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BOUNDARY BEHAVIOUR OF SOLUTIONS OF THE
NON-PARAMETRIC LEAST AREA PROBLEM

LEON SIMON

Previous work coricerning boundary regularity of solutions of the
non-parametric least area problem leaves open the question of
regularity of solutions at points where the mean curvature of the
boundary of the domain vanishes, We here prove that the
solutions may be discontinuous at such points, even when the
given boundary data is smooth. We also give a sufficient

condition which will ensure continuity at such points.

Suppose L 1is an open portion of the boundary 92 of a 02 domain
Q cR , and let HZ be the mean curvature of I relative to the inward
pointing unit normal.

It is known ([7, 21, [4]) that solutions of the non-parametric least

area problem

(0.1) J V 1+|Du|? + J lu-p|dH*™L > min , u € BV(Q) ,
Q £19)

where Y 1is a given Lipschitz function on 0392 , are CQ(Q) n Vl’l(Q)

functions which attain the given boundary data Y on L provided
HZ 20 . It is also known ([4]) that if I is Ch and Hy <0 on I,

then the trace of #u on I is a locally Lipschitz functionon £ . 1In

either of these two cases (HZ 20 on I, HZ <0 on I ) it is known
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(C7], (4, 5]) that u extends to be Holder continuous on Q u I .
These results leave open the case when HZ changes sign on I and
the case when HZ =0 on I with HZ = 0 at some point of I . We want

to discuss these cases here. It is shown (Theorem 2) that, for the case

HZ =0, u may have quite pathological trace on I and may exhibit

discontinuities, even in case L is Ch and ¢ is constant on I . On
the other hand in case HZ changes sign at a point & € I where BZHZ #0
(32 equals tangential gradient operator on I ), u must be continuous at

& . In fact, at such points & , it is shown (in Theorem 1) that the trace
of u on I satisfies a Lipschitz condition, and u itself satisfies a

Holder condition.

Both the above theorems depend on construction of barriers, using a
somewhat non-standard method of construction. For convenience the
constructions here are carried out only in case #n = 2 , but the reader
will see that only purely technical modifications are needed to give

analogous results for arbitrary = .

1. Barriers
As mentioned above, we here assume 7n = 2 , so that I is a
02 arc C R2 and HZ denotes the curvature of I relative to the inward

unit normal.

The existence of boundary barriers for solutions of the minimal
surface equation (and solutions of the non-parametric least area problem)

in case HZ > 0 on L has been discussed by many authors. (See for

example [3], [6], [1].) Here we take a slightly different approach to the
gquestion, and obtain some new results.

To begin, we introduce convenient coordinate axes for R3 . We
suppose O € £ and that (0, 1) is the inward pointing unit normal to I

at 0 , and we introduce new coordinates (yl, Yoo y3) for R3 with

¥y, = xl s Yo T x3 , and y3 = x2 . Then since I is 02 we have &6 > 0
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Non-parametric least area problem 19

so that the boundary cylinder (I n {z : ]xll < 8}) x R can be expressed

as {(yl, Yo ¥3) €R oy = w0y, uy)s Iyl < 5} , where w isa C°
0 and (Bw/ayl](o) =0, and

function on (-8, §) X R with 3w/8y2

where
HE , when considered as a function on (Z n {x : lel < 6}) x R which is

constant on vertical lines, is given by

—M(w)(yl, y2)

Here M is the minimal surface operator defined by

2 2
Mw) = ¥ Di[Diw/\/ 1+ |ow| }
i=1

(Notice that since 6w/3y2 = 0 , we can compute

2 5 3/2
) = 8] |
Byl Y1

With regard to the operator M , we need the following technical

lemma, the proof of which is a simple algebraic computation. In this lemma

we let the operator MO be given by
ok 2 DiwD.w
My(w) = (1+)Dw|®)*mw) = ow - Y 5 DD .
1,521 1+|Dw|= Y

LEMMA 1. Let Mb be the operator defined above and let s & be

® with IDcl[, |Dc2| =1 . Then

2

[P, [] o, +1oc, 1)

. 2
IMO[91+C2)-M6(C2]-A§1| < c[lpgllln Z,
where ¢ 1s an absolute constant.

We are going to use this lemma to construct functions @ on conical

domains in the (yl, y2) variables, such that M(¥) = 0 and such that the
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graph y3 = 5(yl, y2) transforms to a graph x3 = w(xl, x2) (under the
transformation yl = xl , y2 = x3 . y3 = x2 ]. Notice that then we have

M{w) = -M(®) = 0 . In this way we construct solutions of M(w) =0 ; the

reason for the indirect approach (via the coordinates Y1s Yps Y3 ) is that

the computations in the Yy coordinates are simpler, especially in view of

the form we choose below for the function o .
We in fact look for a function @ of the form

(1.3) 5yys v,) = 0lyys yy) + s 2ol /y,)

where k, o (constants) and ¢ are to be chosen. We first note that,

writing f(yl, y2) = y§+2¢(yl/y2) , Wwe have
’a%f; (y) = (k+2)y72<+l¢(t) - y;‘ﬂw’(t) .t =y,
2 () = v, [(k+2) (k1) 0(£)-(2k+2) 20" (£)+£°9"(£)]
Yo
2
3ﬁiggg () = yal(ks1)07(£)=t0(2)]
9 _ L k+l
'iﬁfi () = y5Mor(e)
¥ k
L (y) = ysome) .
d
Y1

Thus in particular we deduce that
0F(y) = yEL(+e2)0m()-2(ke1)Ee " (£)+(ks2) (Rb1)0(2)]

Combining these calculations, and using Lemma 1, we deduce (taking w
as in (1.3)) that, for X|t| =1 ,

@) [ @)-{uprsakl 1422670 210 (@) (ke2) (esn)ot ) | ]

< oy (y Uoce) [+167 () ])+107(e) 1) | 1y, [+ (Joe) [+lo () )|
2W2 1 2
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with C = 1 depending only on k, L , provided a|Df] =1 .
We now assume that
2
(1.5)  My(w) = wy, +R(y,) » R =1y <5 Iyl oyl <68,

for some positive constants u, L, 6§ . L, § will (without loss of

generality) be taken to coincide with the constants L, § of (1.1).

Under the assumption (1.5), we want to discuss the possibility of
selecting ¢ so that (1.4) implies M(w) =2 0 . To do this, we take k =1

in the above discussion, we let € € (0, %) be arbitrary, and let ¢O be
a Cl’l function on the interval E—Ee, 1] with ¢0(—€2) = ¢0(l) =0,

95 =1 on [}62, €] , |¢g| =2 on [g, 1] , |¢6| <=2¢ on E—e2, 1],
t¢é(t) = 2¢0(t) on [—82, 1] , and 0 < ¢, < 2 on (—82, 1) . (1t is
left to the reader to check that such a function ¢O exists.) Then we let
(1.6) () = K_2¢0(Kt) (¥ 21 arbitrary).

With such a choice of ¢ (and with % = 1 ) one readily checks that

(1.4)-(1.6) imply, for -€° < Kt <1 , that
-~ -1 2 2 2
(1.7) Mb(w) 2 uy, + ayzE(t) - CoK y2(l+€y2] - Ly »

where E(t) = % for —62 SKt<e and E(t) 2 -6 for € =Kt =1 ,

provided a|Df| =1 . This last restriction is guaranteed if we take
8ay§€ <=1 . We now restrict a, € such that
(1.8) ek =1 , 9u52/K < 9a < p*e/(KC) , u* = min{p, 1} .

Notice that K is still arbitrary. Also, we can ensure that of = § ,

2

a|Df] =1 for 0= y, <K, -€° =kts1, |y1| < 8§ , by taking

(1.9) Boek = 6 .
(Then & € (0, 1) is also arbitrary.)

Subject to these restrictions one now easily checks from (1.7) the
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following:

(i) for <Kt <e and 0= Yy, =K and |yl| =4,

M_(¥) = Wy, - Lyi + oy, lg-hCaK—lyg:l

0
2 oy
€ 2
z2by, v 520,
(ii) for € =Kt =1 and 0=y, =K and lyllfé,
M()y 2By _ Kt
(D) 28y - sty [erty |

v

HE .
ye[’é‘}‘(—900] Z0 .

Thus subject to the restrictions (1.8), (1.9) we conclude
(1.10) #MD) 20 for -e° SKES1, 0<y, SKS, ly | s 6.
This will be used in the next section in the manner we have already briefly

alluded to above.

Next we wish to consider the possibility that, instead of (1.6), there
holds

(1.11) Mw) = ulp 1, Iyl =6,

where k is a positive integer and u > 0 .

In this case we take arbitrary € € (0, %) and take any

¢ € ¢ 1([-1, 11) such that 0 <¢ on (-1, 1) , [ér] + [¢] =€ on
(-1, 1} , o¢(¢) = ¢(-¢), ¢ € [-1, 1], ¢(-1) = &(1) = ¢'(-1) = ¢'(1) =0,
(1.12) ¢ =_-% on (-, €) , |¢u| =2 on [-1, 1] ~ [-€, €]

k+l
2

deduce from (1.4) and (1.11) the following:

Provided that (k#2)ay, "€ =1 (which ensures that a|Df] =1 ), we

(i) for |t] =€, 0<y,s1, |yl =6,

~ k k
M (w) = —Ulyl| + ay2E%+h(k+2)2€+2c(|yl|+a):l

=0,
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provided & + o = (160)-l , €5 l/(32(k+2)2) ;

(ii) for t € [-1, 1] ~[-e, €] , 0 < Yo =1 |y1| =6,

~ k k k 2
M(W) = -ueTy, + dye[%(l+h(k+2) )+2C(|yl|+ai}
= yg|-U€k+a(l+h(k+2)2)e+20(a+5)|
<0,

uek/(1+h(k+2)2) . o+ 8 < pek/(20) .

1A

provided o
Thus in any case we have

(1.13) M(B) =0 for |yl| =6, 0<y,=s6, |y1|/y2 =1,

provided we take € = l/(32(k+2)2) and provided the constants o, 6 are
chosen such that
(1.14) o = u*eek/ (1+h(k+2)) , & = p*ef/(16C) , w* = minfn, 1} .

Notice that subject to these restrictions we automatically have

a|pfl =1 and af =6 .

We should also mention that in each of the above cases we have chosen

¢ such that ¢¢'(¢) = 2¢(¢t) . This ensures that 3f/3y2 >0 (f as in
(1.3)) and hence that the graph Yy = ﬁ(yl, y2) does transform to a graph

x3 = w(xl, x2) are required.

2. Main results

We now use the barrier results of §1 to prove the theorems mentioned
in the introduction. First we make a precise statement of the theorem

concerning continuity of u at points § € I when HZ satisfies the

conditions
2,1
(2.1)  H () =0, [3;A;| 28>0 on 3@ nBg(E) , Zec,

where B, § are positive constants and where aZHZ denotes the tangential

derivative of HZ along I .
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THEOREM 1. Suppose (2.1) holds, and let u be any ) n )

solution of the non-parametric least area problem (0.1). Then

(2.2) lu(z)-0(E)| = elz-t|3, |a-t| <6, zen,
and
(2.3) |a(z)-v(&)| = e|z-E] , |z-E] <8, €L,

where ¢ depends only on L, sup |u| and Lip ¥ , and where u
B.nQ
8

denotes the trace of u on I .

Proof, We may assume that & =0, ¥(0) = 0 , and that (0, 1) is

the inward pointing normal to 9% at O .

For a suitable portion I of 02 the condition (2.1) then guarantees
that (1.5) holds for suitable M, 8 , and hence by the discussion of §1 we
know that for any preassigned X 21 there is a neighbourhood U of

2 {x: le] <8} with Und==2n {z: lel < 8} and a

TR nC?(UnQ) function w satisfying Mw) =0, w(0) =0,

wlaUnQ = K§ , and w(x) = K|xl| , £ €I nU . Thus taking KX such that

K§ =z 2 max{sup|w|, Lip ¥} we can assert that w2 ¢ on L nNnU and w2 u
on 3VnQ. (Here we assume ¢ is chosen small enough to ensure that
(1.1) holds with LS < 1 .) Hence by standard barrier results for
solutions to (0.1), we conclude that u < w everywhere in U n . The
results (2.2), (2.3) now follow because, by construction of w , we have

ll/3

w(x) < elx for x €U nQ and w(x) <clx| for x € ZTnuU , with ¢

depending only on B, § , and KX .

We want to conclude this paper by presenting, for each integer

k 21 , examples to show that # may have no limit at & € 3Q even when
+

L =030 is Ck 1.1 2nd when the curvature Hz(x) > —lxlk s

x €Ln Bé(g) , for some & > 0 . Indeed we give an example to show that

u may have no limit at & even when the function ¢ of (0.1) is constant
in a neighbourhood of § .

To do this we take any two bounded domains QO and Ql c R2 with

o0 n 3N L.=930,.n8B
0 ¢ 1 R y N 26(0) connected, QO c Ql

k]
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Ql N'QO c 36/2(0) , and such that the following conditions hold, in which
H. denotes the curvature of Zj relative to the inward unit normal nj
f I.:
°r %
HJ- =0 on Zj Py ﬂj(o) = (os l) s
(2.4)
Inj(x)-nj(o)l <%, z¢€ Zj , d=0,1;

(2.5) e i (z) = Hle X, zen , |z| <6

. 1 -0 - 1 ’ 0’ 1 ?
and

H =0 on V& for some neighbourhood V& of Eq H

1
(2.6)
Cq € ZO n Zl R
where {Eq}, {Cq} are sequences of points in R2 with
lim Eq = lim Cq =0, (It is left to the reader to check that such domains
QO and Ql can be constructed in such a way that both BQO and 891 are

+
Ck 1.1 . We emphasize that, apart from the above restriction, QO and Ql

are quite arbitrary.)

Now let U be an arbitrary neighbourhood of {x € ZO : |x1| < 8}

. _ _ . < . .
with U ndQ, =Unij [z € 0, |x1| 8} . Evidently, since Hy <0

on Un [ZO ~ {0}) , we can find a solution u, of the problems (0.1) with

QO in place of § and wo in place of Y , where wo =1 on

ZO n{x : lxll < §/2} and

lim sup u.(£) < -1 for all z € 38U n Q_ .
- 0 0
(et

EEUnQO

(One achieves this by taking wo <1 everywhere on BQO and wo <= -L on

BQO ~ {x : |xli > 38/4} , where I is a sufficiently large constant.]

We now introduce coordinates Y95 Ypo y3 for R3 as described in §1.
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Then (2.5) implies that (1.11) holds with EO in place of I and with
# =% . Hence, by the discussion of the latter part of §l, we can find a
. ~ o~ _ k+2 . Sy <
function ® = w[yl, y2] =W + ay2 ¢(yl/y2) with M) =0 on
= . < < < < i 5]
W= {ly, vy :0<y, <8 lyl/y, <1, ly;| <8} and vith graph @

corresponding, in the Lxl’ xg’ x coordinates, to graph ® , where

3
w € Ce(U n QO) with U n BQO = {x ¢ ZO : |xl| < 6} . From construction w
has the properties:

ow
on

= ® (in the sense that 1im Dw(&)*n (x) = © for each & € L_n U),
0 0

0 Erax

EGUnQO

2 b

0<w=646 on UnQO w=2©6 on BUOQO
Mw) 20 on U.

14

Hence we have M(-w) =0 , 3(-w)/8no =0 8=w<0 on Un QO

-w=-0 on 9 n QO . Since, as described above, we can arrange
U, < -1<-w on dUn Qo , we then deduce from a standard comparison
principle that uO <-won U . In particular we deduce uo =0 on
Un 3 .

g 0

If we now let u be the solution of (0.1) with Ql in place of

and with Wl in place of V¥ , where ¥, =1 everywhere and wl =y_  on

1 0

BQO n 891 . Then, since by the maximum principle . =1 =¥y_  on

1 0

ZO n Ql , we deduce uy = u, on QO . On the other hand it is standard,

i H = 4 = Vv . ini
since 1 0 on q° that ul wl on q Combining these facts we

have, for all ¢q 1large enough to ensure that ]€q| < §/2 and

Iqu < §/2 ul(aq) =1 and u(g) = u,y (& ) <0 . Thus ) is not

q q

continuous at 0 .

Thus we have established the following theorem.

THEOREM 2. et 9, @ be ay ) domains as described above

1
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(in (2.4), (2.5), (2.6)) and let u, be the solution of (0.1) with Q in

1
place of Q and with wl in place of Y . (wl as described above.)
Then lim ul(x) does not exist. In fact the trace of u

x>0
xéﬂl

4 on 391 has

no limit at x =0 .
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