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Two fixed point theorems

in topological and metric spaces

Josef Danes

Some fixed point results are derived for mappings of contractive

type in metric and topological spaces.

In the paper we shall generalize some results of Boyd and Wong [11],
Cirié [2], Massa [4], Sehgal [6], and the author [3].

DEFINITION 1. Let (X, d) be a metric space, T : X + X a mapping
and ¢ : R+ = [0, +») > R+ a right continuous nondecreasing function such
that ¢ < id ; that is, o@(¢) <t for all ¢ >0 . For x,y in X let
us denote

M(x, y) = max{d(x, y), d(x, Tx), d(z, Ty), dly, Tx), d(y, Ty)}
and Mz, y) = max{M(z, y), d(Tx, Ty)} . We shall say that the mapping T
is a ¢-max-contraction if
(¢-max) d(Tz, Ty) < ¢(M(x, y)) for all =z, y in X .

LEMMA 1. 7 s a ¢-max-contraction if and only if the following
condition is satisfied:

(¢p-max)” d(rz, Ty) < oMz, y)) for all =z,y in X .

Proof. C(Clearly, if T is a ¢-max-contraction, then 7T satisfies

the condition (¢-max)” (because ¢ 1is nondecreasing and
Mz, y) s M(x, y) ).

Let T satisfy the condition (¢-max)™ . If x, y € X and
Mz, y) = &(x, y) , then (¢-max) holds for these z,y . Let x, y in
X be such that Mx, y) # 171(2, y) 3 that is, M(x, y) < Mz, y) . Then
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Mz, y) = d(Tx, Ty) > 0 , so that
d(Tx, Ty) < o (M(z, y)) = o(d(Tz, Ty)) < d(Tx, Ty) ,
which is a contradiction. The proof of the lemma is completed.

In what follows we shall use the following trivial (and well-known)

lemma.

+
LEMMA 2. If ty €R and tn+l=q>(tn) for mnz0, then t ->0.

DEFINITION 2. For =z in X 1let
Oz, n) = {:x:, TZy weu, .’Z’nx} s
and

O(x, ®) = {a:, TZy oo, Tnx, ...} = U oz, n)

LEMMA 3. For all my,n=0 and x in X , the following

inequalities hold:

(1) diam O[L/‘mx, n) = (p(m)(diam olz, mm)) ;

(2) diam 0(1’"3:, °°) = (p(m) (dia.m oz, °°)) »

provided that diam O(x, ©) <® . (Here "diam" means "the diameter of"
and q)(m)=tp0<p°...°q> (m times).)

Proof. Tet 1 =7, J=ntl , x € X . Then
d(f%z, Pz) = ar(@* ), 1P ) = oM(r* e, TV )
(p[max{d(.’l’i_lx, T‘j_lx] y d(Ti-lx, Tix) 3 d(.’l'i_lx, T‘7x) .

d(z'j'lx, Tia:], d(Tj'lx, '.7'7x) B = o(aia 0(z, n+1)) ,

and hence

(3) diam O(Tzx, n) < ¢(diam O(x, n+l)) .

From (3) one obtains easily (by mathematical induction) the inequality (1).
But the inequality (1) implies:

(”7)(

diam O(T”Ix, n) = (p<m)(dia.m Oz, ntm)}) < ¢ diam O(x, =))
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if diam Oz, ®) < +° ., As diam O(me, n) > diam 0(.7’"3:, ®) whenever

[+
is nondecreasin
n=1 g) ’

n > 4o (because the sequence of sets {0 (me, n)}
(2) follows.
THEOREM 1. Let (X, d) and ¢ be as in Definition 1 and let
T : X *X be a ¢-max-contraction. Then:
(7) {Tnx}:=l 18 a Cauchy sequence for each x in X with
bounded T-orbit, that is, with diam O{x, ©) < +» ;
(ii) if (id-p) 1[0, a] is bounded, where a = d(z, Tx) , then
diam O(x, ®) < += ;

(ii1) <1f x € X , diam O(x, ®) ig finite and the closure of

0(x, ») 1is complete (this is so if X 1is complete), then
the sequence {Tn x}:::l converges to a fixed point u
of T and d(T'x, u) = cp(n)(diam o(z, ©)) for all
n=z1l;

(iv) T has at most one fixed point in X .

Proof. (Z) Let ¢t, = diam O(x, ®) and tn+l=<p(tn) for n=0 .

0

By Lemma 2, lim t, =0 . As diam 0(rz, =) < ¢(”)(to) = ¢, by Lemma 3

(2), we see that the sequence {Tnx}::zl

is Cauchy.
(i) Let n =1 . Then, by Lemma 3 (1), there exists an integer k

such that 1 <k <7 and d(:c, Tkx) = diam O(x, n) . Then

d(x, Ikx) < d(z, Tx) + d(Tx, Tkx) s
< d(z, Tx) + diam 0(Tz, n-1) < d(z, Tx) + ¢(diam O(x, n)} ,

diam O(x, n)

by Lemma 3 (1). Hence we have that (id—(p)[dia.m o(x, n)) < d(x, Tx) , that

is, diam O(x, n) = sup(id«p)_l[o, d(x, Tx)] , so that the sequence
o

{giem O(z, n)} _,

is bounded by a number r . Then

diam O(x, ®) = 1lim diam O{z, n) <r .
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(iii) By (i), {Inx}:___l is a Cauchy sequence contained in the

complete subset 6(x, ») of X , so that 7'z > 4 for some u in X .

Suppose that d(u, Tu) > 0 . Then M(T'z, u) = max{d(T*x, Tu), d(u, Tu)}

for sufficiently large n . It is easy to see that ¢ 1is upper
semicontinuous. As M(Tnx, u) + d(u, Tu) , ve have
d(u, Tu) = lim d[tznﬂx, Tu) < lim sup (p(M[Tnx, u)) =
< (p(d(u, Tu)) < d(u, Tu) ,
a contradiction. Hence d(u, Tu) = 0 ; that is, u = Tu . Furthermore,
we have d(Tnx, u) < diam O(Inx, ®) = tp(n)(dia.m 0(z, ©)) by Lemma 3 (2).

(iv) Let wu, v be two distinct fixed points of T . Then
du, v) = d(Tu, ™) < ¢(Mu, v)}) = ¢(d(u, v)) < d(u, v) , a contradiction.

Hence T has at most one fixed point in X .

REMARK |. Let us note that the condition (¢-max) is equivalent to
the following one: there are nonnegative real functions a, b, e, a, e on
XXX with a+b+c+d+e=1 such that for all =z, y the following
inequality holds:

d(Tx, Ty) < cp[a(:c, y)d{z, y)+blx, y)d(x, Tx)+elz, y)d(x, Ty)+.
+d(x, y)d(y, Tx)+e(z, y)dly, Ty))

The proof is trivial.

LEMMA 4, Let X be a compact (separated) space, d : X x X - R
a function and T : X ~ X a mapping. Suppose that the function
flz) = dlx, Tx) is lower semicontinuous on X and that the following

condition is satisfied:

(4) for each x in X with x # Tx there exists a positive integer
k(xz) such that

d(Tk(‘r)x, Tk(x)+lx] < dlz, Tx) .
Then T has a fixed point in X .

Proof. Let 2z in X ©be such that f(z) = min f(X) . Suppose that
z # Tz . Then, by (k4),
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+
F(F#)g) = a(f®),, K& az, 7a) = £(z) = min £X)
a contradiction. Hence we have 2z = Tz . (Moreover, we have proved that
the fixed point set of T contains the set f-l (min f(X)) .)

REMARK 2. Consider the following two conditions:

(5)  d(Tx, T2x) < dlz, Tz} if x # Tx ;
(6) d(Tz, Ty) < max{d(z, y), dlx, Tx), dly, Ty)} if y # x # Tx .

It is easy to see that (6) implies (5), and that (5) implies (4). The
function f(x) is lower semicontinuous on X if, for example, T is

continuous and d 1is lower semicontinuous.

DEFINITION 3. Let X be a topological space, M a family of
subsets of X such that M in M and x in X implies that M ,
Mu{x} ,and M\ {x} are in M. Let U be a mapping of M into a set
such that (M) = u(¥) = p(Mu {z}) for each ¥ from M and x € X .

(We shall call M a pseudomeasure of noncompactness. Compare with the
definition of a measure of noncompactness in SadovskiV [5].) A mapping
T : X+ X is said to be u-densifying if M, TM in M and u(TM) = u(M)

implies M relatively compact.

THEOREM 2. Let X be a (separated) topological space,
d:XxX+R a function and T : X > X a continuous U-densifying
mapping such that the fumction f(xz) = d(z, Tx) is lower semicontinuous on
each compact subset of X (the last condition is satisfied if, for
example, d <is lower semicontinuous on each compact subset of X X X ).
Suppose that O(x*, ») is in M for some x* € X , and that the condition
(4) of Lemma 4 is satisfied. Then T has a fized point in X .

Proof. Let X be the closure of O(x*, ) . As

O(x*, °°)

T(o(x*, »)) u {z*}

fl

and T is continuous, we have 7K v {z*} K . From the last equality and
the inclusion O(x*, ©) € M it follows that K and TK are in M . But
wW(TK) = u(7% u {x}) = w(X) , so that X is relatively compact. As X is
closed, it is compact. Hencer T 1is & self-mapping of the compact space K
into itself and satisfies all conditions of Lemma 4. We conclude that T

has a fixed point in KcC X .
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DEFINITION 4. Let us remember some notions. Let (X, d) be a

metric space and for any subset M of X let us define:

Qa(M) = {a >0 : M has a finite a-covering} ,

QX(M) ={a >0 : M can be covered by finitely many a-balls} ,
QJ(M) = {a >0 : M contains no infinite g-discrete set} ,

Q@ (M) ={a >0 : M can be covered by finitely many a-balls

X

centered in M} ,
and p(M) = inf QU(M) for U =0, X, J, X; » respectively. The set
functions o, X, J, )(L are called the Kuratowski's, Hausdorff,

Istriatescu's, and inner Hausdorff measure of noncompactness, respectively
(of the metric space (X, d) ) We shall say that a mapping T : X + X |

densifies with respect to U , where Hu=a, X, J , or X; if
u(TM) < u(M) for each non-precompact subset M of X .

COROLLARY. Let (X, d) be a complete metric space, T : X X a
continuous mapping which densifies with respect to the Kuratowski's,
Hausdorff, Istratescu's, or inner Hausdorff measure of non-compactness of
the space (X, d) . If O(x*, ») s bounded for some x* in X and the

condition (L) of Lemma L is satisfied, then T has a fized point in X .

Proof. Let M be the family of all bounded subsets of X . It is
easy to see that 7 1is wp-densifying (where U=0, X J , OF X‘L ), and

Theorem 2 may be applied. The corollary is proved.
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