INTEGRALS INVOLVING E-FUNCTIONS

by C. B. RATHIE
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1. In this paper three integralsinvolving E-functions areevaluated in termsof E-functions.
The formulae to be established are:

f:tzv—lwk, OW_om®OE D ap:q; B, - 2t-) de
= 2o 2n)YHE{p+4n;a,: q+2n; B 1 2(2n)"M), il (1)

where 7 is a positive integer, |argz | <=#, R(yxm+3) >0, ay,, = Cy+v)2n{v = 1,2,...,

20), apyonis = (y+m—3+i)/n, opianii= (y-—m-}+i)n, B = (y+k+i)m, Boini =
(y-k+i)[n(d =1,2,..,n).

o
fo K (KB (p s eyt q 5 By 1 2t7%") dt

= @iy 2" 1E(p+4n; a1 q+2n; B, a7, (2)
where 7 is a positive integer, |argz| <m, R(Atpxv)>0, oy = (A+p+v+i)/n,
Epingivr = (A—p+v+i)/n, Upionsins = (A+p—v+i)/n, Appantisn = (A—p—v+i)/n

(6=0,1,2,..,0-1), Bpuyss = @A+))20 (j = 0,1,2, ..., 2n 1),

. _
f cos 2uf(cos )2 2E{p; «, :q; Bs: z(cos §)-2} df = \/:—':E(p +2n ;0,1 q+2n; 8, :2),...(3)
where n is a positive integer, R(A) > %, |argz | <7, appyyy = (2A-1+4)20 (4 = 0,1, 2, ...,
2n-1), Boisnn = A+p+h)[n, Bosnssnn = A—p+j)n(j =0,1,2,..,n-1).

2. The following results will be required.
If |argz | <« [1, p. 374],

E(p; a,:q; By:2) = 5=

where the contour is of the Barnes type.
If R(y+m+%) > 0[1, Ex. 118, p. 397),

® _ '@y+1)I'(y+m+3)I'(y-m+4)
fo BT O gl &t = LI LT B (5)
IfRAtpxv) >0,
f N 1K, (0K, (8) dt= 223 T A+ p+») A —p+ )L (A +p =)[(A—p =v)[T AL ..o, (6)
0

This follows from an integral due to Titchmarsh [2].
If R(A) > 31, Ex. 95, p. 340),

=@ -1)
P+l (A —p)

2
f cos 2uf(cos 6)2-2df =
0
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If mis a positive integer,
I(m2) = (2m)b-tmmms=+ [ T (z+l"—1) ........................... (8)
=1 m

3. Proof. To prove the first formula, we substitute the contour integral (4) for the
E-function in the integrand of (1) and change the order of integration ; the integral then
becomes

L [reo 1 re-g
. r=1
1 e

26 dE f : e W, W _ o(t) dt.

If we now use (5) and (8), it takes the form

P 2n
@mp-nanyprs | D@ I1 Tl =) IT T(@y +hj2n -8}
2mi

n ', - ¢ l Iy +k+1n -8

I1 D{(y+m -} +Djn =& IT T{ly-m -} +Djn -4

11211 Ty -k+lfn - &

7€ (2n)"%¢ d¢

and the result follows from (4).
Formulae (2) and (3) can also be derived in the same way by using (6) and (7) respectively.
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