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S, TRANSFORM AND UNIFORM CONVERGENCE OF
LAURENT AND POWER SERIES

BY
S.A. SETTU

ABSTRACT. If the Laurent series

n=

f2)=2 az" (2] > 1)

is transformed to

x

-3

a=o (I — P)” P

z—1‘<1—1,0<p<1),
pl " p

it is shown that convergence of the former at z = 1 implies the uniform
convergence of the latter on a symmetric arc of [z — 1/p| = 1/p — 1 not
containing z = | and that the uniform convergence of the former over a
symmetric arc of |z| = 1 containing z = I implies uniform convergence of
the latter on the entire circle |z — 1/p| = 1/p — 1.

1. Introduction. Let f(z) be defined by the series

(1.1 fl2)= 2 a,;z™"
n=0
which is assumed to converge outside the closed disc |z| =< 1. We can write
0 (x" n n
12 f@=3 T (1) rli- <o
a=o (1 = p)" P ptp
where

©

+ — p—
a,=(—p) > (" k l)p"ak, 0 < p(fixed) < 1, ( 1) =1
k=0 h 0
(n=20,1,...).

We note that if S, is the Meyer-Konig-Vermes matrix defined by

S == py(" T ET )
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then
o = 5,a,

where & = {ag,a,,...}and a = {ag,a,,...}.

In this paper we show that an assumption of convergence of (1.1) at the single point
z = 1 implies the uniform convergence of (1.2) on a symmetric arc of |z — 1/p| = 1/p
— 1 not containing 1 and that the uniform convergence of (1.1) over a symmetric arc
of |z| = 1 containing 1 implies uniform convergence of (1.2) on the entire circle
lz—1/pl=1/p - L

The present work is motivated by the treatment of the Taylor transform as applied
to a power series given by Jakimovski and Meyer-Konig [2].

2. Results. More explicitly we prove the following two results.

THEOREM 1. Assume that 2 a, is convergent and let sy be a given real number
(0 <y < 7). Then the power series expansion (1.2) of the function f(z) in (1.1) is
uniformly convergent for z = 1/p — (1/p — 1)e" (Y = & = 27 — Yy).

THEOREM 2. Assume that there exists a real number @y(0 < ¢, < ) such that the
Laurent series (1.1) is uniformly convergent for z = ¢*(—@o < @ = @,). Then the
power series (1.2) is uniformly convergent on the circle |z — 1/p| = 1/p — 1.

Of these two results, Theorem 1 can be deduced from a generalization of Fatou’s
theorem (see [5], p. 93) after transforming (1.2) by
1 — pz
l—p '
observing that [w| < 1 when |z — 1/p| < 1/p — 1. We however prove Theorem 1
directly using the same tools to prove Theorem 2 too.

w =

3. Auxiliary results. To describe the procedure we construct a matrix A which
transforms the partial sums of (1.1) into the partial sums of (1.2). In this context we
assume only that @« = S,a exists noting that a necessary and sufficient condition
therefor (see [3], p. 272) is

3.1 ak=0<—l—) for fixedn = 0,1,... as k — oo,
knpk
Let u and v denote points of the circles |z| = 1 and |z — 1/p| = 1/p — 1, respectively.
We shall use the notation

(3.2) u=e*0=¢<2m,
3.3) B =e"0 =y <2m),

1 1 o _I=pv
3.4) v—;—(;—l)B, 1.e.B—1_p,
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a, an
t,,:a0+_'+...+_
u u"
3.5)
Yo =0+ o +...+ a,p"

and, forn = 0,1, ... (n fixed),

66 m=mm=@ X (" ET - k=010,

m=0

In the first instance, because of (3.1),

M < +k—1
ltoni] = (lao] + ... + |a) Ini| = Z(’" ” >(l—p)"’ (k=1,2,..)
0

kn +1 =
for a suitable constant M. Consequently
3.7 L — 0 as k— oo,

Using this fact we can write
Yo =0t af +...+ a,p"

2_0 B"(1 — p)" i (m +’: - l)p“ak

k=0

Il

= 2 (te = te- )M
k=0

Z Mk — Mer 1)t

k=0
= 2 Akl

k=0

where
_ $ maml (M k—1 m+ k
au = (pu)* ,”2:0(1 -p)"B [( m ) —pu( m )]
Rewriting
+ k

68 aw=0-pe(" )= o+ puipo - w)

n—1

+

x S ('" k)(l - (nk=0,1,...).
m=0 m

This proves that
(3.9) vy = At

where A = A(p, u,v) is the matrix with the elements a,,. If u = v = 1, then (3.9)
reduces to the well-known relation
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o =Fs,

where

a0 =F = (L))

is a regular sequence to sequence matrix (see [4], p. 558).
In the following theorem we establish the convergence preserving nature of the
matrix A.

THEOREM 3. The matrix A = A(p, u,v) defines a sequence to sequence convergence

preserving transformation for each triple (p,u,v) with
1 1
0< <1,u=1,v=-—(——1> (Bl=1pB+1.
p |u >~ 1B (el B

To prove this we need the following lemma.

LEMMA 4. Let the real number p (0 < p < 1) and the complex number
1 (1 ) . A
v=——1|=--1 with = eV (0 <Y < 2w
>\ B B ]

be given. Then

<1, 4
vl =1 " [v=1

prt! (n=1,2,...).

0

w, =
k

j nil (m ’ k) a1 -p)g"

m=0 m

PRrOOF. We first show that the series which defines w, is convergent. Since |(1 — p)B|
=1 — p we have

o

E<m+k>pk=_l_n£_

k=0 m

n—1
w, =< 2 (1-p)p
m=0

Let p = so that 0 < p < o, We write

S (™9 pype

m=0

o

w, = z pk+l

k=0

:T|+T2 (n:1,2,...)

with

k=pn k<wpn
Applying Abel’s inequality to the innersum of T; we get

2(1 = p)"~! s k+,(n+k—1>

T, = p
l |1_B| k=pn k
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22 =p) G (nt k=T

B ll—B| k§0< k )p

_ 2p _ 2
(I-plt =8 -1

For T, we have

o (m+k o (m+k
2 pk+l 2 ( >(1 _ p)mBm _ z < )(l _ p)mBm <= Té + lel,
k<wn m m=n m
where
+k S !
2 k+1 E (m >( )m m 2 — s
k<p.np m=0 m Ik+| lV| -1
and

=3 o3 (") a - e,

k<wn m=n

Again applying Abel’s inequality to the inner sum of 75 we get
O R WA (e S N (R

1= Bl S K TR
_ 2p B 2
Cu-pli-pl -1l
Hence
1 4

0, <T, +T,+Ti < + ,
=1 |v—1

and the lemma is proved.

PROOF OF THEOREM 3. It is enough to show that the matrix A satisfies the well known
necessary and sufficient conditions for a matrix to be conservative (see e.g. [1]).

lim ay = (1 - 5) (5>k k=0,1,...).

n—so v \4

Ifa={1,0,0,...},thena={1,0,0,...}andt=+vy ={1,1,...} so that (3.9) gives
Saw=1 (n=0,1,2,...).
=0

Now,

2 |ank\ =8 + 8,
k=0

where

LS

) n+k\, |1-pul
S.sll—pul(l—p)Z( )p‘=———
k=0 k l—=p
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and

nil (m’: k)(l - p)"BT|

m=0

S, =<|v—ul 2 p!
k=0

By Lemma 4 we get

|
=

v — ul lv
S$ = +4
[v] -1 v

|
—

and hence we have

o0 1_ — —
E]a,,klﬁl p"‘+‘v u|+4‘v u (n=0,1..).
k=0 l1-p M_I IV_ ll

Hence Theorem 3.
Since A(p, u,v) is convergence preserving y = At is convergent. Also

©

e (-2 2ol ()09 5 ]

5 vt

Il

14

4. PROOF OF THEOREMS 1 AND 2. Let us assume that =, a, = s. By Theorem 3 the
matrix A(p, 1,v) is convergence preserving for 0 < p < 1,

v=2-(-1)p apl=1p# .

Therefore =, a,B”" converges pointwise on the whole circle || = 1. But this con-
vergence is not uniform on the whole circle |8| = 1. To prove this we put

z, = l _ <_1_ _ 1)ei-rr/n+l.
p P

Now

zi-———'zﬂ"'%mw.
Zo |z lzdl =1

-4

So there exists a sequence s = {so,$,,...,S,,...; with the properties s, — 0 and
(1 = 1/z,) 25, siz, " not bounded. Define

f(z) = (1 - %) 2‘,0 siz™* for |z| > 1.

Then
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fz) = ZakZAﬁak:Sk_sk—l (k=0,1,...),5-,=0.
k=0
Now f(1) = /.y a; = 0. If @ = S,a, then we have
EY o k k
(1.2) fz) = 2—”’—(1—2) for z—l‘sl— 1.
k=0 (1 — p)k P p 14

If this series converges uniformly for |z — 1/p| = 1/p — 1, then it would be uniformly
convergent for |z — 1/p| = 1/p — 1 and f(z) would be continuous on the disc |z — 1/p|

= 1/p — 1 which contradicts the fact that {f(z,)} is not bounded.

In other words (1.2) does not converge uniformly on the entirety of its circle of

convergence when (1.1) converges for z = 1. However Theorem 1 holds.
DIRECT PROOF OF THEOREM 1. Let 25 a, = s,

v:;l)—(ll)—I)BwithB=e""(0<¢<2ﬂ),

s,=ay+ta +...+a,
and
Ye=0p+t o +... .+ a,pf"witha = §,a (n=20,1, ..).
Then
Y = Bs,

where B = A(p, 1,v). The matrix B has the column limits

bk=(l~%>(%>k (k=0,1,..))

and row sum

zbnk___l (l’l=0,1,...).
k=0

Since 2, b, = 1, we have
> bu—b)=0 (n=0,1,..)
k=0
and
Vo= 2 bisi = 2 (bu— b)(si—s)  (n=0,1,...).
k=0 k=0

Given € > 0, there exist a K > 0 and a natural number m = m(e) such that
|sy —s| < K forallk, |s, — s|<efork>m.

This yields the estimate
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©

= K 2 lbnk - bkl + € 2 lbnk - bkl~
k=0

k=m+1

Yn — 2 bsy
k=0
Now lim,_,. b, = b, implies that there exists a natural number N = N(e) such that

|by — bl <eforn>N andk=0,1,...,m.

Thus

) ) .
< kme + ¢( 2 lbul + 2 |bl) = e(Km + 5 + oY ').
k=0 k=0

Yn — Z bisy
k=0 lv] =1

The factor multiplying € is less than a constant independent of v but depending on s,
under the restriction Yy = ¢ = 27 — . Theorem 1 is proved.

PROOF OF THEOREM 2. It is enough to prove this theorem for small values of p and
@o; SO we assume in addition that

™

1
<p<-=- < <
0 p 27 0 Po 4

There are uniquely defined numbers vy and ¥, (3m/2 < ¥y < 27) such that

vo= L (L 1) gy with By = €™, v, = [volug with g = €.
p P
We put
4.1 fw)y =2 au"withu=e*  (0<]|¢o| =< ¢
n=0

4.2) v=1%— (i— l)B with B = e Q2m — Yo > ¥ > ), B#1

n

4.3) L) = 2 au™, v, =2 B
k=0

k=0

By hypothesis the series in (4.1) converges uniformly with respect to u in the closed
interval —@y = ¢ = ¢y. We show that
> a,B" = lim v,

n=0 n—o

exists uniformly for the values of B and v specified in (4.2). For the values u specified
in (4.1) we have

“4.4) y(v) = A(p,u,v)t(u).
Connecting now u and v by the relation ¥ = v/|v| and putting
C = A(p,v/|v|,v)

(4.4) reduces to
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vy = e 2)-

vl

The column limits of the matrix C are

ck=(l —ﬁm—ll)k (k=0,1,...).

The row sum of C equals 1 and =;_, ¢, = 1. So we have
(4.5) 2 (cw = c) =0.
k=0

Now,

- 2 [ulfy) - o ()]
= <1 - |~i|) éo (l—‘l,ly "<|:|)
= kéo cktk<l—:\>

From this and (4.5) it follows that
- v v
Ya(v) = f0) = 2 (cw = co[u(-) —f<*>]-
k=0 [V. M
Given € > 0, there exist a constant K > 0 and a natural number m = m(e) such that

tk(l> —f(l)| =K forallk
v vl

v

tk<—v—) —f(—)’ <e for k > m,

V]

where these inequalities are true uniformly for all v under consideration. This yields

%0

m
=K 2 lan - Ck| + € E |an - Ckl-
k=0

k=m+1

[va(v) = f(v)

Since ¢, — ¢, as n — ©, we have a natural number N = N(e€) such that
lcw — ] < €forn>N (k=0,1,...,m).
Thus, forn > N,

[va(v) — f(v)| = eKm + € (2 lew] + 2 Ick|>
k=0 k=0

= e(Km + 1+ E lc,,k|>.
k=0
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Since |1 —pu|=1+p,|v—u|=|v| = land|v — 1| = |v| — 1 we have, as in proof
of Theorem 3,
1+p

Dlewl=5+—=  (n=0,1,...).
k=0 1-p

Hence

lya(v) = f0)| = e<6 + Km + l—+—p) forn > N.
I —p

Combining with Theorem 1 and the convergence of =, a, the proof of Theorem 2 is
now complete.
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