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Introduction

In this paper we shall study hyperbolicity of Hadamard manifolds.

In Section 1 we shall define and solve the Dirichlet problem at in-
finity for Laplacian 4, which gives a partial extension of the result of
Anderson [1] and Sullivan [15] in Theorem 1 (cf. [4]). In Section 2 we
apply the solution of the Dirichlet problem at infinity to a complex an-
alysis on a Kihler Hadamard manifold whose metric restricted to every
geodesic sphere is conformal to that of the standard sphere. It seems
that the sphere at infinity of such a manifold admits a CR-structure. In
fact we can define a CR-function at infinity on the sphere at infinity.
We shall show in Theorem 2 that there exists a holomorphic extension
from the sphere at infinity and it coincides with the solution of the Diri-
chlet problem at infinity, if the Dirichlet problem at infinity is solvable.
So we see that such a manifold admits many bounded holomorphic func-
tions. By the similar method we shall show in Theorem 3 that such a
manifold is biholomorphic to a strictly pseudoconvex domain in C?, if
the holomorphic sectional curvature K,(x) is less than —1/(1 + r(x)),
where r(x) is a distance function from a pole. Theorem 3 is a partial
answer to a conjecture raised by Green and Wu [8].

§1. Dirichlet problem at infinity

Let M be a Riemannian manifold of dimension n with metric g,;, We
denote by T,M the tangent space at pe M. For a C* function u, we
define the Hessian D*u of u at p by

D'u(X,Y) = X(Yu) — (DyY)u

for X, Ye T,M, where D, is the covariant derivative. The Laplacian du
of u is the trace of D*u, which is expressed by

du = Zij g—x/z.a/axj (g'"g"oulox,)
79
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in a local coordinates (x, ---, x,), where g = det(g;;) and (g%) = (g;,)".
By the definition, for an orthonormal basis X, - - -, X, of T,M we see that
du, = 3, (D'u)(X,, X)).

A C? function u on M is said to be harmonic if du = 0. wu is subhar-
monic if du >0, and u is superharmonic if 4u < 0. A continuous func-
tion u is subharmonic if it is everywhere a subsolution of the Dirichlet
problem [7]. The maximum principle and the Harnack’s principle are
valid for harmonic functions globally on M [2, 3].

Let M be a simply connected complete Riemannian manifold of non-
positive sectional curvature, M is called a Hadamard manifold. By the
well known theorem of Cartan-Hadamard, for any pe Mexp: T,M — M is

a diffeomorphism. We can construct the boundary of M following Everlein
and O’Neil [5].

DeriniTION. Two normal geodesic rays 7,(t), 7,(t) (¢ > 0) in M are said

to be asymptotic if there is a constant ¢ >> 0 such that dist (7,(¢), 7.(2)) <c
for all ¢t > 0.

We see that the asymptotic relation is an equivalence relation.

DEFINITION. Sphere at infinity S(co) is the set of asymptotic classes
of geodesic rays in M.

Let M = MU S() and fix a point oe M. For ve T,M we define
the cone around v of angle § by

C(v,8) = {xe M: <, (v, 7,(0)) <4},

where 7.() is the normal geodesic rays through x starting from o, and
<, denotes angle in T,M. Let T(v,d,r) = C(v, 8)\B,(r) be the truncated
cone of rudious r, where B,(r) is the geodesic r-ball around o. The set
of all T(v, s, r), for all ve T,M, and r > 0, and B,r), for all ge M and
r >0, defines a local basis of topology on M [5]. It is called the cone
topology. The cone topology is independent of the choice of the origin
oe M. In this topology M is homeomorphic to a closed ball B in R*,
and S(co) is homeomorphic to the boundary 46B.

Dirichlet problem at infinity. Given a continuous function f on
S(0), find u e C(M) satisfying d4u = 0 on M and u = f on S().

The maximum principle implies that if the Dirichlet problem at infinity
is solvable, then there are many bounded harmonic functions on such a
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manifold. Anderson [1] and Sullivan [15] showed that the Dirichlet pro-
blem at infinity is solvable if the sectional curvature K(x) satisfies —a?
< K(x) < —b*, where a and b are positive constants. Theorem 1 is a
partial extension of the result of [1,15], and the proof is based on [2].
The second inequality of (1) in Theorem 1 is a little similar to the inequ-
ality: curvature (x) < r(x)™% in fact the condition: curvature (x) < r?
implies several properties relating to hyperbolicity (cf. [9]).

THEOREM 1. Let M be a Hadamard manifold and K(x) be the sectional
curvature at x ¢ M. Suppose relative to some o¢c M,

(1) —a' < K(x) < —1/1 + r(x)*9) for xe M

for two constants a > 0 and 2 > ¢ > 0, then the Dirichlet problem at infinity
is uniquely solvable, where r(x) = dist (o, x).

In the following of this section M always denotes a Hadamard mani-
fold with metric g = (g;,), and oe M is fixed.

LemMmA 1. If the sectional curvature K(x) satisfies
(2) Kx) < —(1 + r(x)*~9)! for xe M

for a constant 2 > ¢ > 0, then for any two normal geodesic rays 7.(t), 7.(t)
starting from oe M with angle 0 = <, (7,(0), 7,(0)) < n/4, we have

(3) dist (7,(%), 7.(8)) > 2t + 2(2 + t)'"**(log § — 1)

Proof. For every integer m, we see that K(x) < —1/(1 + m)*¢ on
B,(m). Comparing with the space of constant curvature —1/(1 + m)*"¢,
by the Rauch’s comparison theorem we obtain

dist (7,(2), 7.(() > 2t + 2(1 + m)' "~ (logd — 1) for 0 <t <m.
Define the function f(f) on te€ [0, co) by
f(8) = 2t + 2(1 + m)'~<” (log 6 — 1), if te[m — 1, m).

Clearly dist (7,(8), 7.()) > f(t) on te [0, o). On the other hand f(¢) = 2t +
22 + t)'-**(ogd — 1) on te[0, o0) since § < z/4. Then we have (3) for
all ¢t > 0.

Lemma 2. If K(x) satisfies (2) on M, then for any positive constant o
with 1> 8§ > 1 — ¢/2 there exist positive constants r, and C, such that

(4) dexp (—r(x)'?) < —Cr(x) exp (—r'"’)
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on M\B,|r,).

Proof. If K(x) < —C? then the Hessian comparison theorem of Greene
and Wu [9] implies D°r(x) = C-coth (Cr(x))-G, where G =g — dr @ dr.
By the same reason of the proof of Lemma 1, we have

Dr(x) = (1 + m)*'.G
ifm—1<r<m. All of the above inequalities on each interval [m,
m -+ 1) implies
(5) Dir(x) = 1/2 + r)'-+*.G
on M. Direct computations give
dexp (—r(x)?) <A — d) exp (—r"r(—dr + r™), r(x) > 1.
By (5) we have
dexp (—r'70) < (1 —d)exp (—r'-)r21 — Cr/(2 + r)'~¢].

Since 1 — ¢/2 < § we obtain (4) for sufficiently large r,.

Let h be a continuous function on the geodesic unit sphere S)(1) in
M with center at oe M. We extend A radially along rays from o to a
function h, on M\o with boundary values 2 on S(c). Let 2: [0, co) —
[0, 1] be a C? function satisfying
1, te]0, 1]

0 = {0, te[2, o).

We define a C* function H(x) on M by

(6) H(x) = j 3o, PRy / | e 3y,

where r(x, y) = dist (x, y) and the integral is with respect to the volume

form on M. We see that H(x) is continuous on M and H = h on S().

If we put A,(f) = A(t), we have D*A(r?) = i dr @ dr + 4Dr. If K(x) satisfies

0> K(x) = —a*, then 0 < D’r (x) £ a-coth (ar,(x))-G for any x,ye M by

the Hessian comparison theorem [9], where r (x) = r(x,y). Thus we obtain
—Cg < D'(r(x)) = Cg, xyeM,

for a positive constant C,. We see that

4H(x,) = A[H — ho(x0)](x;)
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=4[ 209 = hendy /[ a0, ydy]

The curvature bounds imply that the volumes of B,(1) and B,(2) are
bounded from below and above for any xe M. Then we have the follow-
ing lemma.

Lemma 3. If 0 > K(x) = —a® on M, then we have

(7) |4H(x)| < G, 8Upy e, |ho(¥) — ho(%)] for xe M,
where C, is a positive constant.

Proof of the theorem. We identify S(co) with the set of geodesic rays
starting from 0. We can approximate & of C°(S(c0)) by Lipshitz continuous
function on S,(1) = S(c0). By the maximum principle and the Harnack’s
principle, if a sequence of harmonic functions u, € CA(M) converges uni-
formly on S(oo), u, converges uniformly on M to a harmonic function
ue C(M). Thus we may assume that h is Lipshitz continuous on S,(1).
We extend A4 radially on M. Define H(x) by (6). From Lemma 3 we get
H(x) < C,max,¢p,0 <L, (x,y) since H is Lipshitz continuous with respect to
X, (x,y). By Lemma 1 we obtain

max,es,q Lo (%) < exp(d — (2 + r(x))”)
if r(x) > 2. Then
(8) [4H(x)| < C,exp (—(2 4+ r)), r(x) > 2.
Choose a constant § with 1> § > 1 — ¢/2, and define

Fr(x) = H(x) + C; exp (—r(x)'"),
F~(x) = H(x) — C; exp (—r(x)'"")

From (4) and (8) we have

AF*(x) < C; exp (—(2 + 1)) — CCr(x)™ exp (—r'7),
AF~(x) > —C; exp (—(2 + 1)) + C.Cr(x)™ exp (—r'7)

on xe M\B,(r). If we fix a constant r, with r, > r, F'* and F~ is su-
perharmonic and subharmonic respectively on M\ B,(r;) since ¢/2 > 1 — 4.
Moreover we choose C, such that

(9) max,.z H(x) — min .z H(x) < C; exp (—ri™%).
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Now we define G*(x) and G~ (x) by

G*(x) = min {inf, 5 ,,, Hx) + C; exp (—r}™?), Fr(x)}
G~ (x) = max {sup,cz,, Hx) — Cs exp (—r;™%, F-(x)}.

Clearly G*(x) and G~(x) are continuous on M and constant on B,(r,). Then
G*(x) is superharmonic and G~(x) is subharmonic on M. By (9) we can
check G*(x) > G~ (x) on M, moreover we can find a constant r, > r, such
that

(10)  C;exp (—r;7) — (max,cy H(x) — min, .y H(x)) > C;exp (—157).
(10) implies

Fr(x) <inficp,,y H(x) + C, exp (—r;™%)
F~(x) > sup,ep, iy HE) — C;exp (—ri™)

for r € M\B,(r;). The above inequalities mean F*(x) = G*(x) and F~(x) =
G (x) on M\B,r). Hence G*(x) = G (x) = h(x) on S(c0). G*(x) and
G~ (x) are barrier functions to solve the Dirichlet problem at infinity by
the Perron method. Consequently there is the Perron solution which is
exactly the solution of the Dirichlet problem at infinity. The uniqueness
follows from the maximum principle. This completes the proof.

Remark. Recently Proffesor H. Wu informed the author that H. Wu
and R. Schoen proved that if —a-r(x)* < K(x) < —b-r(x)" (b = 2), then
the Dirichlet problem at infinity is solvable.

§2. Complex analysis on Kidhler Hadamard manifold

Now we prove the existence of bounded holomorphic functions on
Kahler Hadamard manifold M in a special class. For this purpose we
will consider the Dirichlet problem at infinity for 0 like that for 4. If
the sphere at infinity S(co) should admit a CR-structure and M should
be hyperbolic in a sense, there would be a holomorphic extension to M.
However, in general S(co) admits no differentiable structure. We shall
define a CR-function on S(co) for a special class of Kahler Hadamard
manifolds, and extend to a holomorphic function on M. The boundedness
of the extended function follows from the absolute maximum principle.

By the same idea we shall show in Theorem 3 that a manifold in
the special class is biholomorphic to a bounded domain in C™ under some

curvature condition.
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Let M be a complex manifold of dimension n, n > 2. Let J be the
complex structure of M. For a real C~ hypersurface N of M, we define
the vector subspace H,(N) of T,N® C by

H(N)={ZeT,NQC: JZ = —/—1Z}.

It is obvious that dim, H, = n — 1. Let h be a complex valued function
on N. If Zh = 0 for every Z e H,(N), we call that h satisfies the tangential
Cauchy-Riemann equation at p. If h satisfies the tangential Cauchy-Riemann
equation at every point of N, we call h a CR-function on N.

In the following let M be a Kiahler Hadamard manifold of complex
dimension n, n > 2. Suppose that the metric of M is of the form

(11) ds* = dr* + g(r, 6){df; + sin® 6,d6; + - - - + sin® 6, - -sin® 6,,_,d65,},

where in terms of the geodesic polar coordinates at o, § = (@, - - -, 6,,) 1s
a spherical angle of S,(1), and r denotes the distance from o, i.e. each
geodesic sphere with center at o is conformal to the standard sphere in
R*». The Dirichlet problem at infinity on such manifolds is studied by
Choi [4]. For example, every rotationally symmetric manifold satisfies this
condition (cf. Milnor [12], Shiga [14]).

Identifying S,(1) with S(c), for any he C%(S(c0)) we define a con-
tinuous function 2, on M\o by

ho(r,0) = h(f) for 6e S(c0) = S,(1).

DerFiNiTION. We call A ¢ C%S(c)) a CR-function at infinity with re-
spect to o€ M, if h,(r,d) is differentiable on M\o and A,1,6) is a CR-
function on S,(1).

The following lemma shows that our definition is natural for the above
manifolds. We denote by CR,(c0) the set of all CR-functions at infinity
with respect to oe M. Note that there exists a bijection between CR,(co0)
and the set of all CR-functions on Sy(1). Regarding B,(2) a domain in C",
we see that CR, (o) is not empty.

LEmMA 4. Let M be a Kihler Hadamard manifold of complex dimen-
sion n (n =2). Assume that the Kdhler metric in terms of the geodesic
polar coordinates at o is of the form (11). If he CR,(o0), then h,ls,, is a
CR-function on Sy(t) for all t > 0.

Proof. Tt is sufficient to show that for any rays 7(f) starting from
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oeM, Zh = 0 at 7(¢) for all Ze H,,,(S,(¢)) and ¢t > 0. Then we fix a ray
7(®) and ¢, > 0. In the geodesic polar coordinates we denote 7(1) by (1,
¢), and we may assume that sin 6;, - - -, sin 8}, are not 0.

For any Z,e H,,(S,(t)) we denote by Z(f{) the parallel vector field
along 7(¢) with Z(t,) = Z,. Since J is parallel and Z(¢) is always orthogonal
to 7(t), we see that Z(1) € H,,,(S,(1)).

We define the vector field X;(¢) along 7(¢) by

12) X(t) = {g(t, &) sin 6;- - -sin 6,_,}~*-8/a6, ,
i =2, -.-,2n. Therefore

V.nXi(t) = —oglot-{g*-sin6;- - - sin ;_,}~*-5/a6,
+ >, {g-sind;- - -sin 6;_,}"'I"%3/00,
+ {g-sin @;- - -sin §;_,}"'I'},9/or,

where we put V,,,0/00, = ['1,0/or + > i, ['%9/06,.. We see that ['}, = 0 and
I'i, = f~'.0f/or. Since the metric tensor is diagonal with respect to the
polar coordinates, other I'%’s are vanished. Then F,,X,(?) =0, that is,
X,(t) is parallel for all i > 2.
{X,(¢,)} is an orthonormal frame of Tj,(S,(¢)). So we may set Y(¢) =
iy ' X(@®), J(Y(@) = 25, b*X(?). Thus

(13) Z(t) = ?c"=2 {alec(t) + V= lkak(t)}
h e CR,(cc) implies Z(1)h, = 0 at 7(1). In the geodesic polar coordinates
we have

gt >, [ak(sin 6;- - -sin 6;_,)"'-0h,(1, 8)/06,
+ «/ —1b*(sin 6;- - -sin 0;,_,)~'-0h,(1, 6')/06,] = 0
by (12) and (13). Similarly
Z(to)ho(to: 0/)
=g 2, [a*(sin 6;- - -sin 6, _,) "' -0h,(t,, 8)/06,
+ / —1b*(sin 6;- - -sin 6;,_,) "' - 0h,(t, 6')[26,]

Recall that A,(¢, ) = h,(1, 6), hence Z(t)h, = 0 at 7(¢) by (14). This com-
pletes the proof.

(14)

THEOREM 2. Let M be a Kdhler Hadamard manifold of complex dimen-
sion n, n = 2. Assume that the Dirichlet problem at infinity is solvable
on M, and the Kdhler metric in terms of the geodesic polar coordinates at
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oe M is of the form
ds* = dr* + g(r, 0)4{d6; + sin® 6,d6; + - - - + sin®6,- - -sin* 6,,_,d6%,} .

Then for any h € CR,(c0), there exists a holomorphic function H on M with
boundary values h, and H coincides with the solution of the Dirichlet
problem at infinity.

Remark. Trivial examples of Kéihler manifolds as above are C" and
the unit ball B in C™ with the invariant metric. For the ball B we may
identify a CR-function at infinity with respect to the origin as a CR-
function on 9B, hence we can extend it to a holomorphic function on B
by the well known method (Hérmander [10, Theorem 2.3.2’]). On one
hand by Liouville’s theorem we see that any CR-function at infinity on
the sphere at infinity of C" can not be extended to a holomorphic func-
tion on C®. So in order to extend a function of CR,(c0) to a holomor-
phic function, we need some hypothesis on N relating to hyperbolicity.

The hypothesis that the Dirichlet problem at infinity be solvable is
fulfilled if, for example, the sectional curvature K(x) satisfies —a* < K(x)
< —1/(1 + r**°) by Theorem 1.

Proof. We denote A by h = h' + v/ —1k?, where h' = Re h, h* = Im h.
Since the Dirichlet problem at infinity is solvable on M, there exist har-
monic functions H' and H® on M with H'=h' and H* = h* on S(c0).
Thus we have only to show that H = H' + v/ —1H* is holomorphic on M.

It is shown in [9] that a Kahler Hadamard manifold is a Stein mani-
fold. By Lemma 4 h, is a CR-function on S,(r) for all r > 0. We see
that the boundary S,(r) of B,(r) is connected and B,(r) is relatively com-
pact in M. Then we can find a holomorphic function H, on B,(r) with
H, = h, on S,(r) (Shiga [13, Theorem 2-5]). So we have a sequence of
holomorphic functions {H,} with H, = h, on S,(k) for ke N. Put H. =
Re H, and H} = Im H,. Then H; and H} are harmonic on B,(r) since M
is Kahler. In the polar coordinates we have hl(k, 6) = Hi(k,6), and
hi(k, 6) = Hik, 6) on S,(k). Since H' and H® are continuous on M, for
any ¢ > 0 there is a large integer k, such that

‘H%(kﬁ 6) - H](k 0)‘<5 fOI‘ ] == 1, 2
on S,(k) for all £ > k. The maximum principle implies

|Hi — H|<e for j=1,2
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on B,(k) for all k> k. This means that {H,} converges to H uniformly
on every compact subset of M. Then H is holomorphic since {H,} is a
sequence of holomorphic functions.

If the Dirichlet problem at infinity is solvable on a Hadamard mani-
fold M, then we see that there is the harmonic measure p* on S(oo) from
the Riesz representation theorem. Then we have the following corollary

(cf. [1,2]).

CoroLLARY. Let M be as in Theorem 2. Let p* is the harmonic me-
asure on S(co0). Then for every h e CR (o),
A(x) =j hdu
5(e)

is @ holomorphic function on M with boundary values h.

Let M, and M, be complex manifolds of complex dimension n, n = 2.
Let D, and D, be bounded domains with smooth boundaries oD,, 3D, re-
spectively. We call a C* mapping [ of 4D, to 8D, a CR-mapping if
f«(H(@D)) C H,,,(D,) for all peaD, Note that f is a CR-mapping if
and only if for any CR-function A on 0D, foh is a CR-function on 6D,
[13].

Let M be a complex manifold and d, the Kobayashi pseudodistance
[11]. If d, is a distance and M is complete with respect to d,, M is said
to be complete hyperbolic.

Let D be a domain in C*. D is called a strictly pseudoconvex domain
with C* boundary if there exist an open neighborhood U of D and a
strictly plurisubharmonic function r(z) on U of class C* such that D =
{ze U: r(z) < 0} and grad r(z) == 0 for all zeaD.

THEOREM 3. Let M be a Kéihler Hadamard manifold of complex dim-
ension n, n = 2. Assume that the Kihler metric in terms of the geodesic
polar coordinates at o is of the form

ds* = dr* + g(r, 0){df; + sin’*0,d6; + - -- + sin®* @G, - -sin®6,,_,d6%,},

and the holomorphic sectional curvature K,(x) satisfies K,(x) < —1/(1 +
r(x)"). Then M is biholomorphic to a strictly pseudoconvex domain in C™

Remark. It is shown in Shiga [14] that if g(r,6) = g(r), and the
holomorphic radial curvature K(x) satisfies K(x) < —(1 + ¢)/r*logr, then
M is biholomorphic to the unit ball in C* (cf. Milnor [12]).
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The following Lemma is given in Fridman [6].

LemMA 5. Let DcC C* be a bounded strictly pseudoconvex domain
with C*® boundary, and M is a completely hyperbolic manifold of complex
dimension n. Suppose that M can be exhausted by biholomorphic images
of D, that is, for any compact K C M there is a biholomorphic imbedding
Fy: D— M such that F (D) K. Then M is biholomorphically equivalent
either to D or to the unit ball in C".

Proof of the theorem. Recall that M is a Stein manifold. Choose a
holomorphic coordinate neighborhood U of M such that B,(¢) CC U for a
positive e. By the Hessian comparison theorem [9], r(x)* is strictly pluri-
subharmonic on M since M is Kahler. Clearly grad r(x)* 0 on M\o.
Then we may regard B,(e) as a strictly pseudoconvex domain with C*
boundary in C~. We define a diffeomorphism f, from S,(¢) to S,(k), ke
N, by

file, 0) = (%, 0)

where (r, §) is the polar coordinates at o. Lemma 4 implies that f, is a
CR-diffeomorphism. Obviously S,(¢) and S,(k) are connected. From the
Bochner-Hartogs’ theorem on Stein manifolds (Shiga [13]) we see that B,(¢)
is biholomorphic to B,(k) for all integer k. For any compact set K in M,
there exists an integer k so that B,(k) D K since exp,: T.M — M is a dif-
feomorphism. So M is exhausted by biholomorphic images of the strictly
pseudoconvex domain B,(¢). Since K,(x) < —1/(1 4+ r*) and M is complete,
M is complete hyperbolic from the theorem of Green and Wu [9, Theorem
E).

It follows that M is biholomorphically equivalent either to the unit
ball B in C" or to B,(¢) from Lemma 5. Both B,(¢) and B are strictly
pseudoconvex, then the theorem is proved.
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