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Abstract

Let X = Cyp(2n) or X = L;[0, 2x]. Denote by I1, the space of all trigonometric polynomials of degree less
than or equal to n. The aim of this paper is to prove the minimality of the norm of de la Vallée Poussin’s
operator in the set of generalised projections Pry, (X, I1p,—1) = {P € L(X,I15,-1) : Pln, =1id}.
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1. Introduction

Let Cyp(27) denote the space of all continuous, 2x-periodic functions equipped with the
supremum norm. Let I, denote the space of all trigonometric polynomials of degree
less than or equal to n. The Fourier projection F,, : Cy(2m) — II, is defined by

1 27
FnlH)(6) = 5 ; F($)Dy(t = s)ds,

where D,, is the Dirichlet kernel

n

D,(1) = Z e,

k=-n

It is well known by the classical result of Lozinski [8] that the Fourier operator F,, has
the minimal norm among all projections from Cy(27) onto II,. If we replace Cy(2x)
by L,[0, 2x], the Lozinski theorem stays true. In 1969, Cheney et al. [2] proved that
the Fourier projection is the unique minimal projection with respect to the operator
norm in L(Cp(27)). In the same year, Lambert [5] proved the analogous result for
L]0, 2x]. For other results concerning the minimality or the unique minimality of the
Fourier-type operators see, for example, [6, 7, 11, 12].
In 1918, de la Vallée Poussin [15] introduced the following operator.
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Derinition 1.1. De la Vallée Poussin’s operator H, : X — Il,,_; is given by

2n-1 27

1 1
Hi(DO =5 2 FDO =50 | fValt = 5)ds,
k=n

where
2n—1

1
Vi) =~ > Dul0) =
k=n

sin®(nf) — sin*(nt/2)
nsin(z/2) '

Again, de la Vallée Poussin’s operator has been extensively studied by many authors
(see, for example, [1, 3, 4, 9, 10, 14]).

In our paper, we will show that de la Vallée Poussin’s operator has the minimal
norm in the set of generalised projections

P, (X, I,—1) = {P € L(X,Iy,_1) : Plp, =id},

where X = Co(2m) or X = L;[0, 2x]. Our proof is surprisingly simple and it is based on
the behaviour of the zeros of the kernel V,, and the classical theorem characterising the
best approximation elements.

Tueorem 1.2 (See for example [13]). Let X be a Banach space and V C X be a linear
subspace and let xy € X \ cl(V). Then vy is a best approximation to xy in V if and only
if there exists f € S(X*) such that

fGxo—vo) = llxo —voll and fly =0.

2. Results

We will start with a lemma, which can be treated as a certain generalisation of the
Lozinski theorem.

Lemma 2.1. Let X be Co(2r) or Li[0,2xr]. For every P € Pr, (X, Ilz,-1), there exists
P € Pn, (X, I1,-1) such that

2 2n—1

— _ | .
P <Pl and P(f)(t)=— £(s) Z awe 9 d
2r Jo k=—2n+1

for some a;, € C.

Proor. For any s € R, let us define an isometry T : X — X by

T()@®) = f((t + $mod2r)-

Now define an operator

1 271
0: f TsoPoT_gds.
0

"2
It is obvious that ||Q|| < ||P||. Since P € P, (X, Ip,-1), for |k € {0, ..., n} we have
P(e*") = ¢ and for |k| € {n + 1,...} we have P(e*) = ¥7"7) | a¥e™ for some a¥ € C.
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Define
9e 2n-1

— 1 .
PO =52 | 6 2, aeds, @.1)

k=—2n+1

where a; = 1 for |k| € {0,...,n} and a; = a’,ﬁ forlkle{n+1,...,2n— 1}. We will show
that Pis a generalised projection and P= Q. Since the closure of the space generated
by {e* : k € Z} is equal to X, it is enough to show that:
(1) P(e*) = Q(e™) = & for k| € {0,.... ,n};
(2)  P(e™) = Q™) € Iy, for |k| € {n +1,...}.
Take |k| € {0, ...,n}. Then

2n—1

- . 1 ) 2 ~ ) .
P( etkt) - Z a e 65 g = gret = okt
2r 0

I=-2n+1
and

) 1 21 ) ) 1 Z ' ) 1 Z )
Q(elkt) — _f TS(P(elk(t—A))) ds — _f e—lksTs(elkt) ds — _f elkt dS — elkt.
2w 0 2w 0 2w 0
Take |kl e {n+1,...,2n—1}. Then

2n—1
Py = Z ae’ f e*Ds gs = are™
—2n+1
and
, 1 (> , 1 =
Q(elkt) — Zr f TS(P(elk([_s))) ds = er e—lkSTS( Z a;cellt)ds
0 I=—2n+1
2n—1
Z az lll‘f ol k=Ds ds—a k ikt _ a okt
—2n+1
For |k| € {2n, ...},
_ 1 =l o
P(elkl) - Z alell[f el(k—l).\‘ dS — 0
27T 0
I1=-2n+1
and
) 1 21 ) 1 21 ) 2n-1 )
Q(etkt) — ZT f TS(P(elk(t_S))) ds = Zf e—lksTs( Z allcetlt)ds
0 0 I=—2n+1
1 2n—1 ‘ 2
=3 Z a;‘e’hf K03 gg = 0.
I=—2n+1 0
This yields the desired conclusion. ]

TaeOREM 2.2. Let X be Co(2r) or L1]0,2x). Then de la Vallée Poussin’s operator H,
is a minimal generalised projection in P, (X, Iz,—1).
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Proor. By Lemma 2.1, it is enough to show that ||H,|| = inf{||P|| : P satisfies (2.1)}.
Let Y = span{e”“ : keZ, n<|kl <2n} c Li[0,27]. Notice that if P is of the form
(2.1), then there exists y € Y such that

21

1
PO =5 ; J&(Va + )t = 5)ds

and
1 1
Pl = e (Vi + (Ol ds = =V, + ylI;.
T Jo 2n

Now observe that the minimality of H, is equivalent to the fact that 0 is a best
approximation to V, in Y. Notice that (L,[0,27])* = L, [0, 27]. We will show that,
foranyy €Y, fozﬂ sgn(V,(¢)y(t) dt = 0, which, according to Theorem 1.2, gives us the
desired conclusion. First observe that
Vo) = sin®(nf) — sin®(nt/2) _ (sin(nt) — sin(nt/2))(sin(nt) + sin(nt/2))

! nsin’(t/2) nsin’(t/2)
_ 4sin(nt/4) cos(nt/4) sin(3nt/4) cos(3nt/4)  sin(nt/2)sin(3nt/2)
nsin®(t/2) nsin’(t/2)
Let f(¢) := sin(nt/2) sin(3nt/2). Then, for t € (0, 2r), sgn(V,(¢)) = sgn(f(¢)). By the
above, it is easy to see that f(¢) = 0 if and only if r = 2nb/3n for b e {1,...,3n — 1}.
Notice that it is only at double zeros of f (that is, t = 2ma/n forae {1,...,n - 1})
that the function does not change the sign. Denote I, := (2n(3a — 1)/3n, 2ra/n) U
Q2na/n,2n(3a + 1)/3n)fora e {1,...,n—1}and J, := 2n(3a + 1)/3n,27n(3a + 2)/3n)
fora€{0,...,n—1}. Then, for any a € {1,...,n— 1}, sgn(f)l;, = sgn(lo0.22/3n) =
1 and, for any a€{0,...,n -1}, sgn(f)l;, = sgn(f)ler/3nar3n = —1. Now
let n < |k| < 2n. Since e®**/M £ 1,

2n ) 2n/3n n-1 . n—1 - o ‘
f Sgn(Vn(t))e’k’ dt = f elkl dt + Z fezkl dt — Z f elkl dt + f elkl dt
0 0 a=1 V1 =V 27—(2n/3n)
n—1

— (l-k)—l( o2mik/3n _ 1)+ (ik)—l Z( p2rik(Ba+1)/3n _ e27rik(3a—l)/3n)

a=1

n—1

+ (ik)—l Z( o 2rik(Ba+1)/3n _ eZnik(3a+2)/3n)
a=0
+ (lk)_l(l _ e27rlk(3n—1)/3n)

n—1 n—1
_ z(ik)—1eznik/3n Z (eZm'k/n)“ _ 2(l~k)—le4ﬂik/3n Z (ezmk/n)a
a=0 a=0

—1, 2nik/3 dnik/3 1 -2
= 2(lk) (e —e )W =0
Hence, forallye Y, f02" sgn(V,(1))y(¢) dt = 0, as required. O

It is worth mentioning that in the paper [9] Mehta showed that for any n € N the
norm of de la Vallée Poussin’s operator H,, is equal to 1/3 + 2 V3/n.
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