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Abstract. We prove uniqueness of positive solutions for the boundary value
problem

—Au=M(u)in Q,
u=00n0%,

where 2 is a bounded domain in R” with smooth boundary 92, A is a large positive
parameter, f : (0, oo) — [0, co) is nonincreasing for large # and is allowed to be singular
at 0.

2010 AMS classification. 35J75, 35]92

1. Introduction. Consider the boundary value problem

—Au = M(u)in Q,
{ u=00n0¢, (.1

where 2 is a bounded domain in R” with smooth boundary 92, A is a large positive
parameter and f : (0, o) — (0, 00).

The existence and uniqueness of a classical positive solution to (1.1) for all A >
0 was obtained in [3] when f is nonincreasing and lim,_, ¢+ f(¢) = co. We refer to
[4, 7,9, 11, 12] for uniqueness results to (1.1) when A is large and f is nonsingular.
Note that f(f) ~ t# at co for some 8 € [0, 1) in [4, 9, 11], f(f) ~ t# In(1 + ¢) for some
B € (0, 1) is allowed in [7], while f(t) = (1 + t)7¥ with y > 0 small is permitted in [12].
We are interested here in studying uniqueness of solutions to (1.1) for A large when
f(?) 1s nonincreasing for ¢ large and is possibly singular at 0. Our results complement
the uniqueness result in [6], where f(¢) is possibly singular at 0 and nondecreasing for
t large, and the result in [12] mentioned above. Our approach is based on sharp upper
and lower estimates on the solutions of (1.1).

We shall make the following assumptions:
(A1) £ : (0, 00) — (0, o0) is continuous.
(A2) There exist constants A > 0 and « € (0, 1) such that

S () = flen) = f(1)

foralle > 1,7> A.
(A3) liminf,_- 12 > 0
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(A4) For each constant B > 0, there exists a constant Cg > 0 such that

Cglt — |
min**1(s, 1)

() =)l =

fors, t < B.

REMARK 1.1. Condition (A2) is equivalent to the assumption that f(z) is
nonincreasing and *f(¢)is nondecreasing for ¢ > A.

REMARK 1.2. (i) It is easily seen that condition (A4) is satisfied if f is of class C!
on (0, oo)and

lim sup **!|f'(1)] < oo.
t—0t
(i1)) Note that (A4) implies
(AS) limsup,_ o+ 2*|f(#)] < o0.
To see this, let B > 0 and ¢ € (0, B]. Let ny € N be the largest number such that
not < B. Then, by (A4),

no—l

() =B < |f(aor) = fB) + Y If (k) = f((k + 1)o)]

k=1

C no
Gy 1
- fot+l —
k=1

~ QI
2|

for t < B, where Cp = Cp ) 1o, k% Hence, (A5) follows.
ExAMPLE 1.1. The following nonlinearities satisfy (A1)-(A4):
(a) _lf(t):m(at—:’ﬂ), wherea € (0,1),a>1,p>0ifa>1land0<p<a+1lifa=
(b) (1) = i, wherea € (0,1),0 < B < .

©) f(r) = w, where o € (0, 1), 0 < y < 8 < a. Note that this function is not
differentiable on (0, c0).
By a solution of (1.1), we mean a function u € C'#(Q) for some g € (0, 1) which
satisfies (1.1). By the strong maximum principle [1], any solution « of (1.1) is
positive with Z—’V‘ < 0 on 9€2, where v denotes the outer unit normal vector on
9. Our main result is

THEOREM 1.1. Let (Al)—(A4) hold. Then, there exists a positive constant Ay such
that (1.1) has a unique solution for & > L.

THEOREM 1.2. Let (Al), (A3), (A5) hold and suppose that there exists a constant
C > 0 such that lim,_, , 1*f(t) = C. Let u; be a solution of (1.1). Then,

fim W
imo0 (.C) I+ (x)

uniformly in 2, where w denotes the unique solution of

—Aw=w"?*in Q, w=0 on Q.
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2. Preliminary results. Let A; be the first eigenvalue of —A with Dirichlet
boundary conditions and ¢; be the normalized positive eigenfunction associated with
Arie ||gilleo = 1.

We shall denote the norms in L*(Q), C'(Q), and C'#(Q) by |.|l2, |.l1, and |.|; 4
respectively.

We first recall the following regularity result in [5, Lemma 3.1]

LEMMA 2.1. Let h € L\() and suppose that there exist constants y € (0, 1) and
C > 0 such that

C
h
Il = 57

for a.e. x € Q. Then, the problem

—Au=hin Q,
u=00n0Q

has a unique solution u € Hé (). Furthermore, l_here exist constants B € (0, 1) and M >
Odepending only on C, y, Q such that u € C#(Q) and |u|, 5 < M.

COROLLARY 2.1. Let h and u be given as in Lemma 2.1. Then, there exists a constant
k > 0 such that |u| < k¢, in Q.

Proof. By Lemma 2.1, there exist constants 8 € (0, 1) and M > O such that |u|; g <
M. Hence, by the Mean Value Theorem, |u(x)| < Md(x) for x € Q, where d(x) denotes
the distance from x to Q2. Since ¢; > 01in  and —‘ < 0 on 9L2, there exists a constant
ko > Osuchthat ¢;(x) > kod(x)for x € Q(seee.g. [9 Proposition 2.1 (i)]. Consequently,
lu| < k¢, in Q, where k = M/ ky. O

LEMMA 2.2. Let D be an open set in Q with D C Q. Let y € (0, 1) and z be the
solution of

_ L ;
:—Az_ ¢1VXD in Q, @1

z=0 on 32,

Then, |z|y — 0 as |D| — 0. Here, xp denotes the characteristic function on D and |D|
the Lebesgue measure of D.

Proof. By Lemma 2.1, there exist B € (0, 1) and M > 0 independent of z such that
ze CY¥(Q)and |z|1 5 < M.
Multiplying the equation in (2.1) by z and integrating gives

z 1
||Vz||2=/ —dst/ — dx.
2 X X

Since 1/¢] € L'(Q) (see [8)), it follows that ||Vz||, — 0 as |D| — 0.
By the interpolation result in [2, Corollary 1.3], there exist constants ¢ > 0 and
6 € (0, 1) independent of z such that

1-6
|Z|1<C|Z|1 V23 < eM'0|vz|)5,

which implies |z|; — 0 as |D| — 0. ]
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LEMMA 2.3. Let (Al), (A3), (AS5) hold and let ube a solution of (1.1). Then, for
large enough, there exists a constant c¢; > 0 with lim,_, o, ¢;, = o0 such that

u>cyppin Q.

Proof. Let u be a solution of (1.1) and M > 0. By (A1) and (A3), there exists a
constant K > 0 such that

f() = Kt

for ¢ € (0, M]. By the strong maximum principle, there exists a constant § > 0 such that
u > 8¢ in Q. Let §; be the largest of those 8. Then, u > §p¢p; in Q. Suppose A > 1 /K.
We claim that 8y > M. Suppose to the contrary that §o < M. Let D = {x € Q : u(x) <
M} and a = min(AK, A M /8y} > A;. Then,
—Au > AKu > AK8y¢p1 > adog, in D,
u=M > ady/\ on dD.
By the weak comparison principle [10, Lemma A2], u > (ady/11)¢; in 2, which

contradicts the maximality of ;. Hence, u > M¢, in D, and since u > M > M¢,
in Q\D, this completes the proof. Il

LEMMA 2.4. Let (Al), (A3), (A5) hold and suppose that there exist positive
constants A, My, M such that

Moc™f(1) < f(ct) = Mif (1) 2.2

forc>1,t> A. Then, there exist positive constants A, Ky and c; withlim,_, o ¢, = 00
such that if u is a solution of (1.1) with & > X\ then

o <u < Koc,py inQ.

Proof. Let u be a solution of (1.1) and A be large enough so that Lemma 2.2 holds.
Let ¢, be the largest number so that u > ¢; ¢, in Q.
For ¢, ¢ > A, it follows from (2.2) that

Myf(c
fw) < Mif(c:y) < 2(;;5 D) 2.3)
1
where M, = MlMo_l. Foru > A and c;¢ < A,
M Af(A)
f) < Mif(4) < =22, (2.4)
(1)
while it follows from (A5) that there exists a constant B > 0 such that
B B
u) < — < . 2.5
1= = Gy 2
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for u < A. Since liminf, o ¢§f(cy) > 0, it follows from (2.2)—(2.4) that there exists a
constant M > 0 such that

A M
—Au= M) < qf: Ofc*) inQ (2.6)
1
for A large. Let ¢ be the solution of
1
—A¢=¢7 inQ, ¢ =00n0dR. 2.7
1

By Corollary 2.1, there exists a constant & > 0 such that ¢ < k¢; in Q. Then (2.5) and
the weak comparison principle imply

u<dg inQ, 2.8)

where d, = AkMf(c;.).
Let Dy = {x € Q : ¢1(x) > 1/2}. Then for A large,

u=>c,/2 > Ain Dy,
which implies

_ay > | M7 () in Dy,
— 10 in Q\Dy.

Hence,
u= My f(d)go = rkof(dy)gr in @, (2.9)
where ¢ is the solution of

1 in D(),
~Ado = {0 in 2\ Dy,

and ko > 0 is such that Mflgbo > ko in Q. By (2.2),

dif(dy) = Moc5f(cy),

which, together with (2.8) and the maximality of ¢;, implies

MegMocsf(c
¢ > Mkof(dy) > W&ff));)
Consequently,
¢, > Meif(c), (2.10)
where ky = (koMo /(kM)*)'/(1=®) Hence,
d, = MMf(c,) < Kocs, @.11)

where Ky = kM / k. This, together with (2.7), completes the proof of Lemma 2.3. []
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REMARK 2.1. Let (A1), (A3), (AS) hold and suppose that there exists a constant
C > 0 such that lim,_, o, t“f(¢) = C. Then (2.2) hold and we deduce from (2.9) and
(2.10) that for A large, there exist positive constants m;, m, such that any solution u of
(1.1) satisfies

mA @D < u < /@ g in Q.

3. Proof of the main results.

Proof of Theorem 1.1 Since f is sublinear at co and liminf,_, ., *f(¢) > 0, the
existence of a solution to (1.1) for A large follows from [5, Theorem 2.1]. Let ©; and
u, be solutions of (1.1) with A large. By Lemma 2.3, coup < u; < caluz in Q, where
co =K, ' Let ¢ be the largest number such that cu» < u; < ¢ 'u, in Q and suppose
that ¢ < 1. Then,

lup — uz] < (¢! — Duy in Q.
Let @ > 0 be such that
¢ —c>a(l —c)forc € e, 1]. 3.1
If u, > AK,, then u; > A and it follows from (3.1), (A2) and Lemma 2.3 that

S) = o (w2) = f(c™uz) = f (wa) = (¢ = O)f (u2)
- By(c* —¢) - Boa(l —¢)  Bi(1 —¢)

- us ~ (Koap)® (G
where By = (AK())af(AK()), B, = B()cl/Kg.

On the other hand, if up, < AK, then u; < AKg and it follows from (A4) with
B = AKj that

(3.2)

Cplur —w| _ Ca(c™' = Duy
min®*t(uy, ) = (cun)*t!
_ Cl-0 _ B(-0
T EP(ao)t (o)t

where B, = Cp/ cé*"‘. In particular,

V(1) = fur)l <

By(1 —¢)
()

Let D, = {x € Q: ¢1(x) > AKy/cy}. Then, up > ¢, ¢ > AKj in D; and it follows from
(3.2)—(3.3) that

S) — () > — (3.3)

—A(uy — cup) = Mf(u1) — o (u2)) (3.4
_MBi(l—¢)  By(1—0)

(c)” ()
where By = B; + B;. Let z be the solution of (2.1) with D = Q\D, and y = «. Since

Xo\p, 18,

Q\Djy, C {x € Q: ¢1(x) < AKy/c)}
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and ¢, — oo as A — oo, it follows that |Q2\D;| — 0 as A — oo. Hence, Lemma 2.1
with D = Q\ D, gives |z|; — 0 as A — oo. This, together with (3.4), gives

Al - ) (3o — Brzy = ABl(la— ¢)

in Q
1oy 2¢ ¢

uy — cup >

if X is large enough, where ¢ is defined in (2.6). This contradicts the maximality of ¢
and therefore ¢ = 1, which completes the proof. O

Proof of Theorem 2.2. Without loss of generality, we assume C = 1. Let u; be a
solution of (1.1) with A large, and let v, = A!/(+®) . Note that v, satisfies

—Av, = Av, *in @2, v, =00nJQ.
By Remark 2.1,
mA @ g <y v < mad/@ g in @,

which implies covy, < u;, < ¢, v, in €, where ¢g = my /ms. Let ¢ be the largest number
such that cvy, < u; < ¢ 'v,in Q. Lete € (0, 1)and suppose that ¢ < (1 — )/ = g,
Since lim,_, , #*f(¢) = 1, there exists a constant 4 > 0 such that

1—¢/2 (1—¢/2)7!
<f(t)y< —L—
< f = =
for t > A. Hence, for u; > A,
c 1—¢/2 ¢ 1—¢/2)c* —¢
PR £ M (7. VB
Uy u, v Uy
(3.5
m
T ooy T a/(te)ge
where m3 = ming <.<,,((1 —&/2)c* — ¢) > 0, my = m3m,*, and
c ! 1—¢g/2)7t ! 1—¢g/2) le® — ¢!
f(”x)—v—ai%—v—ai( /)v“
A Py ) A (3.6)
ns s

<
vy = )\a/(l+a)¢‘1¥
where ms = ming <.<¢, (¢ — (1 — &/2)71¢™) > 0, mg = msm;“.
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On the other hand, it follows from (Al) and (A5) that there exists a constant
B > 0 such that

0 <f(t) < Bt ™ forte (0, 4]

Hence, for u;, < A4,

c & m
f) - 5 > >~ (3.7)
by U v, Aart @y
where m; = gom|“, and
-1
. Cc B mg
<< 3.8
S = = = (339)

where mg = Bm“.

LetD; = {x € Q: ¢1(x) > Am;'2~1/@*D} Note thatu, > 4in D; and |Q\D;| —
0as A — oo.

From (3.5) and (3.7), it follows that

C my Moy
—A(uy, — cvy) = A (f(UA) - —a> > M/t (—a - _aXQ\D;\) ;
LA o1

where mg9 = my4 + my. On the other hand, (3.6) and (3.8) give

1
_ c mes M

—A(, —clvy) =2 (f(u,\) - — > < —aMeth <—a - — XQ\DA) .
Vx 1 ¢

where m o = mg + mg. Hence, Lemma 2.1 and the weak comparison principle give
w, — cvy = A (myp — moz) = 2V (my /2)¢ in Q,
and
w, — ¢ oy < =WV mgp — mygz) < =2V D(mg/2)¢p in Q

for A > 1, where ¢ is defined in (2.6) and z is defined in Lemma 2.1 with D = Q\D;.
This contradicts the maximality of ¢ and therefore ¢ > (1 — &)/0=9 for A > 1 i.e.

(1 — )=y, <u, < (1 —¢e)/@ Dy, inQ.
This completes the proof of Theorem 1.2. O
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