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ORTHOGONAL POLYNOMIALS
AND RATIONAL MODIFICATIONS OF MEASURES

E. GODOY AND F. MARCELLAN

ABSTRACT  Given a finite positive measure on the Borel subsets of the complex
plane with compact suppcrt containing infinitely many points, we deduce some formu-
las for the sequence of monic orthogonal polynomials associated to a rational modifi-
cation of the measure These expressions depend on so called functions of the second
kind Some examples for particular Jordan curves are given

1. Introduction. The study of rational modifications for a measure has been intro-
duced by Szegé in the case of the unit circle 7 = {z € C/|z| = 1}. In fact, if

do

dp = h(e)|2

where h(z) is a polynomial of degree k, the system ¢,(z) of orthonormal polynomials
associated to p can be calculated explicitly (see [15], pp. 289-290), except for a finite
number of terms, by means of

on(z) = 2"h(z ") withn > k.

On the real line, given a real or complex measure j, a determinant representation
is known (the Christoffel formula) [15, pp. 29-30] that gives orthogonal polynomials
relative to the rational modification of the measure in the interval of orthogonality [a, b]
in terms of orthogonal polynomials with respect to dy. and the functions of the second
kind ([3], [16]).

In a similar way, Paszkowski ([ 14]) obtains an alternative expression in determinan-
tal form, in terms of orthogonal polynomials with respect to the initial measure, their
derivatives and their associated polynomials of first kind.

Also, in ([2]) a study of the rational modification of a linear regular functional is
presented. This corresponds to a new approach to the subject in the framework of general
orthogonal polynomials.

In this paper, we consider some analogous problems for rational modifications of finite
and positive measures supported on a compact set of the complex plane with infinitely
many points as the next step in the study of a more general problem started in [6], [7],
[8].
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Rational modifications of measures have been used (see [12]) to establish a set of
quadrature formulas on [—1, 1], that are valid for analytic functions, as well as to show
that orthogonal polynomials on [—1, 1] with respect to w(t) /(1 — x) are linear combina-
tions of orthogonal polynomials on [—1, 1] with respect to w(z).

The aim of this paper is to present some results concerning the calculus of the monic
orthogonal polynomials defined by a rational modification of a finite and positive Borel
measure on a compact set (in particular, Jordan arc/curve are included) and to give as
example some particular modifications on the unit circle and Bernoulli lemniscate.

Recently, we have received a preprint of a paper concerning this question ([11]). The
methods used by Ismail and Ruedemann are essentially different from ours and they
apply only to the unit circle, while ours apply to any compact set. Moreover an extension
to complex measures can be studied.

The structure of the paper is the following:

In Section 2, we give the basic definitions and we present the main results, using
functions of the second kind.

In Section 3, we consider an exhaustive study of some rational modifications of Borel
measures on the unit circle T and the Bernoulli lemniscate BL respectively.

2. Mainresults. Let p be a finite and positive Borel measure such that C = supp i
is a compact set of the complex plane with infinitely many points and we assume, for
simplicity, that A(z) is a fixed monic polynomial of degree m whose roots are simple and
noton C

AR = [[@—a)withe, # o ifi#jand o, ¢ C, 1 <i<m.

=1

We define
du

duy = —2E
M= TAPR

such that
e ()] < oo where ¢y (1) = /;Z'ZJ‘ dpy = (2, 2),,-

Also, let {®,(z; 1)} and {P,(z; 111)} be the monic orthogonal polynomial sequences
(MOPS) on C associated to y and j; respectively and let {,(z; )} and {¢,(z; 1)} be
the corresponding orthonormal polynomial sequences. Then, we have

Dy(z ) = \/ en(1)Pn(z: 1)
where

A, ()
An— 1 (,“'),

en(p) = Vn > 1 with ep(i) = Ag(p) = coo(pt)

and
An(p) = det(c,j(p,)) 0 with the convention A_ () = 1.

n
1=
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The reproducing kernels associated to { p,(z; 1)} are defined by
n —_—_—
Ku(z,y; 1) = ZO @, (v ey (25 ).
j:

The functions

———du(z), texteriortoC

qk(t)_/ w(z u)

are called functions of the second kind ([17, p. 137] and [4, p. 185, equation 1.24] for the
real line). From this definition, it is clear that g (¢) is analytic everywhere in the extended
plane exterior to C, and vanishes at infinity. We denote also

D (z; 1) H)

Qk(t)—/ du(z) = \/e;(l[)qk(t), t exterior to C

Following Gautschi [3], we can make the transition from dy to dy, following a se-
quence of elementary steps of the form

du, = dp where o ¢ C

1
lz—af?

since the general case can be solved by an iterated application.

Therefore, we are interested in constructing the orthogonal polynomial sequence
{®,(z; 12)} associated with p,, so that we will find some expressions to compute the
elements of the above mentioned family.

PROPOSITION 1.

An n—1
) S2) =3 g > 0

Ap-1(p) J=0

PROOF. If we consider the family {1,z — a, (z — @)%, ..., (z — )"}, we define

d,(p) = ./C(z —)@Z—a)ydp= ‘/C(z =y dps = diy g1 (112)

The monic polynomials ®@,(z; i) are then given by

doo(pt) dio(p) -+ duo(p)
¢H(Z; ”) =
A”" l(l‘t) d().n— l(,“) dl,n—l(u) e dn‘nf»l(ﬂ')
1 77— e (Z — a)”
and
o doo(p2)  dio(p2) -+ dpo(p2)
dook2) dno(pi2) doi(p2)  doo(p) -+ dyro(p)
A= 1t =] : : :
doalp2) - dnaliiz) don(p2)  dop—r(p) -+ dpy i)
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By application of Sylvester’s identity [10, p. 22, (0.8.6)], we get

A(12) A 2(1) = Ay 1(112) A1 (1) — |R)?

where
<Z - a, 1>/1,2 e <(Z —a), l)/lz
doo(p) e dy 1 0(1) 1
= . . . = A2 (@i — ) |
: : : z—alu
dop2() - dpra-a(p)

= (1" en 1 (1) D2 (1) Gur(@) = (— 1) Ay 2(1) O 1().
Therefore
An(12) A2 (1) = Dp1(112) A1 (1) — €0 1(10) A2 _5(120) |1 ()|

From this we obtain
An(p2) — Ani(p2)

2
M) By B

which by doo(p2) = {|i2|| leads to

Aupr) B ! 2

Ay = el = S laar. .
Note that, in fact, we obtain

COROLLARY 2.
. “ 2 f’n+l(ll2) _" = 2

@ sl = 22 la(@)f” = “ 0 ol = 3 P

PROOE. It follows from the definition of e,(xt) and from the result of Proposition 1. m
The main result of this section is the following.

PROPOSITION 3. The sequence of monic orthogonal polynomials ((D,,(z; /tz)) can be
obtained from

3)  Pui(zp) = @ — ) Pu(zs ) + Busi [ — O Ry _(zoas )+ 1], Vn > 1

where -
Dy(zi ) =1, Pi(zpp) =z—a+ Qo()
|[/12H
and
n—1 el
Rioi@ o) =3 gi(e) gz = 3 Qj(a)d),(z; W, Vn>1
/=0 0 &)

0u(@)
2l = 50 la(e)f?

Bart = with ||| = /C dpa.

https://doi.org/10.4153/CJM-1993-052-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1993-052-1

934 E. GODOY AND E MARCELLAN

PROOF.  Since {(z — @) ¢,(z; ) }o<)<n is an orthonormal family in (z — )P, with
respect to the inner product

(. 8@ = [S@EE

we can consider
Onr1 (25 2) — @nr1(0G H2) = (2 — ) [Z Az u)], Vn > 0.
=0

Then
A= /C[np,,+x(z; 12) — Pner(a; )1z — ) ¢,(z; 1) dpn

= /C O (Z3 12) (2 — @) p,(z; p) dpa — et (0 ph2) /C (z— ) oz p)dps

[ /
_ +1(M2)5jn + (@) prar (0 1) for j = 0,1,2,... . n.
en(p)

Therefore,

n—1
Pn+1(Z; f2) = Paai (g uz)[l +(z— o) ZO q,(c)p,(z; u)]
=

“®

N [ ens1(112)

+ gn(a) ppii(a; uz)](z — ) palz; ).
en(f1)

For the leading coefficients

! L[ [ enni ()
- T +qn Pn+ 1y
\/€n+l(ll2) \/e,,(,u) [\J en(t) gn(@) ppi(a ;1)}

ie.
(5 en(p) = en1(12) = On(@) Purr(@; p2),  Vn > 0.
In particular, for the monic polynomials, the equation (4) becomes
D1 (25 12) = Py (@ )1+ (2 — W) Ry (2, 0 i) + (2 — @) Dy (23 1)

Moreover, taking into account the norms, we get

n n—1

L+ (| o) | e (et )| * = ZOI/\,I2 = | Pnsi (0t p2)|? - (Zﬂ (q](a)P) +
J= J=

en(t)
€1 (112)

_ en(ﬂ) - en+l(ﬂ2) _ (D,,+|(O(; /Q)Qn(a)
ens1(f12) ens1(112)

n—1
lew@ ) - (Il = 3 gl
J=0
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so that
On(@)
(6) Do o) = — =B, Vn> 1.
A = T e g~ !
This completes the proof. [

REMARKS. 1) Since

1 o0
P ,;qj(a) P(z5 p)

is valid uniformly for z on C and for o on compact sets exterior to C, it follows that

lall = 3 lg(e) .
J=0

2) From

I—Q z—t
Ko i@t dp() = [ =Kozt ) dpa(0)

@-mmqmmm+“ﬂ+ﬁa—t

equation (3) in Proposition 3 can be written as
z—t
(7) (Dn+l(Z; NZ) = (Z - (X) (Dn(z; N) + /BrH-] /;, EKIHI(Z, t, ,u) dll(t), Vn 2 1

where (3,4 is given by (6).

PROPOSITION 4. a) If B, # O, then the sequence of monic orthogonal polynomials
associated to |1, satisfies the following recurrence relation

@) D@z p2)  Duii(z; p2) e G- ) D, 1z ) Du(z;p) > 1
En—lanl(a) EnQn(a) anl(a) Qn(a)

where

) En :

T wall = 2l g (@

b) If 8, = 0, then: D, (z; u2) = (z — @) Dy—1(z; ).
PROOF. a) By Proposition 3 we have

q)n(Z; 2)_q)1(a’ 2)
o = 0, @)+ BuRua(z )

and
q)IH-l(Z; ;UZ) - q)n+l ((X; ,UZ)
I—«
If we multiply the first equation by 3,+1 and the second one by (3,,, we obtain by subtrac-

= (Dn(z; N) + ,Bn+l Rnfl(z’ a; /»L)

tion
6n [‘Dn+l(Z; MZ) - (DHH (a; /12)] - ﬁn+l [(Dn(z; NZ) - (Dn(z; NZ)]

= @B Ouz ) — B [1 — Pt
1

en—

@01 u)]

https://doi.org/10.4153/CJM-1993-052-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1993-052-1

936 E GODOY AND F. MARCELLAN

ie.
jn n
BnPns1(z; NZ) - BIT+I¢"(Z; ) = (z2— «) [[311¢n(2§ ) 7}3"+1 [l - [ Qe i :(a)]q)n 1(z; /‘)} .
Since
,H,,H [1 - */B”—Qn_@} = Enlen(a)
€n—1

it follows that

Bt Pu(z: 12) = Ba®ne1 (23 12) = (2 — @) 100(@) Py 123 1) — BaDu(z: ).

and
q)n(z; /J2) (Dn+l(z; ,U'Z)
Bn Bn+l

O, 1(z 1) Dulzp)

=@=-a) Bn En—10n(0)

b) If 0,_1(a) = 0, then 3, = 0 and using (3), we can deduce

D25 p12) = (2 — @) Pp—1(2; ). u
For the reproducing kernels, we have

PROPOSITION 5. The sequence of reproducing kernels (Kn(z, y; uz)) can be obtained
from

Kn(z,y; p2) = (y — o)z — @) Kn—1(z, y; p)
+en[l+G@— Ry 1z, W[l + G — )Ry 10, 5 )

where €, is given by (9) and

n—1 n—1 QJ(O()
Ry 1z ) = 3 ga) plzip) = ) D (zp), Yn> 1
J=0 ;=0 ()

SKETCH OF PROOF.  The proof is a straightforward calculation analogous to that used
to prove Proposition 1. Here, the Sylvester identity is applied to the determinant expres-
sion of the reproducing kernels K,,(z, y; i) in the same way as it is applied to the minors
A, (u2) in Proposition 1. For more details the reader is referred to [6]. ]

REMARK. From Proposition 5, if z =y = o we get

en = Kpla, s ),  Vn> 1.
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3. Applications. This section is devoted to the study of rational modifications of
Borel measures on the unit circle T and the lemniscate of Bernoulli BL, as an application
of the general theory mentioned above.

3.1 Orthogonal polynomials on the unit circle. Let y be a finite positive Borel measure
onT={z€C|l|z=1}and

1
duy = 17’—04_!5 dy where a ¢ T

If {®,(z; )} and {D,(z; )} are the monic orthogonal polynomial sequences on T
associated to p and p, respectively and we denote

/1
D) (z; ) = Z"Qn(—)
Z
we get

PROPOSITION 6. The monic orthogonal polynomials with respect to yy on the unit
circle T satisfy

(10) Dpa1(2: p2) = (2= An(@) Pz p) + Bu(@) Dz ), Vn > 1
and
Doz ) =1, Pzp)=z—a+ o)
[zl
where || [ | ,
enr1(f2) [ pall — q,(a)| ]
Ay - -
@ ==~ Tl = gl
and
1 () ga(1) }
By(a) = — -
()= G [Iluzll ) g
with

(o)
gi(n) = m/ k(z’l)d; (2) and || | v/ da.

PROOF.  According to formula (7)

z—1
(@ ) = (@~ ) Do)+ B [~ K1 @13 ) dplt)
and from the Christoftel-Darboux formula for the unit circle (see [15], p. 293)

D (z; 1) DLt ) — Pulz; ) Pult; )
en(Wl1 — zt]

Kzt p) =
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we have

(I)HH (Z» /12)
B But [ (=D (. ——
=G+ s f e CACOL X OMEC HCNE NG

= (2= Au(@) Pz, ) + Bu() D}(z, p),  Vn > 1

where
o Bn+1 o B QJ,,([ ll)
Ane) == = | = ——cb () = o= 2 | S dutn
_ /Bn+l }
= Of{ en(ls )Qn( a)
In the same way
- B+l (=) ———— " . Bnet [ D, (1, )
Bn(a) B en(/l') To— (D (t ‘u)du(t) a en(ﬂ) JT 1" l(a —1) d“(t)
Bn+l [ (t ,u) Bn+l 1
e a0 = G52 (3) "
REMARK A relation between the parameters A,(«) and B, (@) 18 given by
(1) a2, (a) By(a) = (o — An(a))Qn(i), Vn > 1 .
a
If we consider the functions
(o)
o= | ["(Z 2 gz

where {®,(z, 1)} 15 the monic orthogonal polynomial sequence on T associated to i, we
can derive the recurrence formulas satisfied by these functions by noting that

S
Dp(z, ) = 2Py (2, p) + DLO)F "Dy '(Z’“>

and
00 = [ Z1E 40 43,0 [ 59D g
1 D, (0) 1
= ;Qk 1) — t’]‘(f‘)Qk 1( ) Vk > 1
The dual relation
1
(13) () =10 1(3) ~ Mo 0, V>

follows easily and the above equations can be written 1n the compact form

(14) Gt,ky =Tt kGt k—1), Vk>1
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with Oui(®
k-1
tLk—1)=
g {le(%)J
and _
ren=] g
CO=] o0 1

with the initial conditions
cdu(z) -
Qo(t) = / e feoo(p2) — cor(p2)
JT t—Z

and

1
Qo<?) = tcoo(1) — PQo(1).

939

EXAMPLES. Let df be the Lebesgue measure. In P an inner product is defined as

1 2 Ly ———
f.8) = 5- /0 f(e®)g(e®) do.

The sequence of monic orthogonal polynomials associated to df on T is

V>0 @,(z;0)=7" = pu(z;0).
EXAMPLE 3.1.1. If we consideron T

duy = _do with |a| > 1
|z —af?

and using (10), the monic orthogonal polynomial sequence on T with respect to u; is

given by

1
D1 (25 p2) = 2" (z — 5), Vn > 0 and @o(z; p2) = 1.

EXAMPLE 3.1.2. If we consideron T

lz— 1)

d =
H2 z— of?

df with [ > 1

it follows (see [8]) that if we define
duy = |z — 11>do

then Erl
nok+

D, (z; =Y —7 V>0

(z; 1) k;onﬂz n >

The measure du gives a special case of ultraspherical polynomials on the unit circle.
Ultraspherical polynomials on the unit circle have been considered earlier by Delsarte
and Genin [1, 5], but also by Golinskii [9]. We use again Proposition 5. By means of (10)

-1

Dy(z; p2) = 2" +
[n+ 01— 11+ 105

1
a
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and ®y(z, o) = 1 holds »

32 Example on the Bernoulli lemniscate  Another important case study 1s Bernoulli
lemniscate BL given by

BL={ze€C||>—1]=1}={z€BL|Rez>0}U{z €BL|Rez <0}
where we can consider the measure
u(z) = arg(z)
so that
S NESY
:u Z 47 4
and (see [12])

Po(z, ) =1 Dz, p) =z

doo dno

Doz ) = @ — 1) Doz pt) = ——

e A” 1 dOn 1 dnl |

b1 @ -1y

with .

(=17 4
dy = —————
YT =4tk

Since P = P(z> — 1)@ zP(z2 — 1) where P(z> — 1) 1s the linear subspace of the complex
polynomuals 1n z> — 1, from the above monic orthogonal polynomials on BL, we can
define two sequences of monic orthogonal polynomials on 7 given by

D,,(z, p) = w" and Dops1(z, ) = ¥a(w,0), Vn>0
where w = 72— 1 and {¥.(n, o)} 1s a MOPS with respect to the measure o(f) on 7 with
0
do(f) = cos 5 do

This absolutely continuous measure o on 7 1s induced by

1
7(x) =
Vvi—x
on the mterval —1 < x < +1 and again gives ultraspherical polynomials on the unit

circle Then, W, (w, o) 1s related with monic Jacob1 polynomials Pf, /2 0)()() as follows

] w — )l l )
_An 1o ( 1/20) w . (1/21) ]
Yanlw, 0) =2 W[(l+4n+1>P" W+ (l 4n+l>P @)

n o1

and

n 1

A |
Wa 1(w,0) = (2w)" ‘[Pi, '/2"’(x>+3”——23”—1>“/2”(x)]
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941

where
= w+w!
2
with ( by
Y,.(0;
o(0:0) = + 1
(see [15], pp. 294-295, (11.5.4.)).
EXAMPLE 3.2.1. If we define on BL
du .
duy = k—_oﬁ, with @ € R and o € ExtBL
then
du i du T 4 cos ¢ _4cos 3 +2a° 20
[ A— +
liall = /BL |z — af? /; z—alr J¥ z—oz|2 4/" 1+3 —2Bcosb
where 3 = o — 1, so that
o] = L 2 art20(2—1
SR (@ =2)va?—1 a2
Moreover,
o [ @D (z —1)’< FE@-DF ra g owhdw
sz(a)—/BL po— / +/% p— = Zm) w1
By application of the residue formula, we get
T
Oxla) = o — e
Also,
-] 1) ‘Pk(e’g)cos Wi(e")cos 3 1 Y@ 0,
Q2k+1(a)—/ P = / 7 d IB/TZ_%cosEdz—IIHZ
where |
1 Y@ —-Y35) ¢ 1 |
= L — = — /2
I iB/T Z_% coszdz 2iﬂfrg(2)z dz
with
Vi) —Wiu(h) &
g(Z) = (z+ 1)——1_—1— = ZaijI

3 J=0
a polynomial of degree k. Thus,

_L m 10y 10/2 _
1‘_2,3./45’(6 et do = Z( 1)]2,+1
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Simularly, one obtains for the second integral,

Yi(4) / cos § g Pe(4) /n e 0 (I>i
lﬁ 'I’Z——li °= ﬁ .—We’()—% ‘2 N ‘ [3 j:()j2f4—|1

The result 1s

2 k ak l 00 [7 1] }]+|
= . -1 J Wy, ) o’ —1
Qua(@) = =7 27+ (= I
where |
Yi(z,0) — Wiz, 0 k
G+ 1) «(z,0) /;(a 7, 0) — S ay?

a?—1 J=0
and the polynomials ®,(z, 112) can be computed by using (3)
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