y”

and
lLl,ﬁ(h’I,"/)| < ||h’1.7“ fOI‘ (ty 6) E WXr (t’ ﬁ) ;é (xy ’Yax)'

Now, a result of deLeeuw ([5], p. 61) shows that L, .., is an extreme point
of the unit ball in AC*(X).

Now, let ¥ be another arbitrary compact subset of R with ¢ and d as
its greatest lower bound and least upper bound respectively. Let T be an
isometry of AC(X) onto AC(Y). We denote by ¢y (analogous to yx) the
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isometry of AC(Y) onto the closed subspace Sy (analogous to Sy) of
AClc, d]. Then T = yyTyx~! is an isometry of Sy onto Sy. Also the
adjoint of T, namely T%*, is an isometry of AC(Y)* onto AC(X)* and
hence maps the set of extreme points of Uy* onto the set of extreme points
of UX*.

The function which is identically equal to 1 on a set Q will be denoted
by 1 and it will be always clear from the context what Q is meant.

LemMA 2.3. T(1) is a constant function on Y.

Proof. Lety € ¥V, v € S and let «, denote the function in L*([¢, d])
analogous to the function «, in L*([a, b]). The fact that L, ,,, is an
extreme point of Uy* implies that 7% L, .., is a functional of the form
8L, 5, where |8 = 1and (x,8) € Wx.Setg = T(1) and G = T'(1). Then

ig(y) + ')7‘[6 G'(t)ay(t)dtl = 'Ly.vaz/(g” = |T*L1/,7au<1)l =1

Since v is an arbitrary element of S, we must have either g(y) = 0 or
lg(y)| = 1.Since [|g| = 1, we have

lg@)| =1 and f: G (Dey ()t = 0
for each y € Y. Therefore
0=Gy) —Gl) —G@) + Gy), Gly) =3(G() + G@))

foreach y € Y. Since ¢ = G|y, ¢ is a constant function on V.

For y € Y and v € S, the functional T*L, ,,, must be of the form
8L, s where 8, x, 8, as such, will depend on ¥ and v but it is easy to see
that 6 is constant forally € Yandy € Sandé = 7T(1). In what follows
we suppose that 7°(1) = 1, for otherwise we may replace 7" by T/T(1).
Hence for y € YV and y € S, the functional T*L, ,., will be of the form
L, s for some x € X and 8 € L”([a, b]) such that |8] = 1 a.e. on [a, b].
For each y € Y let h, € AC(Y) be defined by », = H,|y where H, €
AC (¢, d] is defined as H,(y) = d — ¢, H,/ = a,a.e.on [c,d]. Let M be a
real number such that

y(d — ¢+ Mi) = |d — ¢ + M.
LetH,, = v(H,+ Mi)andleth,, = H,,|y.
LEMMA 24. Lety € Y,y € S, g € AC(Y) and
sy + gl = Iyl + gl
Then |lg]l = Ly e, (8)-
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Proof. It is easy to see that

1hy oy + gl = hyallo + [l
and that

f; [H,,'(6) + G (D)dt = f ([Hyy' (O] + |G" (@) [t

where G = ¢y (g). It follows that g(y) = |/g|l, and that G' = 0 a.e. on
(¢,y),G £ 0a.e.on (y,d). This proves the lemma.

LEmMa 2.5. Lety € YV, v € Sand T*Lyya, = Lyg. Let b = 171 (hy ),
f e AC (X) and [k + f|| = [kl + [[fll. Then
Al = Las(f).
Proof. We have

[hyall + ITCHI = 1IR] + Ifl = Ik + £l = TG+ N
= [lhyy + T(HI.
Therefore by Lemma 2.4
”f” = '[T(f)” = L!/,‘ray([(f)) = T*Ly,'ray<f) = L, 5(f)-
Foreachy € Y and each v € Slet 4,, be the set of all g € AC(Y)
such that L, 4, (g) = |/g|l. Then, since 7! is an isometry, we have
T7Y(Ay) ={T7(g)| g€ Ay}
={f € AC(X)| T*Lyra(f) = lIfIl}.
For each measurable set B C R let |B| be its Lebesgue measure.
LEMMA 2.6. Lety € YV, v € Sand T*Ly yo, = L, . If E is an open subset
of X which contains x, then there exists an h € AC(X) such that
L,s(h) = [[h]| and max,x\m [R()] < |h(x)].

Proof. We first assume that x is an interior point of [a, b]. Then there
exists an open interval (p, ¢) such that x € (p, ¢) N\ X C E. We claim
that 7-'(4,,) contains an element f; such that ¥x( f1) is not constant
on (p, x]. To see this, one may take f; = T-'(h,,) if T-1(H,,) is not
constant on (p, x]. Otherwise let x be the characteristic function of (p, x],
Fi(t) = [,' x(s)ds (t € [a,b]) and f; = Fi|x. Further define 8:(s) = B(s)
on [a, b]\(p, x], B1(s) = 1on (p, x]. Then

LA+ 1T Rl = (11l +fn By (s)|ds + Lup (T (hya))
= fi®) +f:x(3)ds + T (hy) (%) +fu (T (Hy0)) (5)B(s)ds

= (fi+ T (b)) (%) +f,, (FY + (T7'(H,m))") (5)Ba(s)ds
= Hfl + T—l(hu,'r)H'
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Lemma 2.5 now shows that f; € T-'(4, ). Clearly, F; is not constant on
(p, x]. Thus there exists an f, € 7-1(4,,) and a point e; € (p, x) such
that

Fi(er) # fi(x) = || fillo

Similarly, there isan F, € Sy and a point e; € (x, ¢) such that
Folx € T71(4y4)

and that
Fy(er) # Fa(x) = [[Fol..

Define functions H, and H, as follows: If e}, e; € X then H1(¢) = Fi(e))
fort € [ay, e1], H1(t) = Fi(t) fort € (e, b], Ha(t) = Fo(t) fort € [a, e,),
H,y(t) = Fy(es) fort € [es, b]. If e1 ¢ X then e; must belong to one of the
components of [a, b]\X which must be an open interval say (ai, b;) C
(a,b). Thuse; € (ay, by). Clearly then at least one of the f;(a;) and f1(b;)
must be different from f;(x). Say for definiteness fi(a;) # fi(x). Then
define H,(t) = Fi(a,) fort € [a, a,], H,(t) = Fi(t) fort € (ay, b].

If e, ¢ X, the definition of H, can be modified similarly. It is easy to
see that H,|x € T-'(4,,) (j = 1,2) and that the function b = (H, + H,
+ 1)|x has the required properties. A slight modification in the above
arguments will prove the result in the case whenx = aorx = b.

LeEmMMa 2.7. Lety € YV, D = {t € [a, b]] (T7'(H,))' (t) = 0}. Then
Dl = 0.

Proof. Let T*L, ,, = L, ;. Suppose that |[D| > 0. Then for some positive
real number 7 at least one of the two sets D M [a,x — ], D M [x + 7, b]
has a nonzero measure. Choose such a set and denote it by B. By Lemma
2.6 there existsan b € 7-1(4,,.), and an ¢ > 0, such that

supg [B(t)| < [h(x)] — e
Next choose a measurable function a with |a] = 1 on B,a = 0on [a, b\ B,

fab a(s)ds = 0 and such that «é has a nonzero imaginary part on some
subset of B with positive measure. Now define

H=yxh), F@)=H(@) +e ftoz(s)ds (@<t=b), f= Flx
It is easy to see that || f||o = f(x), F'(¢) = H'(t) a.e. on [a, b\B, |H'(¢)]

= H'(t)8(t) a.e. on [a, b). We may choose & so that H'(t) is either zero or
one on B from which it follows that F’(t) % O a.e. on B.
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Let 6,(t) = F'(t)/|F'(¢)| a.e. on B, 6;(t) = 8(¢t) on [a, b]\B. We have
1+ 1771 = 1+ [ PO+ Loz )
= f(x) +f[a'b]\B |F'(¢) |t +fB [F'(t)|dt + (T (hy)) (x)

+ (T7H,)) 050t = (f + T (hy)) (@)

[a,p]\B

+J[u,m \5 (F'(0) + (T (H,) )50y +fB |F'(t)|dt

= (f+T7 (") %) +f (F + T71(H,)) (051 (1)dt

< If + 77 (ky)|)-

Also, since aé has a nonzero imaginary part on some subset of B with
positive measure, L, ;( f) 5 |/ f|| which contradicts Lemma 2.5.

Lemma 28. Lety € Y, v € S, T*L,a, = Lys, 1*Lyra, = Los. Then
= 6 a.e.

Proof. Let M be a real number such that
v(d — ¢+ Mi) = |d — ¢ + M|,
F = y(T-(H,) + M),
f = Flx.
Then H,, = v(H, + M7), T(f) = h,, and

”f” = ”hy'r” = Lyya,(hyy) = T*Ly.wy(f) = f(v) +fl F'(t)B(t)dt.

L

Thus
f( , (771 (H)) () |dt = f R @®a = f F(OB()dt

- [ @ ayyosoa
and hence

yBW)(T-1(H,)) (t) = |(T-(H,))'(#)| a.e. on [a, b].
Taking v = 1 we get

§)(T-(H,)) t) = [(T-'(H,))'(1)| a.e. on [a,b].

Therefore, by Lemma 2.7, 8 = v6 a.e.
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Lety € YV, T*L, o, = L., (¥,8) € Wx. We see from Lemma 2.8 that
for each v € S there isa v € X such that
(2) T*Lyrey = Los.

It is easy to see that there is a unique v fulfilling (2). Define a function ¢
on Ssetting ¢(y) = v, where v is obtained by (2).

LeEMMA 2.9. Lety € Y and let ¢ be as above. Then ¢ is constant.

Proof. We show first that ¢ is continuous. Let v € S and let E be an
open neighbourhood of ¢(y) in X. By Lemma 2.6 there exists an & in
AC(X) such that 7*L, ,o,(h) = ||k|| and

supiexvz |A(E)| < |h(e(y))| — € for some ¢ > 0.
Then

Al = (T(@) () +7 f (TEH)) (Ha, (t)dr.

So it is clear that for z sufficiently close to v, ¢(z) € E. Thus the mapping
¢ is continuous and ¢ (S) is connected.

Now we prove that ¢(S) is a singleton. We proceed as follows: Suppose
that ¢(S) has more points than one. Let 7*L, ,, = L, ;. We may choose
a function p € AC(X), an interval I C ¢(S) and a point z € S such that
p =0o0nl, ple(z)) # 0 and

f(, (¥x(p)) )3(1)dt = 0.

If ¢(v) € I, then
Ly ey (T(P)) = Loty 2s(p) = ple(v)) = 0.

Since there are infinitely many such numbers v, we have
Lyya,(T(p)) = 0 foreachy € S.

However,
Ly (T (P)) = Loy.2s(p) = ple(3)) # 0

which is a contradiction.

We now define a mapping 7: YV into X setting 7(y) to be the value of
the function ¢ defined above. Thus

T*Lya, = Ligy s

Consideration of 7! will show that 7 is onto and one-to-one. It will then
follow from the following theorem that 7 is an absolutely continuous
homeomorphism from Y onto X.
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TueoreM 2.10. Let T be an isometry of AC(X) onto AC(Y) with
T(1) = 1. Let f, be the identity mapping of X onto itself and let v = T(f,).
Then for eachf € AC(X) and eachy € ¥

(T()) @) = f=B)).

Proof. Let y € Y. We first suppose that ¢ € AC(Y) with g(y) = 0.
Then for all y € S

fc Gl(t)&u(t)dt = 'YLy.yay(g) = 'YT*LI/,*ray(T—l(g)) = 'YLr(y)'w(T—l(g))

= (T @) ) +f” (T7HG)) ()3 (tyt.

Therefore (71(g)) (r(y)) = 0.
For arbitrary g € AC(Y), define g; by

o) = gt) —g(y), tev.
Then

= (I™(g)) (r(y) = (T7H@) () — g(T (1)) (r(y))
= (I ) (=) — ¢).
Replacing g by 7°( f), we havefory € Yand f € AC(X),

(TN = fir@).

If f, is the identity mapping of X onto itself, we have

() = (T'(f0)) )
and the theorem is proved.
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