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ON SOME p-ADIC PROPERTIES OF THE EICHLER-SELBERG
TRACE FORMULA

MASAO KOIKE

In this paper we shall prove some congruence relations mod p* between
the traces of Hecke operators T'(p™) which act on the space of cusp
forms of different weights satisfying some congruences mod p* — p*~.
The method of the proof is very simple and is applicable to all the cases
where the trace formula for Hecke operators are already known.

As an application, we can obtain the trace formula for p-adic Hecke
operators U,p™ as a p-adic limit of the trace of ‘classical’ Hecke
operators. The trace formula for p-adic Hecke operators was first given
by B. Dwork [1] by using the Monsky trace formula in the case of level
2, but our method of computation seems to be more elementary.

§ 1. Congruences between the traces of Hecke operators in elliptic modular
case

We shall consider the elliptic modular case in detail, because the
essential point of the proof is completely contained in this case. We
shall fix a prime number p once and for all. For any positive even
integer k, let ©, be the space of all modular cusp forms of weight k
with respect to I' = SL(2,Z). For each positive integer n, let ' be
the set of all two by two matrices such that the entries are rational
integers and the determinant is n», and let

o, byw)

o, dp

'™ — Z'ZF<

be a left I'-coset decomposition of I'™. The Hecke operators T(n)
which act on &, as linear endomorphisms are defined by

k-1 a{®t + b (n) -k
By 5 f(0) > ()| Ten) = n-13, f<—— (ePr + d)*
e + ef”
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The Eichler-Selberg trace formula for T,(n) reads as follows:

(1) tr Ty(n) = 03 — S FE=2(0, o) — 3. e
w, a<Vn
— k-1 k/2-1 {0, (k > 2) ’
O T St (k=)

where F%2(p, o) = p* ' — " '/p — o, {0, p’} runs over all pairs of
mutually conjugate irrational imaginary quadratic integers with norm
n, o runs over all orders of imaginary quadratic fields such that 0sp;
w,, h, are the number of unity contained in o, the number of proper
o-ideal classes respectively; in the second summand under 3/, d*! should
be replaced by 4d*~! when d = +/n is rational, and finally 6(v 7) represents
1 resp. 0 when +/ 7 is rational resp. irrational.
Now we prove the following proposition.

PROPOSITION 1. Let « be a positive integer, and let 2’ > 21 be even
rational integers which are mnot smaller than 2« + 2 for p > 5, 2a + 6
for p =2 and 20 + 4 for p = 3, and which are congruent to each other
mod p* — p=~! for p > 5 and mod p**' — p* for p =2,3. Then it holds
that

(2) tr T, (p™) = tr T:(p™) (mod p*)
for any m > 0.

Proof. For simplicity we prove only for p > 5. Proofs for other
cases are same. We consider the Eichler-Selberg trace formula for
T.(p™ mod p*. Since 1/, 1 are not equal to 2, the fourth summand is
zero. The second resp. third summand is congruent to zero resp. one
mod p*, since /2 — 1 >a. Let K be an imaginary quadratic field which
contains {p, o'}, and let (K/p) be Kronecker’s symbol. In the case (K/p)
= —1 or 0, F*~2(p, p’) is easily proved to be congruent to zero mod p*,
since ¥/2 —1>a. We may assume (K/p) =1, p=p.-p’ with prime
ideals p # p’ in K. If p= 0 (modp), the corresponding term in (1) is
congruent to zero mod p*, so we may assume p = 0 (mod p). Then we
have p?**~?*7*=1 (mod p*), so we have F¥?(p, o) =" /p—p =p""/o—p
= F%%(p,p") (mod p*). For p > 5, w, are all p-adic units, so the. proof
is completed. Q.E.D.

COROLLARY. Let 2 be an even integer. Let {1}, for 1 <a < oo, be
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an increasing sequence of rational integers satisfying that A, is not
smaller than 2« + 2 for p > 5, 2« + 6 for »p = 2, and 2« 4 4 for p = 3,
and that 2, is congruent to 2 mod p* — p*~* for p > 5 and mod p*+! — p*
for p =2,3. Then, for any m > 0, there exists a p-adic limit of the
sequence {tr T, (p™} and the following formula is valid;

. h 2—1
(3) limtr T, (™) = ¥, ,,2 — —"‘o——/ —1.

amee W, p—p
Here the notations are as follows: K is the field generated by all
imaginary quadratic fields K such that Kromecker’s symbol (K/p) is 1,
and P is a fized divisor of K extending p of Q. {0, 0’} runs over all
pairs of mutually conjugate irrational imaginary quadratic integers with
nosm p™ which are contained in K and o 18 assumed not to be congruent
to zero mod P. o runs over all orders of imaginary quadratic fields
such that o3 p.

This follows immediately from the proof of Proposition 1.

§ 2. Congruences between the traces of Hecke operators in more general cases

2-1. Let q be a positive power of p. We note that the essential
point of the proof of Proposition 1 is the following properties of the
Eichler-Selberg trace formula:

(P-1) The trace of Tyx(q) (for k > 2) is represented by a sum which
runs over an index set depending only on ¢, but not on k.

(P-2) Denote by I(q) the common index set in the sense of (P-1).
Then I(q) is a finite set and each term, say af, (iel(q)), of the trace
is one of the following three types:

@A) eP-(* ' — p'* /(o — p), where p is an algebraic integer whose
norm is equal to ¢, and whose degree is 2 (which is a fixed number
related only to I' = SL(2, 7)), and p’ is the complex conjugate of p, and
¢ is a rational number depending only on .

(i) cPp*7t, where ¢ is a rational number whose denominator
depends only on <.

(iii) ¢, which is a constant depending only on 4.

Roughly speaking, when we investigate ¢{ more carefully, we can obtain
conditions for weights under which the congruence relation (1) is valid.

2-2. We now consider the trace formula for more general cases.
As far as we know, the trace formula for Hecke operators is already
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obtained in the explicit form for the following cases: (1) the congruence
subgroup I'(N) consisting of all two by two integral unimodular matrices

((Z 2) such that ¢ = 0 (mod N), (2) the Fuchsian group of the first kind

consisting of all units with norm 1 in a certain order of an indefinite
division quaternion algebra over @, (3) the discrete subgroup of finite
products of GL(2,R), with the quotient of volume finite, obtained from
the group of all units in a maximal order of an indefinite quaternion
algebra over a totally real number field. As for the detailed formula
we refer to M. Eichler [3] [4], H. Shimizu [11] and H. Hijikata [5]. It
should be remarked that the trace formula in [5] and [11] contains the
elliptic modular case but the former coincides with (1) up to a factor
nt=*2,  Therefore we must multiply some factor on the formulae in [5]
and [11] if we consider the congruence relations between the traces.
Then, for these three cases, it is immediately checked that these trace
formulae also satisfy the above properties (P-1) and (P-2), (although (P-2)
must be slightly modified in the case (3)).

2-3. We shall consider the case (2) for example.

Let A be an indefinite division quaternion algebra over @ and let
O be an order of A. We put A, =A®Q, (over ), and O, =0OR Z,
(over Z). Let F, be the product of all primes p for which A is ramified.
Take a positive rational integer F', which is prime to F; and is square-
free. Then there exists an order © of A such that £, is a maximal
order of A, when p/fF, and that O, is isomorphic to the order of

matrices (g ¢ 2) with a,b,¢,d e Z, when p|F,. Hereafter we only con-

sider orders © of this type. Let I' be the group of units of © with
norm 1. Then [' is considered as an Fuchsian group of the first kind
when [' is canonically imbedded in A ®, B which is isomorphic to M(2, R).
Let ©,(I") be the space of all cusp forms with respect to I" of weight
k, and let T.(n) be the usual Hecke operators acting on ©,(I") as linear

endomorphisms.
Eichler’s trace formula for T,(p™) which ptF, and k > 2 reads as
follows:
m k _ 1 m(k/2—1)
tr T(p™) = é(m)—~——p M-+
12 4Fy 4Fy
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+ Zoon — 2 1 (1= {2 1 (14 {2}

W, {F 437 ar, 4

where {o, 0’} and o runs over the same set as in (1), and h,, w, are the
same as in (1). {o/¢} is equal to 1 when the conductor of o is divided
by ¢, and {0/ ¢} is equal to Kronecker’s symbol (Q(p)/¢) when the conductor
of o is prime to 4. d6(m) is equal to 1 resp. 0 when m is even resp. odd.

By the consideration in 2-2 and the proof of Proposition 1 the fol-
lowing is easily proved:

PROPOSITION 2. Let p be a prime number such that p/F,. Let a be
a posttive integer, and let 2’ > 2 be even integers which are not smaller
than 2a + 2 for p > 5, 24 + 6 for p —2 and 2« + 4 for p =3, and
which are congruent to each other mod p* — p*~! for p > 5 and mod p**!
— p* for p =2,3. Then it holds that

tr T,.(p™) = tr T(p™) (mod p%)
for any m > 0.

§3. Trace formula for U o)™

3-1. We shall show that the result in §1 gives a trace formula for
p-adic Hecke operator Up)™. As for the definitions and notations, we
refer to [7]. Let ¥ be the space of all p-adic cusp forms of weight
2, and let U p) be the p-adic Hecke operator on ¥%®. For « >0, put
=2+ p*—pY and let {F¥}, 1 <1< d® be the compatible system
of free basis of &, ,,. Put F’§" = lim F$,, then {F’g”}, 1< i< oo, forms

an orthonormal basis of ¥® over Q3. Put F@|U(p)m = Z”]aij(m)ﬁ’gﬂ),
t=1

with a;;(m) eop. Let {e;}, 1 <7< oo, be a sequence of positive powers
of p. Then, it is proved that Up) is completely continuous on the p-
adic Banach space & with the orthonormal basis {eiﬁ’?)} for suitable

{e;}. Therefore f‘_, a;;(m) converges, and we define tr U™ = i a;;(m),
i=1 =1
which is proved to be independent of the choice of {F¥}.

THEOREM 1. The following formula is valid;

h, ot
w, o — 10/

(4) tr U™ = 34,0130, — -1,

where the right hand side is the same as in (3).
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Proof. We can take @, such that 2, > 2« + 6 for any « > «, By
the recursion formula for T,(n) and the definition of ﬁl(p), we have

F@\T, (™ = F&,| T, (™  (mod )
= Fo|0,(m™  (mod§),

for o« > @,. For this and Proposition 1, it follows that
tr T, @™ =tr U™  (mod P,
therefore we obtain (4) by Corollary of Proposition 1. Q.E.D.

3-2. (Fredholm determinant and Hecke polynomials.) We shall give
here a relation between the Fredholm determinants of the p-adic Hecke
operators and the Hecke polynomials in elliptic modular case. In the
case of principal congruence subgroup of level 2 of the elliptic modular
group, B. Dwok [1] gave essentially a relation between the Fredholm
determinants of the p-adic Hecke operators and some infinite products,
and Y. Morita [9] gave a relation between some infinite product slightly
different from the above and the Hecke polynomials. Combining these
two results together, we could get a desired relation in this case. But
this process is complicated. Here, using the p-adic trace formula for
U.(p), we shall obtain the relation more directly and explicitly. We
shall often refer to Y. Ihara [6] and Y. Morita [8], and use the same
notations as in them.

Let DP(u) = exp {——i%(—p)lum} be the Fredholm determinant

m=1
of Uy p). Asis known, DiP(u) is a p-adic entire function. Let H®(u)

=det I — T(P)u + p*~'Iu?) be the Hecke polynomial where I is the
identity operator on &,.

THEOREM 2. Let k be an even positive rational integer. Then it

holds that
(5) D (u) | DR (p* ')
=HP )1 — p*u)(1 — p*-2/2y)a+(1 4 pE~2ry)e-q(¢)
where
1—-671'A—po)t, k=2,
d(t) — {( )~1( pt)
1, E>2.
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The notations are as follows: when p > 5, we put a, = {(k — D)(H — 4)
+dip + (—=D)E 220} and a_ = Hk — DVH — 4 + di, — (—=D* 220} where
H, W and 4 are as defined by (7), (8), and (45") in [6] and d is equal to
¢, defined by (45) in [6] with even m.

When p =2, 3, pe put a, = ek, 2) + ek, 1)} and a_ = ¥{ck,1) —
c(k,2)} where c(k,1) and c(k,2) are as defined by (13) in [8].

Proof. For simplicity, we prove only for p > 5. Proofs for other
cases are similar. The condition that the mutually conjugate irrational
imaginary quadratic integer pair {p, o’} with norm p™ appears in the
summation of the right hand side of the equation (4) is easily seen to
be equivalent to that p is not equal to ++/—p and is primitive, namely,
p~'p is not an algebraic integer. Therefore, by Lemmas 6 and 8 in [6]
with the fact pp’ = p™, we get the following:

tr Tp)™ — pm= tr U,_(p)™
— tr Uk(pm) + pm(lc—l) + dkpm/Z(lc—Z)
{(k — 1H)(H — Hp™xE-» (m : even)

W — DH(—p)mrE-> (m: odd)
1 + ™, k=2
0, E>2.
From this, (5) follows by some calculations. Q.E.D.

REMARK. For p =2, 3, it is remarked in [8] that a, and a_ are
integers. For p > 5, it is easily seen that d, + 4 and H + %/ are even
integers, so @, and a_ are integers.

As for the values of a, and a_, we have the following proposition:

PROPOSITION 3. For k > 2, a, (resp. a_) is equal to the number of
normalized new forms of weight k on I'y(p) whose eigenvalue of U(p) is
equal to p*=27 (resp. —p%=27), For k=2, a, — 1 (resp. a_) is equal
to the number of normalized new forms of weight 2 on I'\(p) whose
eigenvalue of U(p) is equal to p (resp. —p).

Proof. Put b, (resp. b_) the number of normalized new forms of
weight &k on I'(p) whose eigenvalue of U(p) is equal to p“*~?/% (resp.
—p®~2/2) By Atkin and Lehner [12], b, (resp. b_) is equal to the number
of normalized new forms of weight & on I'y(p) which are not (resp. are)
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cusp forms with respect to I'*(p), the Fuchsian group of the first kind

generated by I'(p) and [_g (1)] Let e, and e} be dimensions of the

space of cusp forms of weight k¥ with respect to I'\(p) and I"*(p) respec-
tively. Then the following equalities hold: e, — ef = b, + dim &, e}
=b_ + dim&,. On the other hand, ¢, and e} are directly computed by
the result of Fricke, so we have the following equalities:

a, +dim&,, k>2,
a, —1, k=2,

Hence Proposition 3 is proved. Q.E.D.
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