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Abstract

Let G(n,, n,, m) be a uniformly random m-edge subgraph of the complete bipartite graph K, ,, with bipar-
tition (V}, V), where n, = | V;|, i = 1, 2. Given a real number p € [0, 1] such that d, := pn, and d, := pn, are
integers, let R(#n,, n,, p) be a random subgraph of K, ,, with every vertex v € V; of degree d;, i=1,2. In
this paper we determine sufficient conditions on n,, n,, p and m under which one can embed G(n,, n,, m)
into R(n,, n,, p) and vice versa with probability tending to 1. In particular, in the balanced case n, = n,,
we show thatif p 3> log n/nand 1 — p > (log n/n) " then for some m ~ pn’, asymptotically almost surely
one can embed G(n,, n,, m) into R(n,, n,, p), while for p >> (log’ n/n)m and 1 — p > log n/n the opposite
embedding holds. As an extension, we confirm the Kim-Vu Sandwich Conjecture for degrees growing
faster than(n log n)**.

Keywords: Random regular graph; Bipartite random graph; Embedding; Coupling; Monotone graph property
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1. Introduction
1.1. History and motivation

The Sandwich Conjecture of Kim and Vu [6] claims that if d > log n, then for some sequences
p1=pi1(n) ~d/n and p, = pa(n) ~ d/n there is a joint distribution of a random d-regular graph
R(n, d) and two binomial random graphs G(n, p;) and G(n, p2) such that with probability tending
tol

G(n, p1) S R(n, d) € G(n, p2).

If true, the Sandwich Conjecture would essentially reduce the study of any monotone graph
property of the random graph R(n, d) in the regime d >> log n to the more manageable G(#, p).
Forlogn « d <« nt/3( log n)~2, Kim and Vu proved the embedding G(n, p;) € R(n, d) as well
as an imperfect embedding R(n, d) \ H C G(n, p;), where H is some pretty sparse subgraph of
R(n, d). In [2] the lower embedding was extended to d < n (and, in fact, to uniform hypergraph
counterparts of the models G(#, p) and R(n, d)). Recently, Gao, Isaev and McKay [4] came up
with a result which confirms the conjecture for d > n/,/log n ([4] is the first paper that gives the

Research of TK was supported by the grant no. 19-04113Y of the Czech Science Foundation (GACR) and the Center for
Foundations of Modern Computer Science (Charles Univ. project UNCE/SCI/004).

Research of AR was supported by Narodowe Centrum Nauki, grant 2018/29/B/ST1/00426.

Research of MS was supported by the Czech Science Foundation, grant number 20-27757Y, with institutional support
RV0:67985807.

© The Author(s), 2022. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the
Creative Commons Attribution licence (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and
reproduction in any medium, provided the original work is properly cited.

P
G) CrossMark
https://doi.org/10.1017/50963548322000049 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548322000049
https://orcid.org/0000-0002-7766-7298
https://orcid.org/0000-0002-1793-3865
https://orcid.org/0000-0002-6353-9105
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S0963548322000049&domain=pdf
https://doi.org/10.1017/S0963548322000049

2 T. Klimo$ov4, C. Reiher, A. Rucinski and M. Sileikis

(perfect) embedding R(n, d) € G(n, p2) for some range of d) and, subsequently, Gao [3] widely
extended this range to d = Q(log’ n).

Initially motivated by a paper of Perarnau and Petridis [12] (see Section 9), we consider sand-
wiching for bipartite graphs, in which the natural counterparts of G(n, p) and R(#, d) are random
subgraphs of the complete bipartite graph Ky, ,, rather than of K,,.

1.2. New results

We consider three models of random subgraphs of Ky, ,,, the complete bipartite graph with bipar-
tition (V1, V3), where | V1| = ny, | V2| = 1. Given an integer m € [0, nynz], let G(n;, np, m) be an
m-edge subgraph of K, ,, chosen uniformly at random (the bipartite Erdés-Rényi model). Given
a number p € [0, 1], let G(n1, 12, p) be the binomial bipartite random graph where each edge of
Ky, 0, 1s included independently with probability p. Note that in the latter model, pns_; is the
expected degree of each vertex in V;, i =1, 2. If, in addition,

d1 =pny and d2 =pm

are integers (we shall always make this implicit assumption), we let R(ny, na, p) be the class of
subgraphs of Ky, », such that every v € V; has degree d;, for i =1, 2 (it is an easy exercise to show
that R(n1, n2, p) is non-empty). We call such graphs p-biregular. Let R(n1, nz, p) be a random
graph chosen uniformly from R(n;, 1z, p).

In this paper we establish an embedding of G(n1, ny, m) into R(ny, ny, p). This easily implies
an embedding of G(ny, ny, p) into R(ny, na, p). Moreover, by taking complements, our result
translates immediately to the opposite embedding of R(n, na, p) into G(ny, ny, m) (and thus
into G(ny, nz, p)). This idea was first used in [4] to prove R(n,d) C G(n,p) for p> \/liﬁ
In particular, in the balanced case (n; = ny:=n), we prove this opposite embedding for p >
(log3 n/n)1/4.

The proof is far from a straightforward adaptation of the proof in [2]. The common aspect
shared by the proofs is that the edges of R(n;, 1, p) are revealed in a random order, giving a
graph process which turns out to be, for most of the time, similar to the basic Erd6s-Rényi pro-
cess that generates G(ny, n2, m). The rest of the current proof is different in that it avoids using
the configuration model. Instead, we focus on showing that both R(n, n3, p) and its random
t-edge subgraphs are pseudorandom. We achieve this by applying the switching method (when
min {p, 1 — p} is small) and otherwise via asymptotic enumeration of bipartite graphs with a given
degree sequence proved in [1] (see Theorem 5).

In addition, for p > 0.49, we rely on a non-probabilistic result about the existence of alternating
cycles in 2-edge-coloured pseudorandom graphs (Lemma 20), which might be of separate interest.

Throughout the paper we assume that the underlying complete bipartite graph K, ,, grows
on both sides, that is, min{n;, n} — 0o, and any parameters (e.g., p, m), events, random vari-
ables, etc., are allowed to depend on (n;, n3). In most cases we will make the dependence on
(n1, np) implicit, with all limits and asymptotic notation like O, €2, ~ considered with respect to
min{n;, ny} — 0o. We say that an event £ = £(ny, nz) holds asymptotically almost surely (a.a.s.) if
PE)— 1.

Our main results are Theorem 2 below and its immediate Corollary 3. For a gentle start we first
state an abridged version of both in the balanced case n; = 1, = n. Note that pn? is the number of
edges in R(#n, n, p).

1/
Theorem 1. Ifp > loin and1—p> (loﬁn

of random graphs G(n, n, m) and R(n, n, p) such that
G(n, n,m) S R(n, n, p) a.a.s. (1)

4
, then for some m ~ pn? there is a joint distribution
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Ifp> (@)1/4, then for some m ~pn2 there is a joint distribution of random graphs G(n, n, m)
and R(n, n, p) such that

R(n, n, p) € G(n, n, m) a.a.s. )
Morem//er, in (1) and (2) one can replace G(n, n, m) by the binomial random graph G(n, n, p’), for
some p’ ~ p.

The condition p > (log n)/#n is necessary for (1) to hold with m ~ pn2 (see Remark 26), since
otherwise the maximum degree of G(n, n, m) is no longer pn(1+ o(1)) a.a.s. We guess that the
maximum degree is, vaguely speaking, the only obstacle for embedding G(n, n, m) (or G(n, n, p’))
into R(ny, na, p), see Conjecture 1 in Section 10.

We further write N :=n;ny, q:=1— p, n:= min {ny, nz},f) := min{p, q}, and let

-1 -1
n nn, +n; n
< —

13
[—1 logN
= (n1>n2>P)= 1 1 (3)
n mn, —+n, np
0 P22

Note that I = 0 entails that the vertex classes are rather balanced: the ratio of their sizes cannot
exceed i log N. Moreover, [ = 0 implies that p > 4/ log N.

Theorem 2. For every constant C > 0, there is a constant C* such that whenever the parameter
p €10, 1] satisfies

3(C+4)log N\ /4
> 680 % (4)
q n
and
c* <p2H+ be), p <049
1>y:= (5)

1/4 .
o (rr (42) "4 1B bog ) 09

there is, for m:= [(1 — y)pN1, a joint distribution of random graphs G(ny, ny, m) and R(ny, na, p)
such that
P (G(n1, nz, m) S R(ny, na,p)) =1 — ON~). (6)
If, in addition y <1/2, then for p':= (1 — 2y)p, there is a joint distribution of G(ny, na, p’) and
R(n1, na, p) such that
P (G(n1, n2,p") S R(ny, nz,p)) =1 — O(N~C). (7)
By inflating C*, the constant 0.49 in (5) can be replaced by any constant smaller than 1/2. It can
be shown (see Remark 27 in Section 10) thatifp <1/4and y =0® h;‘gﬁ ), then y has optimal

order of magnitude. For more remarks about the conditions of Theorem 2 and the role of the
indicator I, see Section 10.

By taking the complements of R(n;, n3, p) and G(n1, nz, m) and swapping p and g, we imme-
diately obtain the following consequence of Theorem 2 which provides the opposite embedding.

Corollary 3. For every constant C > 0 there is a constant C* such that whenever the parameter
p €10, 1] satisfies

)1/4

p>680(3(C+4)n 'logN (8)
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and

C* (p3/2]1+ (logN) /logN log logN) p <0.51,

C(fm+ WN» p =051,

1>y::

there is, for m = [ (p + yq)N, a joint distribution of random graphs G(ny, na, m) and R(ny, na, p)
such that

P (R(n1, na, p) € G(ny, mp, m)) =1 — ON"°). 9)

If, in addition, y < 1/2, then for p” := (p + 2y q)N there is a joint distribution of G(ny, ny, p”’) and
R(ny, ny, p) such that

P (R(n1, 2, p) € G(ny, n2,p'")) =1 — O(N~). (10)

Proof. The assumptions of Corollary 3 yield the assumptions of Theorem 2 with y = y and with
p and g swapped. Note also that

m=[(1—-y)qN1=[N—pN—yqN1=N—L(p+yqN] =N —m.

Thus, by Theorem 2, with probability 1 — O(N~C) we have G(ny, ny, N —m) C R(n1, n2, q),
which, by taking complements, translates into (9). Similarly

pP'=(01-27)gN=N—(p+2yqg)N=N—p''N.

Thus, by Theorem 2, with probability 1 — O(N™ €) we have G(ny, ny, N — P'N) CR(ny, ny, q)
which, by taking complements yields embedding (10).

Proof of Theorem 1. We apply Theorem 2 and Corollary 3 with C = 1 and the corresponding C*.
Note that for n; = ny = n, the ratio in (3) equals 4/ log N =2/ log 1, so

I=1 ifandonlyif p<2/logn. (11)

To prove (1), assume p > log n/n and g > (log n/ n)l/ *and apply Theorem 2. Note that con-
dition (4) holds and it is straightforward to check that, regardless of whether p < 0.49 or p > 0.49,
y — 0. In particular, y <1/2. We conclude that, indeed, embedding (1) holds with m = [(1 —
¥)pN1 ~ pn? and (1) still holds if we replace G(n, n, m) by G(n, n, p’) with p’ = (1 — 2y)p ~ p.

For (2) first note that when p — 1, embedding (2) holds trivially with m = n? (even though
a nontrivial embedding follows in this case under an additional assumption q >>> log n/n. Hence,

we further assume g = Q(1), p> (log3 n/ n)l/ *and apply Corollary 1.2. Note that condition (8)
holds. It is routine to check, taking into account (11), that y <1/2 and, moreover, yq = o(p).
We conclude that (2) holds with m = | (p + yq)N] ~ Np = n*p and (2) still holds if G(n, n, m) is
replaced by G(n, n, p’) with p’ =p + 2yq ~ p. U

1.3. A note on the second version of the manuscript.

This project was initially aimed at extending the result in [2] to bipartite graphs and, thus, lim-
ited to the lower embedding G(n, n, p1) € R(n, n, p) only. While it was in progress, Gao, Isaev
and McKay [4] made an improvement on the Sandwich Conjecture by using a surprisingly fruit-
ful idea of taking complements to obtain the upper embedding R(n, d) € G(n, p;) directly from
the lower embedding G(n, p1) € R(#n, d). We then decided to borrow this idea (but nothing else)
and strengthen some of our lemmas to get a significantly broader range of p for which the upper
embedding (i.e. Corollary 1.2) holds. It turned out that our approach works for non-bipartite regu-
lar graphs, too. Therefore, prompted by the recent substantial progress of Gao [3] on the Sandwich
Conjecture (which appeared on arXiv after the first version of this manuscript), in the current
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Theorem 2 (1.2, 3.2)

7 f

Claim 7 (3.2,8) Lemma 6 (3.1, 4.2)

f

Lemma 8 (4.1, 4.3)

— ™~

Lemma 9 (4.1, 5.3) Lemma 10 (4.1, 6.4) < Proposition 4 (2.2)

e ™S

Lemma 17 (6.1) Lemma 20 (6.3)
Lemma 14 (5.2) Theorem 15 (6.1, [14]) Lemma 13 (5.2) Lemma 19 (6.3)

f !

Lemma 11 (5.1) Lemma 18 (6.2)

f

Theorem 5 (2.4, [1])

Figure 1. The structure of the proof of Theorem 2. An arrow from statement A to statement B means that A is used in the
proof of B. The numbers in the brackets point to the section where a statement is formulated and where it is proved (unless
the proof follows the statement immediately); external results have instead an article reference in square brackets.

version of the manuscript we added Section 7, which outlines how to modify our proofs to get a
corresponding sandwiching for non-bipartite graphs. This improves upon the results in [4] (for
regular graphs), but is now superseded by [3].

1.4. Organisation

In Section 2 we introduce the notation and tools used throughout the paper: the switching tech-
nique, probabilistic inequalities and an enumeration result for bipartite graphs with a given degree
sequence. In Section 3 we state a crucial Lemma 6 and show how it implies Theorem 2.

In Section 4 we give a proof of Lemma 6 based on two technical lemmas, one about the
concentration of a degree-related parameter (Lemma 9), the other (Lemma 10) facilitating the
switching technique used in the proof of Lemma 6. Lemma 9 is proved in Section 5, after giving
some auxiliary results establishing the concentration of degrees and co-degrees in R(#1, 3, p) as
well as in its conditional versions. In Section 6, we present a proof of Lemma 10, preceded by
a purely deterministic result about alternating cycles in 2-edge-coloured pseudorandom graphs.
We defer some technical but straightforward results and their proofs (e.g., the proof of Claim 7) to
Section 8. A flowchart of the results ultimately leading to the proof of Theorem 2 is presented in
Figure 1.

The contents of Section 7 were already described (see Subsection 1.3 above). Section 9 contains
an application of our main Theorem 2, which was part of the motivation for our research. In
Section 10 we present some concluding remarks and our version of the (bipartite) sandwiching
conjecture.

2. Preliminaries
2.1. Notation
Recall that

d1 =pny and dz =pn
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are the degrees of vertices in a p-biregular graph, and thus, the number of edges in any p-biregular
graph H € R(ny, nz, p) is

M :=pN where N =nyny.
Throughout the proofs we also use shorthand notation
g=1-p, f):min{p,q}, #i=min {ny, ny}, (12)

and [n]:= {1, ..., n}. All logarithms appearing in this paper are natural.
By I'(v) we denote the set of neighbours of a vertex v in a graph G.

2.2. Switchings

The switching technique is used to compare the size of two classes of graphs, say R and R/,
by defining an auxiliary bipartite graph B:= B(R, R'), in which two graphs H € R, H' € R/ are
connected by an edge whenever H can be transformed into H' by some operation (a forward
switching) that deletes and/or creates some edges of H. By counting the number of edges of
B(R,R') in two ways, we see that

> degg (H)= Y degy (H)), (13)
HeR HeRr
which easily implies that

HeR
maxyer degg (H) ~— |R/| = minger degy (H)

min, . degp (H) - IR| - max,s_. degp (H') 14

The reverse operation mapping H' € R’ to its neighbours in graph B, is called a backward
switching. Usually, one defines the forward switching in such a way that the backward switching
can be easily described.

All switchings used in this paper follow the same pattern. For a fixed graph G € K (possibly
empty), where K := Ky, ,,, the families R, R’ will be subsets of

Rg:={H € R(n1,nz,p) : GC H}. (15)

Every H € R will be interpreted as a blue-red colouring of the edges of K \ G: those in H \ G will
be coloured blue and those in K \ H — red. Given H € R, consider a subset S of the edges of K \ G
in which for every vertex v € Vi U V; the blue degree equals the red degree, i.e., degp g)ns (V) =
deg g\ ip)ns (v)- Then switching the colours within S produces another graph H' € Rg. Formally,
E(H') is the symmetric difference E(H)AS. In each application of the switching technique, we will
restrict the choices of S to make sure that H € R'.

As an elementary illustration of this technique, which nevertheless turns out to be useful in
Section 6, we prove here the following result. A cycle in K \ G is alternating if it is a union of a blue
matching and a red matching. Note that the definition depends on H. We will omit mentioning
this dependence, as H will always be clear from the context. Given e € K \ G, set

RGe:={HeRg : ec H} and RG—e:={HERg : e¢H}. (16)
Proposition 4. Let a graph G C K be such that Rg # 0 and let e € K\ G. Assume that for some

number D > 0 and every H € Rg the edge e is contained in an alternating cycle of length at most
2D. Then RG—e Z 0, RG.e # 0, and

1 < |RG,—|e| < ND

NP —1 |RG,e|
Proof. Let B=B(Rg,e» Rg—e) be the switching graph corresponding to the following forward
switching: choose an alternating cycle S of length at most 2D containing e and switch the colours

—1.

https://doi.org/10.1017/50963548322000049 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548322000049

Combinatorics, Probability and Computing 7

of edges within S. Note that the backward switching does precisely the same. Note that by the
assumption, the minimum degree §(B) is at least 1.

Since Rg =Rg,e U RG—e # ¥, one of the classes Rg, and R —. is non-empty and, in view of
8(B) > 1, the other one is non-empty as well. For £ =2, ..., D, the number of cycles of length 2¢

containing e is, crudely, at most ”1 ng ! = N®~1, hence the maximum degree is
AB)<N+N?*+...+NP1<NP 1
Thus, by (14), we obtain the claimed bounds. O

2.3. Probabilistic inequalities
We first state a few basic concentration inequalities that we apply in our proofs. For a sum X

of independent Bernoulli (not necessarily identically distributed) random variables, writing p =
E X, we have (see Theorem 2.8, (2.5), (2.6), and (2.11) in [5]) that

>0, (17)

2
P(XZ,LL"‘t)feXp{—m}, >

12
P(Xfu—t)fexp{—z—}, t>0. (18)
"

Let I" be a set of size [I'| =g and let AC T, |A| =a > 1. For an integer r € [0, g], choose uni-
formly at random a subset R C I of size |R| = . The random variable Y = |A N R| has then the
hypergeometric distribution Hyp (g, a, r) with expectation p:= E Y = ar/g. By Theorem 2.10 in
[5], inequalities (17) and (18) hold for Y, too.

Moreover, by Remark 2.6 in [5], inequalities (17) and (18) also hold for a random vari-
able Z which has Poisson distribution Po (u) with expectation w. In this case, we also have the
following simple fact. For k>0, set gy =P (Z: k). Then qx/qx—1 = p/k, and hence k= ]
maximises g (we say that such k is a mode of Z). Since Var Z = u, by Chebyshev’s inequality,

P (1Z — p| < +/21) = 1/2. Moreover, the interval (1 — /211, it + /244) contains at most [ /81 ]
integers, hence it follows that
1/2

) = |—«/—-|

(19)

2.4. Asymptotic enumeration of dense bipartite graphs

To estimate co-degrees of R(#n, n, p) we will use the following asymptotic formula by Canfield,
Greenhill and McKay [1]. We reformulate it slightly for our convenience.

Given two vectors d; = (dy,, v € V1) and dy = (da,,, v € V3) of positive integers such that
ZveVl diy= ZVEVZ dy,y, let R(dy, d;) be the class of bipartite graphs on (Vi, V3) with ver-

tex degrees deg(v)=d;,,ve Vi,i=1,2. Let |V;|=n; and write d;=n;"! >vev; div» Di=
2 vev; (diy —d)tp=di/ny=dy/m,and g=1—p.

Theorem 5. ([1]) Given any positive constants a, b, C such that a + b < 1/2, there exists a constant
€ > 0 so that the following holds. Consider the set of degree sequences dy, d, satisfying

. 7 1/2+€ E 1/2+€
L. MaXyey, |d1y —di] < C”lz > MaXyeVy, |day — da| < Cnl

ii. max{ni, ny} < C(pq)*(min {n, np} )1+

2
ii. “;}ff;) (1 + oL+ 22?) < alog max {n, ny}.
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If min{n;, na} — oo, then uniformly for all such d,, d;

-1
niny l_[ ny l—[ ni
Ridy, o)l niny diy veis day

veV

1 Dy Dy —b
X exp [_E (1 - pqn1n2> (1 - pqn1n2> +0 (( max {n, n2} ) )] > (20)

where the constants implicit in the error term may depend on a,b,C.

Note that condition (ii) of Theorem 5 implies the corresponding condition in [1] after adjusting
€. Also, the uniformity of the bound is not explicitly stated in [1], but, given 7y, n2, one should
take d;, d, with the worst error and apply the result in [1].

3. Acrucial lemma
3.1. The set-up
Recall that K=K, ,, has N =mnn, edges. Consider a sequence of graphs G(t) CK for t=
0,...,N, where G(0) is empty and, for t < N, G(t 4 1) is obtained from G(t) by adding an edge
€1+1 chosen from K \ G(¢) uniformly at random, that is, for every graph G C K of size t and every
edgeee K\ G
1
P(€t+1=€|G(f)=G)=ﬁ- (21)

Of course, (&1, . . ., £N) is just a uniformly random ordering of the edges of K.

Our approach to proving Theorem 2 is to represent the random regular graph R(n,, ny, p) as

the outcome of a random process which behaves similarly to (G(t));. Recalling that a p-biregular
graph has M = pN edges, let

(15 - -5 nm)
be a uniformly random ordering of the edges of R(n;, 1, p). By taking the initial segments, we
obtain a sequence of random graphs
RO ={n,....ns},  t=0,.... M.
For convenience, we shorten
R:=R(M)=R(ny, na,p) .

Let us mention here that for a fixed H € R(ny, na, p), conditioning on R = H, the edge set of
the random subgraph R(#) is a uniformly random t-element subset of the edge set of H. This
observation often leads to a hypergeometric distribution and will be utilised several times in our
proofs.

We say that a graph G with t edges is admissible, if the family R (see definition (15)) is non-
empty, or, equivalently,

P R(t) =G) >0.
For an admissible graph G with t edges and any edge e € K\ G, let
prv1(e, G):=P (nrp1=e|R(H) =G). (22)

The conditional space underlying (22) can be described as first extending G uniformly at random
to an element of R and then randomly permuting the new M — t edges.

The main idea behind the proof of Theorem 2 is that the conditional probabilities in (22)
behave similarly to those in (21). Observe that p;1(e, R(¢)) =P (n:41 = e | R(t)). Given a real
number x > 0and t € {0, ..., M — 1}, we define an R(¢)-measurable event
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1 —
A(t, )= {pH_l(e, R(t)) > N Xt for every e € K \ R(t)} .
In the crucial lemma below, we are going to show that for suitably chosen vy, y1,. .., a.as.
the events A(t, ;) occur simultaneously for all t=0,..., fy — 1 where t; is quite close to M.
Postponing the choice of y; and #, we define an event
to—1
A= [ At y). (23)
=0

Intuitively, the event A asserts that up to time #; the process R(#) stays ‘almost uniform’, which
will enable us to embed G(ny, ny, m) into R(ty).

To define time t, it is convenient to parametrise the time by the proportion of edges of R ‘not
yet revealed’ after ¢ steps. For this, we define by

T=1(t) :=1—A—t4€ [0, 1] and so t=(1—-1)M. (24)

Given a constant C > 0 and, we define (recalling the notation in (12)) the “final’ value 7o of 7 as
3.3240%(C+4)log N
(Ct4)logN p <0.49,
n
T0 1= p 14 (25)
700(3(C + 4)) /4 <q3/2]1 + (l"%N) ) . p> 0.49.

(Some of the constants appearing here and below are sharp or almost sharp, but others have room
to spare as we round them up to the nearest ‘nice’ number.)

Consider the following assumptions on p (which we will later show to follow from the
assumptions of Theorem 2):

3-3240%(C +4) log N

p=> 26
p= p (26)
5 1< 49 1 (27)
= 51 3402(C + 4)/6’
and
3(C+4)log N\ '*
q> 680 (—( ) log ) . (28)
#
At the end of this subsection we show that these three assumptions imply
o<1, (29)
so that
to:=[(1 —7)M]
is a non-negative integer. Further, for t =0, ..., M — 1, define
2(C+3)log N
3040 [HEE 0N g,
Tph
¥i := 1080p%T + (30)

[(C+3)logN
25,000 %, p > 0.49.
T2g*n

Taking (29) for granted, we now state our crucial lemma, which is proved in Section 4.
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Lemma 6. For every constant C > 0, if assumptions (26), (27) and (28) hold, then
P(A)=1-ON"°), 31
where the constant implicit in the O-term in (31) may also depend on C.

It remains to show (29). When p < 0.49, inequality (29) is equivalent to (26). For p > 0.49, we
have q < 51p/49, which together with assumptions (27) and (28) implies that
g 700-3Y% 700.0.51
<1

3/2
51,
ro§700(3(C+4))”4<5p-H> +700-@5 300 T 680

3.2. Proof of Theorem 2

From Lemma 6 we are going to deduce Theorem 2 using a coupling argument similar to the one
which was employed by Dudek, Frieze, Ruciniski and Sileikis [2], but with an extra tweak (inspired
by Kim and Vu [6]) of letting the probabilities y; of Bernoulli random variables depend on ¢,
which reduces the error y in (5).

It is easy to check that the assumptions of Lemma 6 follow from the assumptions of Theorem 2.
Indeed, (28) coincides with assumption (4), while (26) and (27) follow from the assumption y <1
(see (5)) for sufficiently large C*.

Our aim is to couple (G(t)); and (R(¢)); on the event A defined in (23). For this we will define
a graph process R'(¢) := {n], ..., n;},t=0,..., fy so that for every admissible graph G with t €
[0, M — 1] edges and everyee K\ G

P (n;-i-l =e | R/(t) = G) =Pt+1(€> G)s (32)

where p;11(e, G) was defined in (22). Note that R’(0) is an empty graph. Since the distribution
of the process (R(#)); is determined by the conditional probabilities (22), in view of (32), the
distribution of R'(#y) is the same as that of R(#y) and therefore we will identify R'(#y) with R(#).
As the second step, we will show that a.a.s. G(n1, ny, m) can be sampled from R’(fy) = R(¢).
Proceeding with the definition, set R’(0) to be the empty graph and define graphs R'(¢), t =
1,...,ty, inductively, as follows. Hence, let us further fix t € [0, tp — 1] and suppose that

R'(t)=R; and G(t)=G;

have been already chosen. Our immediate goal is to select a random pair of edges &1 and 1} ,,
according to, resp., (21) and (32), in such a way that the event g,41 € R'(¢ + 1) is quite likely.

To this end, draw &4 uniformly at random from K\ G; and, independently, generate a
Bernoulli random variable &y with the probability of success 1 — y; (which is in [0,1] by (146)).
If event A(t, y;) has occurred, that is, if

1 —_
pr+1(e, Ry) > N

forevery ee€K\Ry, (33)

then draw a random edge ¢4 € K \ R; according to the distribution

_ pi+1(e;R) — (1 —y1) /(N — 1) ~o
Yt -

P (41 =e|R(1)=Ry) :
where the inequality holds by (33). Observe also that
Y P(ap=elR(O=R)=1,

ecK\R;

s0 {41 has a properly defined distribution. Finally, fix an arbitrary bijection
JriG t Re\Gr— G\ Ry
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between the sets of edges and define

E1+1> if&41=1,641€K\Ry,
N1 = A fRuGi(Ee+1),  if &1 =1, 8041 € Ry,
Ctv1s if&41=0.

On the other hand, if event A(t, y;) has failed, then 7} 41 is sampled directly (without defining
e+1) according to the distribution (32). With this definition of (R (t));"zo, it is easy to check that
for n; 4 defined above, (32) indeed holds, so from now on we drop the prime " and identify R'(¢)
with R(#), which is a subset of R(n1, 13, p).
Most importantly, we conclude that, for t =0, - , ) — 1
At y) N =1 = e eRE+1). (34)
In view of this, define
S:={telt] : &=1}

and recall that m = [(1 — y)M. If |S| > m, define G(n;, np, m) as, say, the edges indexed by the
smallest m elements of S (note that since the vectors (§;) and (¢;) are independent, after condi-
tioning on S, these m edges are uniformly distributed), and if |S| < m, then define G(ny, ny, m)
as, say, the graph with edges {¢1, ..., &,}. Recalling the definition (23) of the event .4, by (34)
we observe that .4 implies the inclusion {&; : t € S} CR(ty) C R(M) = R(ny, na, p). On the other
hand |S| > m implies G(n, ny, m) C {e; : t €S}, so

P (G, n,m) SR)Y=P({IS|=m}NA).

Since, by Lemma 6, event A holds with probability 1 — O(N —C), to complete the proof of (6) it
suffices to show that also

P(S|>m)=1-0(N"°).
For this we need the following claim whose technical proof is deferred to Section 8.

Claim 7. We have

E S| >ty — OM, (35)
where

2(C+3)log N

6480 %, p <049,

n
6 := 10801 +

(C+3)logN .

6250 qz—fl lOg logN’ P> 0.49,

and, with y as in (5),

2ClogN
y>1+60+2/M+ T (36)

Recalling that tp = [(1 — )M | and m = [(1 — y)M], we have
to—OM—m>(1—1)M—1—60M—(1—y)M—1

(36)
=y—-—1m9—-60M-2 > ,/2CMlogN.

(37)
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UL, V2 n Vg
€Io

T
R
Ty " S, T2 T
- - —
.
> s
<-- Oo——0

Uy Us up f up
H H'

Figure 2. Switching between H and H when e and f are disjoint: solid edges are in H\ G (or H' \ G) and the dashed ones in
K\ H(orK\ H).

Since S| is a sum of independent Bernoulli random variables,

P(IS| <m) =P (S| <E|S| — (E|S| - m)) < P (IS| <E S| - (to — 6M — m))

to — OM — m)?
(I8 ) L ep (~ClogN) =N

(18),E|S| <M < exp (—
which as mentioned above, implies (6).

Finally, we prove (7) by coupling G(ny, 1z, p') with G(ny, na, m) so that the former is a subset
of the latter with probability 1 — O(N~%). Denote by X := e(G(ny, nz, p’)) the number of edges of
G(ny, ny, p'). Whenever X < m, choose X edges of G(ny, nz, m) at random and declare them to be
a copy of G(ny, ny, p’). Otherwise sample G(ny, 1, p’) independently from G(ny, np, m). Hence it
remains to show that P (X > m) = O(N~°).

Recalling thatm = [(1 — y)]pNand p’ = (1 — 2y)p, wehave m/N > (1 — y)p =p’ + yp. Since
X ~ Bin (N, p’), Chernoff’s bound (17) implies that

P (X >m) <P (X > p'N+ypN) fexp{—,(yp—N)z} <e VN2, (38)
2(p'N +ypN/3)
Choosing C* sufficiently large, the definition (5) implies y > ZC;I)VgN with a lot of room (to

see this easier in the case p > 0.49, note that (4) implies log (71/ log N) > 1, say). So (38) implies
P(X>m)<NC.

4. Proof of Lemma 6
4.1. Preparations

Recall our notation K = Ky, »,, and R defined in (15). Fix an integer t € [0, ). For a graph G
with t edges and e, f € K'\ G, define

RGe—f= {HERG : ecH,f ¢ H}.

By skipping a few technical steps, we will see that the essence of the proof of Lemma 6 is to show
that the ratio [Rge,—f|/|RGf,—e| is approximately 1 for any pair of edges e,f, where G is a ‘typical’
instance of R(t).

Recalling our generic definition of switchings from Subsection 2.2, let us treat the graphs in
R :=Rge-f and R' := R, as blue-red edge colourings of the graph K \ G. Recall that a path
oracycle in K \ G is alternating if no two consecutive edges have the same colour.

When edges e, f are disjoint, we define the switching graph B= B(R, R’) by putting an edge
between H € R and H' € R’ whenever there is an alternating 6-cycle containing e and f in H such
that switching the colours in the cycle gives H' (see Figure 2). If e and f share a vertex, instead of
6-cycles we use alternating 4-cycles containing e and f.

It is easy to describe the vertex degrees in B. For distinct u, v € Vj, let 6 g(u, v) be the number
of (alternating) paths uxv such that ux is blue and xv is red. Note that 6 (4, v) = |I'm\g(u) N
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'\ (v)]. Then, setting f = uyu; and e = viv,, where uj, vi e Vi, i=1,2,

degp (H) = 1_[ Ocu(ui,vi), HER (39)
o
and
degg (H') = l_[ QGH/(V,,u) HeR. (40)
UiV

Note that equation (13) is equivalent to

IR| |R|ZH i’ degp (H)
IR |R| > Her degy (H)

In view of (39) and (40), the denominator of the RHS above is the (conditional) expectation of the
random variable ]_[i:ul, £, 0GR (ui, vi), given that R contains G and e, but not f (and similarly for
the numerator).

To get an idea of how large that expectation could be, let us focus on one factor, say,
0G,r(u1, v1), assuming u; # v;. Clearly, the red degree of v; equals [T'x\r(v1)| = n2 — da = gqny.
Since |T'r(v1)| = pny, viewing R\ G as a t-dense subgraph of R (see (24)) we expect that the
blue neighbourhood |I'r\G(u1)| is approximately Tpn,. It is reasonable to expect that for typical
G and R the red and blue neighbourhoods intersect proportionally, that is, on a set of size about
q-Tp-ny=71qd.

Inspired by this heuristic, we say that, for § > 0, an admissible graph G with ¢ edges is
8-typical if

(41)

O,k (ui> vi)
7qd;

max P max
uju,v1v2€K\G ie[2):ui#v;

—1‘ >8|G§R,v1vzeR,u1u2¢R) <125, (42)

where the outer maximum is taken over distinct pairs of edges. (The bound 728 has hardly any
intuition, but it is simple and sufficient for our purposes.)
Lemma 6 is a relatively easy consequence of the upcoming Lemma 8, which states that for a
suitably chosen function §(¢) it is very likely that the initial segments of R are §(¢#)-typical.
Foreacht=0,...,t — 1, define

8(t) := 120p*1 + 360 /w, (43)
6Tpgn

where
6logN, p <0.49,
NOES 64log N (44)
6logN + , p>0.49.
Pq
For future reference, note that
8(t) < wi/9. (45)

Indeed, recalling (30), for p < 0.49,

[2(C+3)logN
95(f) < 1080p°I + 3240 % =
Tpn
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while, for p > 0.49, noting that A(¢) < 70log N/(tpq), we have

A 70(C+3)logN
95(t) < 1080p°1 + 3240 | ————— "2 <y,
(7) = 1080p | 049 er2gn =

Lemma 8. For every constant C > 0, under the conditions of Lemma 6,

P (R(¢) is 8()-typical for all t < o) =1 — O(N~©).

Note that the LHS of (42) is a function of graph G, say f(G). Hence, Lemma 8 asserts that, with
high probability, f(IR(¢)) is small for all t < t5. The main idea of the proof of Lemma 8, which
we defer to Subsection 4.3, is to bound f(R(#)) by a ratio of two simpler functions (again condi-
tional probabilities) of R(#). Lemmas 9 and 10 below bound each of these conditional probabilities
separately.

Forany t =0, ..., M and distinct u;, v; € Vi, i=1, 2, set

Or(ui, vi) = Or(r), R (s Vi), (46)
where 06 1 (u;, vi) = |T'i\G(u;i) N T\ (v;)| was introduced earlier in this subsection.

Lemma 9. For every constant C > 0, under the conditions of Lemma 6, for i € [2] we have that with
probability 1 — O(N~C),

0 (u,
]P’( max |20 _ 1‘ >8(t)|]R(t)> <0 forallt <t (47)
u,veVi,u#v ‘L’qdi
Lemma 10. For every constant C >0, under the conditions of Lemma 6, with probability
1-O(N~%)
min = PeeR f¢R|R(®E) >e 0, orall t < to. 48
e ( f¢RIR®) = f 0 (48)

4.2. Proof of Lemma 6

In view of Lemma 8, it suffices to show that if t < o, and a t-edge graph G is §(¢)-typical, then
-y

N-—t

Fix f € K\ G which maximises psy1(f, G). Since the average of piyi(e,G) over e€ K\ G is

exactly ﬁ, we have p;11(f,G) > ﬁ and therefore it is enough to prove that, for every
e K\ (GU{f)),

min e, G) >
eeK\GptH( ) >

pi+1(e, G) S
pr+1(f, G)
Recall the definitions of Rg in (15), RGe RG—e in (16), and R =Rg,—f and R =Rg fime

from Subsection 4.1 and observe that R = Rguje),~f too. In view of the remark immediately
following (22),

Yt

|RG,e| . 1

pt+1(e,G)=P(e€R|R(t)=G)'P(nt-H=6|R(t):G’eeR): IRal M—t

Therefore,
_ P16 G [RGel _ [Reuenl +1RGe~l _ IR
T (G Resl IReuesyl + IRGf—el — IR

Write e = v1v; and f = uju, and for simplicity assume that both u; # v and u; # v, (otherwise
the proof goes mutatis mutandis and is, in fact, a bit simpler). By (39), (40), and (41),
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IRl Etop
|R/| B ]Ebottom ’
where
1
Euop 1= g 2, dety (H) =E [foz(n, u)ga (12, w) | GERf € Roe ¢ ]
HeR
and

1
Epottom = = > degy (H) =E [0 (u1, v)0cr (12, v2) [GE R, e € R, f ¢ R].
HeR

Since G is 8-typical with § = §(¢), denoting the LHS of (42) as p, we have p, < 728, so
Etop > (1 = 8)tqd; - (1 —8)tqds - (1 — ps) + 0 py
>(1— 8)212p2q2n1n2(1 —728)>(1-— 8)3t2p2q2N. (49)
Moreover, since, deterministically,
0GR (u1, v1)0GR (142, v2) < min{p, g}ns - min{p, g}m < 4p’¢°N,
using (42) again, we infer that
Ebotiom < (1+8)7qds - (1+8)1qdy - (1 = po) + 4p*¢°N - ps
<(1+8)* P’ ¢ N +4p**N - 1286 < (1 + 68 + 82) % p*¢*N. (50)

Finally, combining the bounds on Etop and Epottom and using (45), we conclude that

pr+1(e, G) (1—8)3 ~ )
pi+1(f, G) = (14 68 + 82) >1-9>1—-y (51)

and the proof of Lemma 6 is complete. O

4.3. Proof of Lemma 8

By Lemmas 9 and 10 the events (47) (for each i € [2]) and (48) hold simultaneously with proba-
bility 1 — O(N~C). Hence it suffices to fix an arbitrary integer t < to and a realisation of R(¢), say
R(t) = G satisfying inequalities (47) (for each i € [2]) and (48) and to prove that G is §(¢)-typical.
Fix any such G and define events

&= max
U { u,veViu#v

ie[2]

OG,Rr(u, v)

-1
7qd;

>8(t)} and For:={eeR,f¢R}.

Since, conditioning on the event R(t) = G, we have Ogr (1, vi) = 6;(u;, v;), by the choice of G we

have
P (£ |R(f) =G) <2¢ 2O (52)

and
in P(F,/|R(#)=G)>e . 53
Jin (Fef IR()=G) >e (53)

Note that the probability on the LHS of (42) does not change if we replace G C R by R(#) =G,
since conditioning on either event makes R uniformly distributed over R (i.e., biregular graphs
containing G) and the random variables O r (1, vi) do not depend on the random ordering of the
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edges of R. Hence it remains to prove that (52) and (53) imply, for any distinct edges e = v v2,
f=ujup € K\ G, that

P ( max
ie[2]:ui#v;
The probability on the LHS of (54) is at most P° (8 | R(t) =G, .Fef). Inequalities (52) and (53)
imply that

Ok (i, vi)
‘L’qdi

- 1‘ 0 |R(t)=G,eeR,f¢]R) < 25(1). (54)

P(Eﬁfe,f|R(t)=G)< P (| R(t) =G) P
P(Fef IRM=G) ~ P(For IR()=G) ~ ‘

Finally, even a quick glance at the definitions of 8(¢) and 7y (see (43) and (25)) reveals that
min{tp, §(¢)} > 1/n. Thus, we get, with a huge margin,

2¢7*M < 2/N° < 1/N? < 1/i* < i28(t) < T%5(¢). O

P (E1R(t) =G, Fop) =

5. Degrees and co-degrees

In this section we prove facts about the neighbourhood structure of R(t), one of which will be
enough to deduce Lemma 9, while the other two will be used in the proof of Lemma 10 in Section 6.
We start, in Subsection 5.1, with a tail bound for the co-degrees in R = R(n;, 12, p) (Lemma 11).
In Subsection 5.2 we analyse the process (R(t));. First, we show that the vertex degrees in the
process grow proportionally until almost the very end (Lemma 13). Then, conditioning on R
having concentrated co-degrees, we prove that the co-degrees in R(#) do not exceed their expec-
tation too much (Lemma 14). Finally, in Subsection 5.3, we present a proof of Lemma 9 based on
Lemma 11.

5.1. Co-degrees in the random biregular graph

Recall that I'r(v) is the set of neighbours of a vertex v in a graph F. We define the co-degree of two
distinct vertices u, v as

codp (4, v) .= |Tr(u) NTr(v)|. (55)
A few times we will use the following simple observation: for F C K and distinct u, v € V7,

codr (u,v) = |Tr(u)| + [Tr(v)| — [TE(u) U TE(v)| (56)
=deg () + degp (v) — (nz — codg\r (1, v)) ,

where, recall, K = K,,, ,,, is the complete bipartite graph.
Due to symmetry, we prove the following concentration result for pairs of vertices on one side
of the bipartition only.

Lemma 11. Suppose that pn — oo and let A = A(ny, ny) be such that A — oo. Then, for any distinct
u,vi €V,

P <| codg (uy, v1) — p*ny| > 20 <ﬁ3nz]l + Pijz + kﬁznz) + A) =0 (\/Ne_k) ,
7

where 1 is defined in (3).

Proof. We first claim that it is sufficient to assume p <1/2 and prove that for any distinct
u, v € Vy

P (| codpr (ug, v1) —p2n2| > 20 <p3n2]I + I% + kp2n2> + A) =0 (\/Ne_)‘) . (57)
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To see this, note that by (56), recalling g =1 — p,

codg (u1,v1) — p*ny = 2pny — (ny — codi\r (u1, v1)) — >z = cod\r (w1, v1) — g*na.

Further, K\ R = K \ R(ny, ny, p) has the same distribution as R(ny, n, q). So, if p > 1/2, the
lemma follows by applying (57) with q instead of p. 0

The crude proof idea comes from our anticipation that codg (u;, v1) behaves similarly to
codG(ny,ny,p) (41, v1), which is distributed as Bin (1, pz) or, approximately, as Po (pznz). We will
show that each tail of codg (u1, u2) is comparable to the tail of Po (1) with expectation p fairly
close to p>n, and then apply the Chernoff bounds (this is packaged in Claim 12 below). Further
we consider the cases [ = 1 and I = 0 and apply Claim 12 analogously to the proof of Theorem 2.1
in [7]: in the case [ =1 we use switchings and in the case [ = 0 we use asymptotic enumeration
(Theorem 5).

Fix distinct w3, v; € V; and set X(u1, v1): = codg (u1, v1). Further, recall that R(ny, ny, p) is the
class of subgraphs of K, ,,, such that every v € V; has degree d;, for i =1, 2, and let

Rk(ub Vl) = {H € R(f’ll, n2>P) . COdH (1/[1, Vl) = k}) k: 0) .. >d1-

Claim 12. Fix two vertices u1, vy € V1. Suppose that positive numbers ry, k=0, ..., d;, are such
that

|Ry(u1, v1)| ~ rx, uniformly in k as (n1, ny) — 00,

and there exist numbers 0 < u_ < 4 < N such that

if—forke //L+,d1] and rk_1<_f07’k€ 1“ ]
Tk-1 e T M-
Ifx> /24 + A, then
P (X(u1,v1) > fig + %) + P (X(1, v1) < pi— — x) = O(+/Ne ™). (58)
Proof. Note that if Z; ~Po (i), then puy/k=P (Z+ = k) /P (Z+ —k— 1)' Setting m = [,
for any integer i € {m, .. ., d;}, and abbreviating X := X(u1, v1) and R; := R;(u1, v1), we have
Z i>i |R | |R | T /,L+
PX>i)=—2=" "~ < i
|R(n1, n2, p)| Z IRl Z Z 1_[ - Z 1_[
jzi jZi k= m+1 j>i k=m+1
_Z l_[ Z+=k) _ZP(Z+—j):P(Z+2i)
JZi k=m+1 P(Zy=k=-1) =i PZy=m) PZi=m)

Since i1+ < N, by (19) we have P (Z = m) = Q(1/./fi1) = Q(1/+/N), and conclude that
P(Xzi):O(«/N-IP’(ZJrzi)), i> gy (59)
Similarly, if Z_ ~ Po (u_), then for i < m:= |u_], usingk/u_ =P (Z_ =k —1) /P (Z_ =k),

P(Xsi)<2%~2 1% =X ﬁ

J=i J=i k=j+1 j<i k=j+1

(Z-=k—1) P(Z_<i
P(Z-=k) P(Z_zm)’

and therefore, again using (19),

P(Xgi):O(JzTJ-P(Z_gi)), i<u_. (60)
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T1 O——p T2 T
g

Uy & Uy
T w, —»

U1 7 U1
[

Y1 30 o U1
H

Figure 3. Switching between H € Ry(u1, v1) and H' € Ry_1(u1, v1): solid edges are in H and H' and the dashed onesin K\ H
and K\ H', respectively.

Since the RHS of (58) does not depend on x, we can assume the equality: x = /24 A + A.
Inequalities (17) and (18) imply

x2 x2
PZyzpr+x)+P(Z-<p-—x)<exp (-m) + exp <_I)
+ —

2

X
S S g x> SZCX ———————C
P( 2(M++x/3)>

e (- My + 202 T AN
= 2uy +2uh3+A/3) =7

Combining this with (59) and (60) yields (58). O

It remains to prove (57). We consider separately the cases [=1and [ =0.

Case [=1. If p>1/5, then deterministically codr (u1, u3) < pny < 5p2n2 fpznz + 20p3n2
and codg (uy, up) — p2 ny > — p2 ny > —Sp3 13, and hence (57) holds trivially. So we further assume
p<1/5.

Setting ry = |Rk|, we are going to prove bounds on r;/ry_1, k > 1, using a switching between
R =Ry and R’ = R_;. To this end, recall our terminology from Subsection 2.2 (with G = #):
any graph H C K is interpreted as a colouring of the edges of K, with the edges in H blue
and the rest red. We define a forward switching as follows: pick a common blue neighbour
wy € T(u1) NT'y(vy) and find two alternating 4-cycles ujwax1x; and viway1y2 so that x1 # y1,
X3 # ¥2. Moreover, we restrict the choice of the cycles to those for which vix; and u;y, are red;
this is to make sure that swapping of the colours on each of the two cycles (but keeping the colour
of v1x2, u1y; red) indeed decreases codg (11, v1) by one, thus mapping H € Ry to H € Ry_; (see
Figure 3).

Let By := B(Ry, Rk—1) be the auxiliary graph corresponding to the described switching. Since
the number of choices of w; is k for any H € Ry, we will show upper and lower bounds
on degy (H)/k by fixing w; and proving upper and lower bounds on the possible choices of
(X1, X2, Y1, y2)-

For the upper bound, since there are ny — 2d; + k common red neighbours of #; and v; (one
can use (56) for this), the number of choices of distinct x5, y, is exactly (1, — 2d; + k),, while the
number of choices of x; and yj, as blue neighbours of, resp., x, and y,, is at most d2. Ignoring the
requirements that x; # y; and that both x;w;, and y; w;, should be red), we have shown

degp, (H)/k < (ny — 2dy + k)2d5. (61)

For the lower bound, we subtract from the upper bound (61) the number of choices of
(x1, X2, ¥1, y2) for which either x; =y; or at least one of x;w; and y;w; is blue (the assump-
tion x, # y, was taken into account in the upper bound). The number of choices with x; = y;
is at most nld%, and those with, say, x;w, blue, is at most d,d; - (n2 — 2d; + k)d,. Indeed, there
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are degy; (w2) < d, candidates for x; and, then, at most d; candidates for x,, codix\g (u1, u2) =
ny — 2d; + k candidates for y,, and then d, choices of y;. Therefore

degp, (H)/k> (ny — 2dy + k)ad5 — mdy — 2(ny —2d1 + k)did;

n1d2 2d1
=(ny—2d; +k)ad5 [ 1 - L —
(2 =24y + k)2 2( (n2—2d1+k)2d§ n2—2d1+k—1>

2pny
1=mp,dy =mp, k= > n _2d k d 1
o] 2 =2+ R (1- nz_zm)

= (ny — 2 + k)22 (1 2p )

1- 2p)2n1 1—2p

10
> (g —2dy +k)ods (1 — (9pn1 3>p)
2(?’[2—2d1+k2d (1

A moment of thought (and a glance at Figure 3) reveals that the backward switching cor-
responds to choosing a common red neighbour w; of u; and v;, choosing alternating cycles
uywax1x2 and viwyy1y2 such that x; # y; and the edges v1x; and u;y; are red (note that these
assumptions imply x, # y»), and swapping the colours along the cycles.

Since for every H' € Ry_; the number of choices of x; € FH/(ul) \ FH/(Vl) and y; € FH/(vl) \
[y (u1) is exactly (dy — k + 1)?, we will bound degBk (H')/(d; — k+1)? from above and below
by fixing x7, y» and estimating the number of possible triplets (wy, x1, y1). For the upper bound,
we can choose w; in exactly codK\H/ (u1, up) = ny — 2dy + k — 1 ways, and a pair x, y; of distinct
blue neighbours of w; in at most (d,), ways (we ignore the requirement that x;x, and y,y, are
red). Thus,

degg, (H')/(dy — k+1)* < (n2 — 2dy + k — 1)(da)>. (62)

For the lower bound, given x,, y2, we need to subtract from the upper bound (62) the number of
choices of wy, x1, y1 for which x1x; or y1y; is blue. In the former case, ignoring other constraints,
there are at most d, choices of a blue neighbour x; of x5, at most d; choices of a blue neighbour
wy of x1, and at most d; choices of a blue neighbour y; of w,. By symmetry, the total number of
bad choices is at most 2d1d%, whence

degy, (H)/(dy — k+1)* = (ny — 2dy + k — 1)(d2), — 2d1 3

1 2d
=1 > (ny—2d; +k—1)d3 (1—d——ﬁ>
2 2 1

> (m — 2dy + k= D)3 (1-dy' —4p)

Since, by our assumptions, d, > pit — oo and p < 1/5, it follows that the graphs By for k=
1,...,d; have minimum degrees at least 1. In particular, this means that starting with any
p-biregular graph, by applying a certain number of switchings, we can obtain a p-biregular graph
with arbitrary co-degree. Since we implicitly assume R (11, nz, p) is non-empty, this implies that
all classes Ry, k=0, ..., d, are non-empty, i.e., the numbers r; = |R| are all positive, satisfying
one of the conditions of Claim 12.
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Using (14) and bounds on the degrees in By, for k=1, . .., d;, we have

Tk - maXH/ER/ degBk (H/) - (dl _ k+ 1)2 1
Tk—1 ~ Minger degBk (H) ~ k(np—2d1+k) 1—4p
(dy —k+1)?
—— - (14 20p), 63
St m (T2 (63)

(where the last inequality holds because p < 1/5 implies 1—_14p =1+-2 <1+ 20p), and

1-4p —
. y 5
Tk . min,;_,s degp (H') . (di—k+1) (1 ! —4p) _ (64)
Th—1 maxyeR degBk (H) k(n, — 2d; + k)
Let 1 be a real number such that
M = (65)
w(ny —2dy + ) '
After solving for 1, we have
(d+1)° L) —1
_ar’ , 14+3d7YH]. 66
— €[ pnyp na(143d;7) ] (66)
Define
g = pu(1+20p), and p_:=p(l—d,"' —4p). (67)

From (63), (65), and (67), for u < k < dy, we have
K _ (di — +1)* (1 +20p) BBt

-1 u(np—2di +p) kk
On the other hand, from (64), (65), and (67) that, for 1 < k < u, we have
Tk—1 u(ny —2dy + ) k k

< .
e " (d—p+12(1-1/dy—4p) 1 pe

Note that, since min{d;, d,} = pft — oo and p < 1/5, it follows by (66), and (67) that

pPra(l— (pi) ™t — 4p) < pu— < puy < pPmy(14+15(p) ™" + 20p) < 6p*ny. (68)
Therefore,
n n
pr=pm 420 (P + 222) and sz Py - 20 (pm+ 222 (69)
Consequently, setting
x:=20,/Ap?n; + A, (70)

we have, by (69)
pn2

]P’(lX—pzn2| > 20 (p3n2+ 7) +x) <PX>pus +0+PX<p_ —x.
Noting that the last inequality in (68) implies x > /17 + A, using Claim 12 we obtain (57),
completing the proof in the case I = 1.

Case [ = 0. For the switching argument used in the previous case it was crucial that p was small,
as otherwise several estimates would be negative and so meaningless. Therefore, it cannot be used
now. Fortunately, in this case we are in a position to apply an asymptotic enumeration approach

based on Theorem 5 and analogous to the proof of Theorem 2.1 in [7].
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Recall the notation R(d;, d,) defined before Theorem 5. Writing A = I'y(u;1) and B=T"g(v1),
we note that every graph in Ry induces an ordered partition of V; into four sets ANB, A\ B,
B\ Aand V;, \ (A U B), of sizes, respectively, k, d; — k, d; — k, and ny — 2d; + k. There are exactly

_ }’l2!

T kNdy — k)12(ny — 2dy + K)!

such partitions. After removing vertices u; and v;, we obtain a graph H* € R(d;, d;) on (V \
{u1, v1}, V1), with d; having all its n; — 2 entries equal to d}, and entries of d, determined by the

partition: entries equal to d, — 2 on A N B, to d; — 1 on AAB and the remaining ones equal to d5.
Since H* together with the ordered partition uniquely determines H, we have

|Ri| =(ny, dy, da, k) x |R(dy, d2)].

(ny, dy, da, k) :

Let us check that the three assumptions (i)-(iii) of Theorem 5 are satisfied. When doing so, we
should remember that we have n; — 2 instead of n,, but that the parameter p = d; /n, remains
intact. With foresight, choose a=0.35 and, say, b=0.1, and, for convenience C =1, which
determine, via Theorem 5, an € > 0.

Note that I = 0 implies

>

4 , log N

logN ny  m

As the degrees on one side are all equal and on the other side they differ from each other by at

most 2, assumption (i) holds true with a big margin. Using g > 1/2 and the first inequality in (71),

we get

e prilte
-4

(max {ny, np})'*e

(log N)3+e

(pq)2 min{n; — 2, ny} 1+o0(1)=Q ( ) > max {ny, nz},

which implies assumption (ii) for large 7. Finally, using elementary inequalities (1 — 2p)? <gq
(since p <1/2),1 < (n1/nz + nz/n1) /2, and the second inequality in (71), we obtain

(1—2p)? 5(n; —2) 51, 1 /1 5\ (n m
W(l"i' 611, +6(n1—1))§4_p<5+g> (n_2+n_1) (14 o0(1))

1
< 3 log max {ny, n2} (1 + o0(1)) < 0.35-log max {n; — 2, ny},

which for large 71 implies assumption (iii) with a = 0.35.
Note that in (20) we have Dy = 0, while D, < 41, < pqniny, by the assumption ps — co. Thus,
uniformly over k, the exponent in (20) is —1/2 + o(1) and, by Theorem 5,

eil/znz!(nz)m_z (nl—Z)k(nl—Z)Zdl_Zk (nl_z)nl—Zdl-‘rk

|R | ~ di dr—2 dy—1 d .
k | 12 1 ((m—2)n; = Tk
Ki(d — K)2(n, — 2dy + ! (1122)

Straightforward calculations yield
e (di—k+1)’(m—2—dy+1)(dr— 1) _ (@ —k+1)?

1 k(ny —2dy +k) - dr(ny — da) ~ k(ny —2d, + k)
and, because dy/n =p <1/2,

_ 2
no_ (dh—k+1) (1-267).
rk—1  k(ny —2dy + k)
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(Compare with (63) and (64) to note the absence of ®(p) error terms.) With w as in (66), we

redefine
py:=p and po:=p(l—2d,"). (72)
From (66) and (72) it follows that
u+=usp2n2(1+3d;1)§p2nz+3i—’:2 <p’m+ 202"2 (73)
and
po =p*ny(1 —2d, ") = p*ny — 2p > p*ny — 202"2. (74)

From (73) it follows p4 < 6p2n2, which implies that x defined in (70) satisfies x > /24 A + A.
Consequently, using (73), (74) and Claim 12 we infer

2
P(|X—p2nz|z 02”2 +x) SPXzpus+0)+PX=p-—0=0(VNe).

We have obtained (57) in the case I = 0. O

5.2. Degrees and co-degrees in R(t)

For convenience, having fixed H € R(ny, nz, p), we will denote by Py and Ey the conditional
probability and expectation with respect to the event R = H. In the conditional space defined
by such an event, (11, ..., nm) is just a uniformly random permutation of the edges of H and
therefore R(¢) is a uniformly random ¢-subset of edges of H.

We first show that the degrees of vertices in the process R(t) grow proportionally almost until
the end. Recall that di = pny, dy = pny, while T = t(f) and 7 are defined, respectively, in (24)
and (25).

Lemma 13. If » = A(n1, ny) < Toph, then for i = 1,2, with probability 1 — O(N?e~*/4)

Vi<ty VYveV; | degR(t) (v) — (1 —1)d;| <3/ Atd;. (75)

Proof. Fix t <ty and v € V; and set X;(v) := degR\R(t) (v). For any H € R(ny, ny, p), condition-
ing on R = H, the random variable X;(v) ~ Hyp (M, d;, M — t) has a hypergeometric distribution.
Since the distribution does not depend on H, X;(v) has the same distribution unconditionally. In
view of (24), E X;(v) = td,, therefore combining (17) and (18), for all x > 0,

X

x2 2
P (|Xt('V) — ‘L'di| > x) < ZCXP {—m} =2 exp {_ZTdi (1 +x/(3fdl)) } . (76)

Let x:= 34/A7d,. Since T > 19, by the assumption A < rop#n,

x/(3td;) =+/1/(xd;) </ wonp/(Tod;) < 1. (77)

Consequently, taking the union bound over all (1 — 7o)Mn; <N 2 choices of t and v and using (76)
and (77), we conclude that (75) fails with probability at most

2

iA
2N%exp § — a <2N?exp {—9le } =2N2%e /4,
2td; (1+x/(3d))) 4vd;
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In the proof of Lemma 10, to have a pseudorandom-like property of R \ R(¢) for p > 0.49, we
will need a bound on the upper tail of co-degrees in R(). Recall the definition of co-degree from
(55).

Lemma 14. Assume that ny > ny and p > 0.49. If A = A(n1, ny) > log N, then, with probability
1 — O(N3e=*/3),

VE<M Vup#vi codgrg (ur,v1) <(1— t)zpznz + 20q3n2]1 + 15/ An,. (78)

Proof. If X > n,, inequality (78) holds trivially, so let us assume A < n,. We can condition on
R = H satisfying

Yu,vi € Vi cody (uy, v1) < p*ny +20 (133112]1 + mp/n+ f)z)mz) + A

pemmaonni]  <pPm 420 (Pml 405+ 0.5\/an> )

< p*ny + 207yl + 124/ An,. (79)
Indeed, the probability of the opposite event can be bounded, by Lemma 11 and the union bound,

by O (n2+/Ne™) « N3e™*. Taking this bound into account, it thus suffices to show that if H
satisfies (79), then for any distinct u;, v; € V3 and t <M

Py <codR(t) (u, ) > (1 — ‘c)zpznz + 20q3n2]1 + 15\/)\n2) <273, (80)
since then the proof is completed by a union bound over O(N 3) choices of t, uy, v1.

Fix t <M, u; #v; and let Y := |FR(t)(u1) N FH(v1)| and cody := cody (11, v1). The distri-
bution of Y conditioned on R =H is hypergeometric Hyp (M, codp, t), and hence, by (79),

t cody

py:=EgY= =(1—1)cody < (1 — 7)p*ny + 20g°nyl + 124/ Ans.

Using (17), a trivial bound @y < n,, and our assumption A < ny,

Aty —30/8 ~ ,—A/3
Py (YZILY+\/)»”2> SexP{——} <e P8 < M3,
2y + +/Anz/3)
Since also trivially Y < min{d, t}, we have shown that given R = H, with probability at least
1-— e_’\/3,
Y <yp:= min{uy +/Ang, dy, t} < (1 — t)p2n2 + 2Oq3n2]l + 13/ An,. (81)

Let &go) be the event that the inequality in (80) holds. By the law of total probability,

Pu (Es0) = Y Pu (Es0) | Y =) Pu (Y =))
y

<D Pu (s | Y=y)Pu(Y=y)+e .
Y=)o
Hence, to prove (80), it suffices to show that, for any y =0, . . ., yo,
Py (€ | Y =y) <e/3. (82)

Fix an integer y € [0, yo] and a set S C V of size |S| = y < yp. Under an additional conditioning
Frey(u1) NTy(vy) =S, set R(¢) is the union of a fixed y-element set {u;w : w € S} and a random
(t — y)-element subset of E(H) \ {uyw : we I'g(u;) NT'y(v1)}. Thus, in this conditional space,
X := codp(y) (¢1, v1) counts how many of these ¢ — y random edges fall into the set {viw : w e S}
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and therefore X ~ Hyp (M — codpy, y, t — y). Moreover, the distribution of X is the same for all
of size y, so X has the same distribution when conditioned on Y = y. In particular,

y(t—y)
M — cody

yt cody
> <=—|14+ —-7+
i _M< M—codH>

1
= pnyny, cody < pn, < 1_ T 1+
=0-0y(14,55)
n

<= )pm + 20 mal + 13y/hmy +
n —
<(1-— r)2p2n2 + 20q3n2]I + 14/ An,.

Using again (17) as well as inequalities ;ux < n, and A < n,, we infer that

nx =By (X|Y=y)=

Any —1/3
PH<XZMX+\/)\”2|YZ)/)feXP{_—}fe /3,
2(ux + +/Any/3)
which, together with the above upper bound on px, implies (82). This completes the proof of
Lemma 14. U

5.3. Proof of Lemma 9

Recall the definitions of = 7(¢) in (24), §(¢) in (43), and A(¢f) in (44). In this proof we utilise some
technical bounds on 7 := t(f) and y; proved in Section 8 (see Proposition 23). In particular, the
bound (146) on y;, together with (45), implies that

8(1)<1/9<1. (83)

(We do not even need to remember what y is to see that.)
We now derive an upper bound on A(¢). By (147), with a huge margin,

Tph Tpgh
6logN < < :
T =16(C+3) T 8(C+3)
On the other hand, for p > 0.49, squaring and rearranging the inequality (145) implies

6410gN< Tpqh
tpq  ~ 8(C+3)

Summing up, for any p,
Tpgh
AMt) £ ————.
= 4(C+3)

Without loss of generality, we assume that i = 1. Let F; be the family of graphs H satisfying, for
any distinct u;, v, € V7,

(84)

A~ | 1 (C+3)A(t) | (C+3)A(t)
dy — cody (uy, v1) — pqna| <20 T+ - - 85
|dy — codp (u1,v1) — pgna| < 20pn; | p +ﬁ+ n + 205 (85)
Lemma 11 with A = (C + 3)A(¢) and a union bound over the O(N?) choices of u;, v; imply
P(ReF)=1— ON>Se~CH0y L | o(N=(C+1) =200 (86)
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Writing 8, =,/ % and noting that (84) implies &, < 1/2, the sum of the last three terms
in the parentheses in (85) is at most

[(C+3)A@) | (C+3)A(H) pgs; 38,
2- P + 2057 <2./pqé« + 20p (1+1/40)5*5%.

In addition, the factor in front of the brackets is at most 40pgn,. Thus, (85) implies

n 38
|dy — codp (u1, v1) — pgnz| < 40pgn; <p2]1 + 7%) =pqny - 8(t)/3. (87)
We claim that for t =0,...,¢ — 1
0 (u1,
max Py ( o ACT IV 1' > 8(t)) < 2NZe~(CHIMD), (88)
HeF; U1 #v1 Tpgny

and deferring its proof to the end we first show how (86) and (88) imply the lemma.
Inequalities (86) and (88) imply

P (max
u1#v]

Consider random variables, for t =0, ...,t — 1,
O¢(u1, v1)

Yt =P <max
upF#vy Tpgn

Using Markov’s inequality and (89), we infer that

Qt(uly Vl)
Tpgna

- 1‘ > 8(t)> <2N%2e (CHMO L p(R ¢ Fp)

— O(N_(C'H)e_z}‘(t))). (89)

— 1‘ > §(t) |R(t)> .

Or(u1,v1) _
Tpqn;

which, taking the union bound over the O(N) choices of t, implies that (47) holds with the desired
probability, completing the proof of lemma.

Returning to the proof of (88), fix t <ty), He F; and two distinct vertices u;,v; € V1.
Conditioning on R =H, note that, recalling (46), random variable X:=6;(u;,v;)=
ICm\r()(4i) NT\a(vi)| counts elements in the intersection of two subsets of E(H): a fixed
set {(ui, w) : welg(u)N FK\H(vi)} of size d — cody (u1, v1) and a random set H \ R(¢) of size
M —t. Hence X ~ Hyp (M, d; — cody (uy, v1), M — t) has the hypergeometric distribution with
expectation

P (Yt > e—ZK(t)> <HOE Y= 0P (max
o u1#v]

1‘ > 8(t)) = O(N—(C+D),

pux = EX=(d; — cody (ur, v1))(M — t)/M = t(dy — cody (u1, v1)).

Note that by (87),

lux — Tpgna| < Tpgna - 8(1)/3. (90)
Let A* := (3C + 9)A(¢). From (90), (83), and (84) it follows that

26
wx Z SoTpany = A*. (91)
Note that (43) implies
A* A*
8(t)* = 7200 > 10 . (92)

Tpqny — Tpgny
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By (17), (18), and (91),

)\‘*
PH(IX—Mx|Z\//“T>52eXP{_2(1+§«/m)}

< 2e3M"/8 < 20 /3 9o (CH3IND).

Thus, with probability 1 — 2e~(C+3)2(®)
10:(u1, v1) — Tpqna| < |X — x|+ |ux — Tpgna|

<VuxA*+ lux — tpgny|
[onon] < /(L+58(t)/3) tpans - 2(1)Tpgna /10 + (5(8)/3)tpqn;

] <8(t)Tpgna(v/(1+1/27)/10+1/3)

< &(t)Tpgns.

Hence, applying also the union bound over all n? < N? choices of 1, v1, we infer (88). O

6. Alternating cycles in regularly 2-edge-coloured jumbled graphs

The ultimate goal of this section is to prove Lemma 10. While for p < 0.49 the proof follows rel-
atively easily from Lemma 13 by a standard switching technique, the case p > 0.49 is much more
involved. To cope with it, we first study the existence of alternating walks and cycles in a class of
2-edge-coloured pseudorandom graphs.

In Subsection 6.1, we define an appropriate notion of pseudorandom bipartite graphs (jum-
bledness), inspired by a similar notion introduced implicitly by Thomason in [14]. We show that
for p > 0.49 and suitably chosen parameters, the random graph K\ R(¢) is jumbled with high
probability (Lemma 17).

The next two subsections are devoted to 2-edge-coloured jumbled graphs which are almost
regular in each colour. After proving a technical Lemma 18 in Subsection 6.2, in Subsection
6.3 we show the existence of alternating short walks between any two vertices of almost regular
2-edge-coloured jumbled graphs (Lemma 19).

An immediate consequence of Lemma 19 is Lemma 20, which states that every edge belongs
to an alternating short cycle. The latter result together with a standard switching argument
(Proposition 4) will be used in the proof of Lemma 10 for p > 0.49. That proof, for both cases
p <0.49 and p > 0.49, is presented in Subsection 6.4.

6.1. Jumbled graphs

Let K := K}, 1, be the complete bipartite graph with partition classes V; and V;, where |V;| = n;.
Given a bipartite graph F C K and two subsets A € V;, B C V;, denote by er(A, B) the number of
edges of F between A and B. Recall that N = n;n; and M = pN.

Given real numbers 7, § € (0, 1), we say thata graph F C K is (7, §)-jumbled if for every A C V;
and BC V,

ler(A, B) — | A||B|| < §/NI|A||B|.
The following result of Thomason [14, Theorem 2], which quantifies a variant of jumbledness
in terms of the degrees and co-degrees of a graph, will turn out to be crucial for us.
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Theorem 15 ([14]). Let F C K be a bipartite graph and p € (0, 1) and (1 > 0 be given. If

min deg, (v) > pny and max  codp (u,v) < p*ny + 11, (93)
veVy u,veVyu#y

then, for all AC Vy and BC V5,

ler(A, B) — plAl|B|| < v/(pnz + lADIAB| + [B[Ijja1<1)-

Remark 16. The proof in [14] is given only in the case n; = ny = n. However, it carries over in
this more general setting, as in [14] n always refers to | V3.

Recall that K\ R(#) has precisely N —t=N — (1 — )M = (rp + q)N edges. The following
technical result states that, under the conditions of Lemma 6, with high probability, K \ R(¢) is
jumbled for parameters which are tailored for Lemma 20.

Lemma 17. Let o =min{tp,q} and mw:=tp+q. For every constant C>0 and p > 049, if
assumptions (27) and (28) hold, then, with probability 1 — O(N_C),for allt <t

K\R(t) is (m,a/16)-jumbled
and for any e € K \ R(t)
K\ (R(t)U{e}) is (m,a/16)-jumbled.
Proof. W.l.o.g., we assume that n; > n,. Let A :== 3(C 4-4) log N, and

8 :=20 (A/ny)"* + 104°/°IL (94)
The plan is to show that
[07
§< — 95
=16 (95)

and that with the correct probability, K \ R(#) and K \ R(#) U {e} are in fact (i, §)-jumbled.
We start with the proof of (95). Notice that, by (28),

¥4 1
VA/HZS(A/"Z)IMS%S@S@- (96)
Since p > g—?q, condition (27) implies that 1/320 > g'/?I. After multiplying both sides by 10g,
we get
4. 10 - q3/2]1’
32

which together with the second inequality in (96) implies

q q q 1/4 3/2
LT L>200 +10-g>*1=35.
16 32 32 (/n2) 1

On the other hand, using p > 0.49, T > 1) and the definition (25) of 7y, we infer that

T 049:7 _ 049700 ((C+4)V* [ (logN) '/t TS
6= 16 16 1

>20 (A/nx)/* 41041 =36.

Hence /16 = min {rp/16, q/16} > §, implying (95).

We now prove the jumbledness, first focusing on K \ R(#) and then indicating the tiny change
in calculation for K \ (R(#) U {e}). Fixing an arbitrary t < t, we will first show that, with prob-
ability 1 — O(N —C=1), conditions (93) of Theorem 15 are satisfied by F=K\R(t) and F=
K\ (R(t) U {e}) for suitably chosen p and p. Then we will apply Theorem 15 to deduce that
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K\ R(¢) is (7, §)-jumbled. Lemma 17 will follow by applying the union bound over all (at most
tp <M < N) choices of t.
By (147), A < top# with a big room to spare. Note that
1-1p=1-m, (97)
which implies that | degK\R(t) (v) —mny| =| degR(t) (v) — (1 — 1)d,|. Hence, by Lemma 13, with
probability 1 — O(N2e™%),

mz‘ilx | degK\R(t) (v) —mny| <34/ %Ardl < 2/ Any <34/ Any. (98)
vevy

Moreover, recalling that n; > n; and, again using (97), Lemma 14 implies that, with probability
1 — O(N3e™*/3),
max  codry (1, v) < (1 — 7)’ny + 20q3n2]1 + 154/ An,. (99)
u,ve Vi,u#y
Since A =3(C+ 4)log N, the intersection of events (98) and (99) holds with probability 1 —
ON3e™*3)=1-0OWN~¢1),
Note that for distinct u, v € V1, by (56) and (98)

codr\Rr(r) (4, v) < codr(s) (4, v) + (2 — 1)ny + 64/ Any, (100)

which, by (99), implies that
max  codg\r(y) (4, v) < 7ln, + 20q3n2]l + (15 4+ 6)+/Any. (101)

u,veVi,u#v

Set

p:=7m —3y/A/ny and p:= 20q3n2]1 + (15 4 12)ny+/A/ny,
and note that by the inequality 7 < 1 and by (96), we have 0 < p < 1. Furthermore, p? > 72 —
6+/A/ny. Hence, (98) and (101) imply the assumptions (93) for F=K \ R(#) with the above
p and . Consequently, by Theorem 15 (using a < n; and p < 1),

lex\R(1)(A, B) — pab| < \/<7m2 +20g3nnpl + (15 + 12)n1n2\/)L/TZ) ab+b.
Further, since N = nyny, n > ny > band a, A > 1, we have, with a big margin,
T<1< nl\/)L/TZ and b<.+/bny < M(A/m)l“.

It follows, applying the inequality \/x +y < /x4 ,/y as well as (94), that

lexrin(4 B) — pabl = ((VI5+13 + 1)(/n)"/* + +/204*/1) v/Nab < gM (102)
Moreover, note that using ab < n;n, = N and the first inequality in (96),

(r — plab=3 A/nz-ab§3(k/n2)1/4'M§g\/m, (103)

Hence, (102) and (103) imply

lex\r(+) (A, B) — wab| < |ex\r(1)(A, B) — pab| + (= — p)ab < 6~/ Nab,

meaning that K \ R(#) is (i, §)-jumbled.

If above we replace K\ R(#) by K\ (R(t) U {e} ), the upper bound in (98) and the bound
in (101) still hold trivially, while the lower bound 71, — 34/An; in (98) remains correct, since
degy\ rpyu(ey) (V) = degi\r(y) (v) — 1 and we have plenty of room in (98). Hence Theorem 15
applies with the same p and pu, implying that K \ (R(#) U {e}) is also (7, §)-jumbled. O
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6.2. A technical inequality for blue-red graphs

We find it convenient to introduce relative counterparts of basic graph quantities. Below i € {1, 2}.
As before, let K := Kj,, 5, be the complete bipartite graph with partition classes V7 and V>, where
| Vi| = n;. The relative size of a subset of vertices S C V; is

ISI
s(8) :=
”1
Further, for X € V; and Y € V; and a subgraph F C K, we define the relative edge count
X, Y
er(X, V) = ep(¥, x) = EE ),
niny

Moreover, for v € V;and Y C Vi_;, we define the relative degree

er({v},Y)
na_i

dr(1,Y) =

If Y = V3_;, we shorten dr(v, Y) to dr(v).
In this notation, a graph F is (7, §)-jumbled if for every X C V1, Y C V;
ler(X, Y) — ms(X)s(Y)] < 8+/s(X)s(Y). (104)

Now, let the edges of a graph F be 2-coloured by blue and red, and let B and R be the subgraphs
of F induced by the edges of colour, resp., blue and red. We then call F = B U R a blue-red graph.
Note that

euR(X, Y) = ep(X, Y) = er(X, Y) + ep(X, Y).
We say that a blue-red graph F is (7, b, §)-regular, if
b—8<dp(v)<b+4, and r—48<dr(v)<r+48 foreveryveV,UV,. (105)

If F is at the same time (r 4 b, §)-jumbled and (r, b, §)-regular, as in the technical lemma below,
we will sometimes loosely refer to such a graph as regularly jumbled.
Finally, for every SC V;,i=1,2,set S:= V;\ S.

Lemma 18. Letr, b € (0, 1) be real numbers and define o := min{r, b}. Letv <o /16 and § <« /16
be positive reals and let F C K be a (r, b, §)-regular, (b + r, 8)-jumbled bipartite blue-red graph. If
sets X C Vi, Y C Vi_; satisfy

ep(X,Y) 4+ er(X, Y) <v, (106)
and
min{bs(X), rs(Y)} < . :I-?b’ (107)
then
v
X), rs(Y _ 1
max{bs(X), rs(Y)} < I~ 75/a (108)
Proof. Since
X, Y Y 1
ex(x,7) = D Dy e, 1) 2w Y),
niny niny veX
from (105) we have
er(X, Y) 4+ &r(X,Y) < (r + 8)s(X) (109)
and, similarly,
eg(X,Y) +ep(X, Y) < (b + 8)s(Y). (110)
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By summing (106), (109) and (110), we infer that

er(X, Y) + er(X, Y) +ep(X, Y) < v+ (r + 8)s(X) + (b + 8)s(Y). (111)
On the other hand, by (105),

er(X,Y) =¢ep(X, Vo) — ep(X, Y) > (b+r — 28)s(X) — ep(X, Y)
and

er(X, Y)=ep(V1,Y) —ep(X, Y) > (b+r —28)s(Y) — ep(X, Y).
Hence, by (104) withw =b 4+,

er(X, V) +ep(X,Y) + ep(X, Y) = (b + 1 — 28)(s(X) + s(Y)) — ep(X, Y)
> (b +r—28)(s(X) +s(Y)) — (b+1r)s(X)s(Y) — §4/s(X)s(Y).

Comparing with (111), we obtain the inequality

bs(X) + rs(Y) — w <v+34 ( )+ 3s(Y) + /s(X)s(Y) )

br
Denoting x := bs(X) and y:=rs(Y) and h:=rb/(b + r), this becomes
xy 3x y y
- — =< ) HI/8 112
xty— =v+ (b+ +‘/br) 14 (112)
Trivially, by the definitions of s(X) and «, and by our assumptions on v and §, we have

1 1
<v+78 S
Vv < s  T

Since our goal—inequality (108)—now reads as
v

~1-78/a’

to complete the proof it is enough to assume, without loss of generality, that max{x, y} =y and
show, equivalently, that

max {x,y} <

y<v+76y/a. (113)

By (107) we have x = min{x, y} < h. Note that x =h cannot hold, since then the LHS of (112)
would equal h, contradicting the fact that ¢ < h. Hence, we have x < h, which, together with
Y < hand (112), implies that

Y —x h— 1// x 3y Xy 78y

—h— h—y)=y =v+6 242 o4

e TS n=y=vt (b+ ) v
and (113) is proved. U

6.3. Alternating walks and cycles

A cycle in a blue-red bipartite graph is said to be alternating if it is a union of a red matching and a
blue matching, that is, every other edge is blue and the remaining edges are red. The ultimate goal
of this subsection is to show that for every edge in a regularly jumbled blue-red bipartite graph,
there is an alternating cycle of bounded length containing that edge. We are going to achieve it by

utilising walks.
Given x, y € V1 U Vy, an alternating walk from x to y in a blue-red graph F is a sequence of (not
necessarily distinct) vertices (v =x,...,vs=y) such that for each i=1,...,s— 1, vjvit1 €F,
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every other edge is blue and the remaining edges are red. There is no restriction on the colour of
the initial edge vy v,. The length of a walk is defined as the number of edges, or s — 1.

If the vertices vy, . . . , v are all distinct, an alternating walk is called an alternating path. Note
also that if F is bipartite, x € V1, y € V3, and the edge xy is, say, blue, then every alternating path
from x to y which begins (and thus ends) with a red edge together with xy forms an alternating
cycle containing xy.

The first result of this section asserts that regularly jumbled blue-red bipartite graphs have a
short alternating walk between any pair of vertices.

Lemma 19. Given r,b € (0,1) such that o := min{r, b}, let § € (0,/16] and let F C K be an
(r, b, 8)-regular, (b+ r, 8)-jumbled blue-red graph. Let L =4[16/rb] + 1. For any x € V; and y €
V3_; there exist at least two alternating walks from x to y of length at most L, one starting with a
blue edge and another starting with a red edge.

Proof. For we V; U V; and an integer k > 1, define RIV{V and Bz’ as the sets of vertices v € V(F)
such that there is an alternating walk from v to w of length £ <k, £ =k (mod 2), starting with,
respectively, a red edge and a blue edge. (Note that these definitions concern walks ending
with w.)

Clearly, for every k > 3, B;’ , C B} and R} , C R}". Observe also that for any k > 2, by defini-
tion the sets R}’ , and B}’ are contained in opposite sides of the bipartition (V1, V2) and, moreover,

€B (@ RL) =0. (114)

By symmetry, By | and R}/ are contained in opposite sides of (V, V2) and

€R (@ B,”j_l) =0. (115)

Set v=rb/16 and note that, since r,b <1, we have v < «/16. There exists an integer t <
T:=[1/v]=[16/rb] such that

s (R \R3i_y) <, (116)

since otherwise 1 > s(R;’TH) > ZIT:1 s(Ry;1 \ Ry;_;) > vT > 1, which is a contradiction.
By (114) and (116),

€B (REVH-I’B_ZWt) =éB (RE\;—I’B_;;) +éB <R2Wt+1 \RZWt—l’BZWt) <s (R} \Ry_p) <v.  (117)

Combining (115) for k=2t + 1 and (117), we get

en (RS BY,) + ex (RE, 10 B ) <v. (118)
Set X =R, Y= B}, for convenience. We claim that
s(X)>r/(r+b) and s(Y)>b/(r+0). (119)

Assuming the contrary, we have
min {bs(X), rs(Y)} <br/(r+0),
which, together with (118), constitute the assumptions of Lemma 18. Applying it, we get

v rb rb rb
= < =—, (120)
1—-78/a  16(1 —78/a) — 16(1—7/16) 9
where the second inequality follows by our assumption § < «/16.
On the other hand, since X contains the set R} = I'r(w) of red neighbours of w, by (r, b, §)-

regularity of F we have s(X) >r—§ > %r, a contradiction with (120). Hence, we have shown

max {bs(X), rs(Y)} <
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(119). Since X = R;"H_l C RE"T_H and Y = By, C B, we also have

r b
s (RS/TJrl) > r—i—_b S (BEVT) > r+_b (121)

Since we chose w arbitrarily, (121) holds for w € {x, y}, implying

r . b
S (R;T-‘rl) > H—_b, N (BZT) > r—}-_b (122)

Let us assume, without loss of generality, that x € V1 and y € V5. Then, B}, R;T 1SN and,

in particular, for every vertex v € B} there is a walk (of even length at most 2T) from v to x
starting with a blue and thus ending with a red edge. By (122), s(B}) + s(RgT +1) > 1, s0 there
exists v € B, N R;T +1- This means that there is an alternating walk of length at most 2T + (2T +
1) =4[16/rb] + 1 =L from x to y (through v) that starts with a red edge.

By an analogous reasoning with the roles of the colours red and blue swapped,
RN B # {J, and thus there is an alternating walk of length at most 2T + (2T + 1) = L from

2T+1
x to y which starts with a blue edge. U

The following result is an easy consequence of Lemma 19.

Lemma 20. Letr,b e (0,1), o := min{r, b}, and § € (0,x/16]. If F C K is an (r, b, §)-regular, (r +
b, 8)-jumbled blue-red bipartite graph, then every edge of F belongs to an alternating cycle of length
at most 2D, where D =2[16/rb] + 1.

Proof. Let xy be an edge with x € Vi, y € V,. Without loss of generality, we assume that xy is
blue. Then, by Lemma 19, there exists at least one alternating walk from x to y of length at most
4[16/rb] 4+ 1 =2D — 1 starting with a red edge. Consider a shortest such walk W. We claim W
is a path. Indeed, assume that W is not a path and let w be the first repeated vertex on W. If we
remove the whole segment of the walk between the first two occurrences of w, what remains is still
an alternating walk from x to y starting with a red edge (since this segment has an even number
of edges), contradicting the minimality of W. The path W is not just a single edge xy (since xy is
blue) and therefore W and xy form an alternating cycle of length at most 2D. U

6.4. Proof of Lemma 10
Let @ = min {rp, q}. Applying Lemma 13 with A = (C+ 1) log N (note that the condition A <
topn follows generously from (147)) we have that, with probability 1 — O(N =€), for every t <ty

Vv,eV; 1di(1-8)<d;— degR(t) (vi) <td;(1 +8), ie{l,2}, (123)

where

5=3,/(C+ 1) logN/(rph)
Whenever p > 0.49, by Lemma 17, with probability 1 — O(N~) for every t < t, we have that
K\R(t) is (rp+ g, a/16)-jumbled, (124)
Vee K\R(t) K\ (R(t)U{e}) is (rp-+g,a/16)-jumbled.
fFix R(#) = G satisfying (123) and (124). It remains to prove that for every pair of distinct edges
e.feK\G

PleeR f¢R|R(H)=G)>e =N, (125)
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where D=3 if p <0.49 and D = 32/7tpq + 3, if p > 0.49. For this, fix distinct edges e,f € K\ G.
Aiming to apply Proposition 4, we need to verify the assumption on the existence of alternating
cycles containing a given edge.

Given a graph G’ and H € R -, recall our convention to call the edges of H \ G’ blue and the
edges of K \ H red.

Claim 21. Let G € {G, GU {e}}. For every H € RG/, every edge g € K\ G' is contained in an
alternating cycle of length at most 2D.

From Claim 21 we complete the proof of (125) as follows. Since G is admissible, we have
R # 9. Therefore Proposition 4 implies

Ré,—
RGe#0, and IRl <NP 1. (126)
IRGel
Since (126) implies Rgue} = R, # ¥, Proposition 4, applied to graph G U {e} and edge f, implies

IRGue) £ -

Rouel~f # %> and NP —1. (127)

IRGute),~f1 —
Using (126) and (127), we infer
1 _ IRal _ IRal IRl
PeeR,f¢R|RH)=G) IRGe—fl [RGel IRGe—fl

Rg- R
=<1+| G, e|>. - [RGefl
IRGel IRGe,~f|

_ (H— |RG,—-e|). 1+ IRGute) £ <N,
IRGel IR Gufe), ]
which implies (125).

It remains to prove Claim 21. As a preparation, we derive bounds on the vertex degrees in
G U {e}. Note that the inequality (147) implies

4 <0.001, (128)

8td; > 3,/Ctphilog N > 3Clog N > 1. (129)

The latter, together with (123), implies that, for an arbitrarye € K \ G,
YvieV; tdi(1—-28)<d;— degGU{e} (vi) < td;(1 4+ 6), ie{1,2} (130)

and

We consider two cases with respect to p.

Case p < 0.49. We first claim that for any two vertices x; € V;, i =1, 2, there is an alternating
path x; y2y1x2 such that x;y; is red (and thus y;y; is blue and y;x; is red). The number of ways to
choose a blue edge y1y; is

M—|G|>M—t—1=1pN—1.

We bound the bad choices of y; y» which do not give a desired alternating path. These correspond
to the walks (we must permit y; = x1 and y2 = x2) x1y2y1 and x2y; y» whose first edge in non-red,
i.e., it belongs to H, while the second one is blue, i.e., it belongs to H \ G'. By second inequalities in
(123) and in (130), there are at most d; - T(1 4 8)d, choices of such x;y,y; and at most d, - (1 +
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8)d; choices of such x2y1y2, so altogether there are at most
2p°7(1 4 8)N < 0.98(1 + 8)tpN

bad choices of y;y,. Thus, noting that 1/7pN <6 <0.001 (cf. (129) and (128)), the number of
good choices of y;y» is

TpN — 1 —2p*(1 4 8)N = tpN(1 — 2p — 38) > 0,

implying that there exists a desired path x;y,y;x2.

This immediately implies that if g = x;x; is blue, then g is contained in an alternating 4-cycle.
If g = uj u is red, then we choose blue neighbours x; € I' H\ ¢ (W2)andx; €T H ¢ (u1) (which exist
due to the lower bounds in (123) and (130) being positive). Since there exists an alternating path
X1y2y1X starting with a red edge, we obtain an alternating 6-cycle containing g. This proves Claim
6.4 in the case p < 0.49.

Case p > 0.49. We aim to apply Lemma 20. We first verify that, for G’ € {G, GU {e}} and every
He R, blue-red graph K\ G’ is (q, Tp, /16)-regular. This assumption is trivial for the red
graph K \ H, which is g-biregular regardless of G'. In view of (123) and (130), the relative degrees
/(v) in the blue graph lie in the interval [tp — 287p, Tp + 287p]. Since (28) implies

(C+DrplogN \/(C—i—l)logN q\%2 ¢
Stp=3 <3 <3 (2 1
°P \/ ] - fl _f<680) = 32

dH\G

and (128) implies 8tp < Tp/32, we obtain 287p < a/16. Hence, indeed, K\ G’ is (g, Tp, a/16)-
regular.

On the other hand, by (124) K \ G is also (tp + g, @/16)-jumbled. Hence, by Lemma 20 with
F=K\ G, r=gqand b= tp, the edge g belongs to an alternating cycle of length at most 2D with
D =2[16/tpq]| + 1 < 32/tpq + 3. Claim 21 is proven. O

7. Extension to non-bipartite graphs

Given integers n and d, 0 <d <n — 1 such that nd is even, define the random regular graph
R(n, d) as a graph selected uniformly at random from the family R(#, d) of all d-regular graphs on
an n-vertex set V. To make the comparison with the binomial model G(#, p) easier, similarly as in
the bipartite case, we set p = n;il and define R(n, p) := R(n, d). In what follows, we often suppress
the parameter d and instead just assume that 0 < p <1, p(n — 1) is an integer, and p(n — 1)n is
even.

As described below, our proof of Theorem 2 can be adjusted to yield its non-bipartite ver-
sion and, consequently, also a non-bipartite version of Corollary 3. Instead of formulating these
two quite technical results, we limit ourselves to just stating their abridged version, analogous to

Theorem 1. It confirms the Sandwich Conjecture of Kim and Vu [6] whenever d > (nlog n)3/ !

and n — d > n3/4( log n)l/4,
Theorem 1'. If

logn log n\ /4
p> Bt 1-p (RE1) (131

then for some m ~ p(3), there is a joint distribution of random graphs G(n, m) and R(n, p) such that

G(n, m) CR(n, p) a.a.s.
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1/4
log®
p>>( 5 ) ,
n

then for some m ~ p(5), there is a joint distribution of random graphs G(n, m) and R(n, p) such that

If

R(n, p) € G(n, m) a.a.s.

Moreover, in both inclusions, one can replace G(n, m) by the binomial random graph G(n, p'), for
some p' ~ p.

To obtain a proof of Theorem 1’, one would modify the proof of Theorem 2 and its prerequi-
sites fixing, say, C = 1. For the bulk of the proof (see Sections 3-6) the changes are straightforward
and consist mainly of replacing K = Ky, , by K, both n; and n; by n, N = nin; by (), both d;
and d, by p(n — 1), as well as of setting I = 0. In particular, we redefine (cf. (25))

log n
o p <049,
T0 := C1 1/4 (132)
log n > 0.49
n > p . >
logn
. p<049,
Tpn
rn=0C
logn 0.49
5 A5 > L. >
2¢%n P
and
1
|87 p <049,
pn
v =G

log n 14
., p>049,

n

for some appropriately chosen constants Cj, Cz, C3 > 0 and replace assumptions (26)-(28) by
conditions (131). Some other constants appearing in various definitions, might need to be
updated, too.

The proofs of non-bipartite versions of Theorem 2, Claim 7, Lemmas 8, 9, 13, and 14 follow
the bipartite ones in a straightforward way.

The proof of Lemma 6 is modified also in a straightforward way except for one technical
change. In the switching graph B we consider 6-circuits rather than 6-cycles (that is, we allow the
vertices x; and x; in Figure 2 coincide). With this definition the degrees in the switching graph B
(cf. (39)-(40)) are now as follows. If edges f = uju; and e = v; v, are disjoint, then

degp (H) = 06,1 (u1, v1)0G,H(u2, v2) + OG,H(u1, v2)06u(u2, v1), HER (133)
and
degp (H') = 06,1 (v1, u1)06,H(v2, u2) + O (v, 2)0Gu(va, 1), H €R'. (134)
If e and f share a vertex (without loss of generality, u; = v;), then

degy (H) =661 (u2,v2), HeR, and degg(H)= QG’H/(Vz, w), HeR.
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We modify the definition (42) of a §-typical graph by taking the maximum over all pairs (1, v) €
f x e of distinct vertices. Since we now have two terms in (133) and (134), the bounds in (49)
and (50) get some extra factors 2, which cancel out, leading to a bound similar to (51), but with
constant 9 inflated.

There is also a little inconvenience related to the analog of formula (56). Namely, now

codr (u, v) = |TCp(u) \ {v} | + [Tr() \ {u} | — [Tr(u) UTE(W) \ {u, v} |
=degy (u) + degp (v) — 2Lyer — (n — 2 — codg,\F (4, V), (135)

so, the formula gets an extra factor O(1), which turns out to be negligible.
Set R:=R(n, p). More substantial modifications needed to prove Theorem 1’ (which we
discuss in detail below) are the following.

o Lemma 11 (only the case [ =0 left). Instead of using the asymptotic enumeration for-
mula of Canfield, Greenhill and McKay (Theorem 5), we apply the one of Liebenau and
Wormald [8].

o Lemma 10 in the case p > 0.49. Instead of directly showing the existence of short alter-
nating cycles in K, \ R(#) = (K, \ R) U (R \ R(#)), we create a blue-red auxiliary bipartite
graph from K,, \ R(#) and apply unchanged Lemma 20 to it.

7.1. Sketch of co-degree concentration for regular graphs

The non-bipartite version of Lemma 11 below is obtained by just setting I = 0 and replacing # by
n (the resulting term p is swallowed by 1).

Lemma 11'. Suppose that pn — oo and ) = A(n) — oco. Then, for any distinct u, v € [n],
P (| codg (4, v) — p*n| < 20p/An + A) =0 (neik) . (136)

As before, it is sufficient to assume that p < 1/2 and thus replace p by p in (136). Indeed, by (135)
and the identity 2p — 1 =p? — ¢,

codpr (u, v) —pzn =2(p(n — 1) — Iyer) — (n — 2 — codg,\r (14, V)) —pzn
= codi\R (u1,v1) — ¢*n + O(1).

This allows, for p > 1/2, to replace p by g, as explained in the proof of Lemma 11 (the error O(1)
is absorbed by the term 1).

The proof of (136) for p < 1/2 is based on the following enumeration result by Liebenau and
Wormald [8] (see Cor. 1.5 and Conj. 1.2 therein), proved for some ranges of d already by McKay
and Wormald [10,11].

Given a sequence d = (dy, . . ., dy), let g(d) denote the number of graphs G on the vertex set
V= (v1,...,vs) whose degree sequence is d, that is, deg, (v;) =d;, i=1, . .., n. Further, let

B d 1 - - ~ - -
d=-Y di, nu= , =—— Y di—-d? d=min(dn—1-d).
n; n=—m) n (n—l)zg( ) min (d, n )

Theorem 22 ([8]). For some absolute constant ¢ > 0, if d = d(n) satisfies max; |d; — (;l| = o(ngrAi),
nd — 00, as n — 00, and Y i, d; is even, then

2

g(d) ~ \/Eexp (—le — 4'“2(1/—2_’”2> (MM(I - M)lfu-)(;) 1—[ <”;l 1).

i=1

https://doi.org/10.1017/50963548322000049 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548322000049

Combinatorics, Probability and Computing 37

The proof of Lemma 11’ follows the lines of the proof of Lemma 11 in the case I=0. For
fixed distinct u, v € V we define, as before, Ry = {G € R(n,d) : codg (u,v) =k}, 0 <k <d. Using
Theorem 22, it is tedious but straightforward to find a sequence r¢ := ri(n, d) such that |R| ~ 7.
We have r;, = r2 + ri, as the formula for |Rx| breaks into two, according to whether uv is an edge

(r]i) or not (rg). It can be checked that ry,...,r; > 0and, for 1 <k <d,

o d—k+1)? VS 1
P k(n—2—-2d+k) d n—1—d

no__@-k? (0 1\( 1
r,il_k(n—2d+k)( _2)( _n—l—d)'

Let u°:= (d 4+ 1)?*/nand u! :=d?/n. For u° <k < d and, respectively, for ul<k<d,

as well as

=

k-1 k-1
Thus, for n° <k <d,
e f’,(z-i-f’,i - u®
Mol "t &

Similarly, setting p = (1 — é) (1 ——
0 1
r r
biab by bk
10 T o T ulp rl T oulp
So, for 1 <k < !,
0 1
et _Teer e K
Tk W+ T ulp

Setting conveniently iy :=u® and p_ :=u'p, we may now apply Claim 12, which extends
straighforwardly to the non-bipartite setting.
We have, using that d > 1,

4d?
[y < — <4p°n. (137)
n
Also, using p < 1/2,
1) d? 1\ —2)?
ey < (pnt )7 <p’n+2 and p_=p'p>— (1 - —) L =27 >p’n—2,
n n d n
whence, setting X = codg (11, v1), and x = 20,/p?ni + A — 2,
P (1X = pPnl = 20pv/An +2) SP (X2 g +0) + P X< = ). (138)

We now bound the RHS of (138) using Claim 12 with A — 2 instead of A. Noting that (137) implies
x> /2u+(X —2)+ (A — 2), we have

PXZpus+x)+P X< p- _x)zo(ﬁe—(x—z))_

Since /Ne~ =2 = @(ne*), this completes the proof of Lemma 11’.
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7.2. Sketch of the proof of new Lemma 10, case p > 0.49

For completeness, we state here the non-bipartite counterpart of Lemma 10 which on the surface
looks almost identical.

Lemma 10'. Assuming (131), we have, a.a.s.,

; —A()
eJEKgﬁ?t)’e#fP (eeR,f¢R|R(H) =e 1, fort < to.

Looking at the diagram in Figure 1, we see that the proof of Lemma 10 relies on several other
results, most notably Lemmas 17 and 20. It would be, however, a very tedious task to come up
with non-bipartite counterpart of Lemma 20, and, consequently, ones of Lemmas 19 and 18.
Instead, we rather convert the non-bipartite case into the bipartite one by a standard probabilistic
construction and use Lemmas 17 and 20 practically unchanged.

Given a blue-red graph H C K,,, let bip(H) be a random blue-red bipartite graph with bipar-
tition Vi ={uy,...,u,}, Va={v1,..., v}, such that for each edge ij € E(H) we flip a fair coin
and include into bip(H) either u;v; or u;v; (coloured the same colour as ij), with the flips being
independent. In particular, |E( bip(H))| = |E(H)|, so the density of bip(H) is exactly half of that of
H, while, if the densities of the blue and red subgraphs of H are b and r, then the expected densities
of the blue and red subgraphs of bip(H) are b/2 and r/2.

Note that if there is an instance of bip(H) in which an edge u;v; is contained in an alternating
cycle of length at most D, then ij is contained in an alternating circuit of the same length. It is not,
in general, a cycle, since some vertices can be repeated, but edges are not, as the edges of bip(H)
correspond to different edges of H. Luckily, Proposition 4 actually works for alternating circuits
too, since in a circuit the blue and red degrees of each vertex equal each other (see the paragraph
following equation (15)) and, similarly as for cycles, in K,, there are at most n>¢~2 circuits of length
£ containing a given edge e. Defining Rg, Rg,e,> and Rg,—. analogously to the bipartite case (cf.
(15) and (16)), and making obvious modifications of the proof of Proposition 4, we obtain the
following.

Proposition 4'. Let a graph G C K,, be such that R # ¥ and let e € K,, \ G. Assume that for some
number D > 0 and every H € R¢ the edge e is contained in an alternating circuit of length at most
2D. Then RG—e 0, RG.e # 0, and

1 Rg-
- < | G, e| SI’ZZD
nt —1 IR Gel

The plan to adapt the proof of Lemma 10 is to condition on K, \ R(#) having its degrees and co-
degrees concentrated (using the non-bipartite counterparts of Lemmas 13 and 14) and then show
that there is an instance F of bip(K, \ R(#)) in which the degrees and co-degrees are similarly
concentrated, with just a negligibly larger error.

In particular, such an F is (9/2, 7p/2, a/32)-regular (as before, we denote @ = min {zp, q}).
Then, applying Theorem 15 along the lines of the proof of Lemma 17, we show that F is also
(7/2, /32)-jumbled, where, as before, m = tp + q. Hence, we are in position to apply Lemma 20,
obtaining for every edge of F an alternating cycle of length O (1/(tpq)) in F. As explained above,
this implies alternating circuits in K, \ R(#) of the same length, and so we may complete the proof
of Lemma 10/, based on Proposition 4/, in the way we did it in the bipartite case.

Let us now present some more details. We condition on R(¢) = G such that (cf. (75) and (78))

—1.

Vve[n] |deg;(v) —(1—1)pn|=0(y/nlogn) (139)
and
max codg (u,v) =(1 — r)zpzn + O(y/nlogn). (140)

u,ve[n],utv
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Fix an arbitrary H e Rg. Since the red graph K,\H is q(n— 1)-regular, we have
degyiyx,\mr) (V) ~ Bin (q(n — 1), 1/2). Thus, by a routine application of the Chernoff bound a.a.s.

f}relﬁﬁ ‘degbip(Kn\H) (v) — qn/Z‘ = O(y/nlogn). (141)
By (139), the blue graph H \ G has degrees pn — (1 — t)pn + O (§tpn) = tpn + O (\/nlogn), so
the Chernoff bound implies that (using p > 0.49) a.a.s.

max ‘degbip(H\G) () — tpn/Z‘ =0 (W) . (142)

ve[n]

By (131) and (132), since p > 0.49 and 7 > 1o,

. logn /4
a =min{zp, q} > — .

Consequently, /nlogn <« an and, with a big margin, we conclude that a.a.s. bip(K, \ G) is
(q/2,tp/2,0t/32)-regular.
Next, we check that bip(K,, \ G) is (7r/2, o/32)-jumbled. Inequalities (141) and (142) imply

N
degbip(Kn\G) (v)= 5 + O(y/nlogn). (143)
Further, by (135), (139), and (140), we have that (cf. (100))

max codg,\g (4, v) <2 max degy \G (v) — (n—2 — codg (u, v))
u#v ve([n] "

=Q2r—Dn+Q—-n)n+ O(y/nlogn) =7’n+0 (‘/nlog n) .

Since for every u, v € [n], u # v, codpip(k,\G) (4 v) ~ Bin ( codk,\c (4, v), ;11), by a simple applica-
tion of Chernoff’s inequality and the union bound we show that a.a.s.

2
max codpip(k,\G) (4 V) = T + O(y/nlogn). (144)
u,veVy 4

Now, fix an instance F of the graph bip(K}, \ G) for which (141), (142) and (144) hold.

Applying Theorem 15, by calculations similar to those in the proof of Lemma 17, from
(143) and (144) we deduce that F is (;/2, «/32)-jumbled. Since we earlier showed that F is
(q/2,tp/2,00/32)-regular, Lemma 20 implies that in F every edge is contained in an alternat-
ing cycle of length O (1/(rpq)) and therefore in K, \ G every edge is contained in an alternating
circuit of the same length. The same argument implies alternating cycles in K, \ (GU {e}) for
an arbitrary edge e, since only the lower bound in (139) has to be decreased by a negligible
quantity 1.

The rest of the proof of Lemma 10’ in the case p > 0.49 follows along similar lines.

8. Technical facts

Here we collect a few technical or very plausible facts with their easy proofs. Most of them have
been already utilised in the paper. An exception is Proposition 24 to be used only in Remark 26,
Section 10.
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We begin with convenient consequences of the assumptions of Lemma 6.

Proposition 23. For t =0,.. ., fp — 1, the conditions of Lemma 6, namely, (26), (27), and (28),

imply that
3(C+4)logN
79 > 199 > 700 - 680,/ w, whenever p > 0.49, (145)
n
Yt S Vto S L (146)
and
Tpi = Topht > 3000%(C + 4) log N. (147)

Proof. Since v = t(t) > t(fy) > 79 and y; is increasing in ¢, the first inequalities in (145)-(147) are
immediate and it is enough to prove the second inequalities.

Inequality (145) follows from the definition (25) of 7y and (28).

To show (146), for p < 0.49, using the definition of 7y (see (25)) and (27), we get

Y, + < 0. =+ 0. <1,
‘o = 3404 3

while for p > 0.49
25,000
— <
680 - 700
To see (147) first note that for p < 0.49 it is straightforward from the definition of 7y in (25).

For p > 0.49, observing that (26) implies ,/ w </P/3240 < 1/3240, we argue that

)/to 5 0.01 +

49 49 C+4)logN C+4)logN
T0p > — 109 (1;5)_ 700 - 680 % >30 OOZM
51 51 n
whence (147) follows. O

Next, we give a proof of Claim 7 which was instrumental in deducing Theorem 2 from Lemma 6
in Section 3.2.

Proof of Claim 7. Writing X = to — |S|, we have EX = Z:O 01 ¥t Denoting o := 108051 and

2C+3)logN
3040 |2CF 3 logN +)°g <049,

(C+3)logN

25,000 —~
q*i

, p>0.49,

we have
BTV, p<049,

Y=o+
Bt~ p>049.

Since, trivially, Zf’:_ol a=aty<aM= 1080f12ﬂ - M, to prove (35), it suffices to show that

to—1 to—1 N

M n
172 <o, d <] ) 148
Z: T < an ; T < 1 og logN (148)
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Since T = 1(t) =1 — t/M is positive and decreasing on [0,M),

to—1

M-1 M 1
Z 12 < Z -1/2 5[ tfl/zdtzM/‘ 1124 =2M,
=0 t=0 0 °

implying the first inequality in (148). On the other hand, recalling t) = [(1 — 7o)M],

fo—1 fo (1-70)M 1 1 M i
Z‘L’_lf/ r_ldt§/ 'c_ldth/ v ldt =Mlog — < — log ——,
—~ 0 0 " T~ 4 logN

which implies the second inequality in (148).

Checking (36) is a dull inspection of definitions using conditions (28)-(29), which the readers
might prefer to do themselves. We nevertheless spell out the details starting with the case p < 0.49.
Choosing C* large enough,

y =C* <p21[+ ,logN>

(C+3)logN (C+4)1logN  [logN  [2ClogN
>1080p2]l+6480/ il ) %87 43240 \/ + ) %8 \/ %8 \/ °8
2Clog N (29) 2Clog N
29+«/_r0+2,/1/M+,/—Mg ze+ro+2/M+,/—Mg :

In the case p > 0.49, note that g°/2 > g > p?. Therefore, assuming C* is large enough,

1 N 1/4
v /3> 700 (3(C + 4))/* ( 32 4 ( o8 ) —
T’l

and

C+3)logN
C+ Z)Aog og >0.
q-n log N

/3 > 1080g%/%1 + 6250

Finally, because (28) implies 71/(log N) > 1 and d}, d» > 1 implies M > #, for large enough C*,

% 1/4
/3> [ (logAN) . IO%N L /2Cli)gN
3 n n n

— 2 n 2ClogN
> 2yl
which, with the previous two inequalities, implies (36). 0

We conclude this technical section with a lower bound on the maximum degree in a binomial
random graph.

Proposition 24. If p' < 1/4 and ny < ny, then a.a.s. the maximum degree of G(ny, ny, p') in V is
at least i := min{[p'ny +/p'(1 — p')ny log n11, na).

Proof. Writing Z ~ N (nap’, nap’(1 — p')), by Slud’s inequality [13, Theorem 2.1] we have

:P(Bin(nz,p’)zk)ZIP’(ZZK)EIP’(ZZ\/p’(l—p/)nzlogm),
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hence by a standard approximation of the normal tail we obtain

r> 1+ 0(1) e—% logm _ e—(1/2+0(1))log -
V2w logny

Therefore, the probability that all vertices in V) have degrees smaller than « is
(1 _ r)m <M’ < exp (_nle7(1/2+0(1))log m) =0,

proving the proposition. O

9. Application: perfect matchings between subsets of vertices

Perarnau and Petridis in [12], in connection with a problem of Pliinnecke, studied the existence of
perfect matchings between fixed subsets of vertices in random biregular graphs. In particular, they
proved the following result (which we state in our notation to make it easier to apply Theorem 2).

Theorem 25. (Theorem 2 in [12]) Let k> 0 be a constant, and assume ny = kn and pny < n.
Take subsets A C V1 and B C V, of size pny and let My p denote the event that the subgraph of
R(ny, na, p) induced by A and B contains a perfect matching. As 1 — 0o, we have

P (Mag) =0, if p*ny —log pny — —o0 or pny is constant,
and
P(Mapg)—>1, if p*ny —log pny — oo. (149)

Perarnau and Petridis [12] speculated that if the bipartite version of the Sandwich Conjecture
was true, then Theorem 25 would follow straightforwardly from the classical result of Erdés and
Rényi on perfect matchings in the random bipartite graph (see Theorem 4.1 in [5]). That result, in
particular, implies that the bipartite binomial random graph G(n’, n’, p’) contains a perfect match-
ing a.a.s. whenever p'n’ —logn’ — 0o as n’ — 0o. We show how this, together with Theorem 2,
implies the 1-statement in (149), provided that condition (4) of Theorem 2 is satisfied, which in

particular implies
log N\ /4
q> ( %8 ) . (150)

n
By Theorem 2, the random graph R(ny, 2, p) a.a.s. contains a random graph G(ny, n2, p’) with
pr=>0-2y)p,

where y is defined in (5). In particular, the subgraph of R(n;, ny, p) induced by A and B contains
a random graph G(pny, pny, p’). To see that the latter random graph contains a perfect matching
a.a.s., let us verify the Erd6s-Rényi condition

p'pny —log pny — oo.

From the assumption in (149) it follows that

p=ny P =0 (7). (151)
For our purposes, it is sufficient to check that
y < (logN)™, (152)

since then

v logpny; <ylogN—0, and y —0,
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which together with the condition in (149) imply

p'pny —log pny = (1 — 2y)(p*ny — log pny) — 2y log pny — oo.

To see that (152) holds, first note that I=1 implies p = O((logN)™!) for p <0.49 and
g=0((log N)™1) for p > 0.49; hence, regardless of p, the first term in the definition of y is
o ((log N)™!). The remaining terms are much smaller: for p < 0.49 inequality (151) implies that
the second term in the definition of y is O (( log N)l/zﬁ_1/4) < (log N)~1, while in the case
p > 0.49 assumption (150) implies that the last two terms in the definition of y are at most
(log N)OWa~1/4 « (log N)~L.

10. Concluding remarks

Remark 26. Assume p < 1/4. If a.a.s. G(ny, na, p') € R(ny, n2, p), then we must have

p=p <1 -Q (min { (log N)/(ph), 1})) . (153)

To see this, assume, without loss of generality, that n, < n;, and note that by Proposition 24 we

/
must have p'ny + /p'(1 — p')ny log ny < pny, and therefore p/p’ > 1+ /(l_?ﬂ. Since p’ <
2

p<1/4and n, <n;,wehavep/p'=1+Q ( kf;lN>, whence (153) follows.
Remark 27. In view of Remark 26, the error y in Theorem 2 has optimal order of mag-

nitude, whenever p <1/4, provided that also p?I=0 <w/logN/pf1) (that is, if either p=
o) ((( logN)/ﬁ)l/S) or[=0).

From Remark 26 it also follows that we cannot have y = o(1) for log N = Q(p#). Theorem 2
does not apply to the case log N > pi1/(C*)?, but we think it would be interesting to find the
largest p’ for which one can a.a.s. embed G(ny, 1, p’) into R(n;, nz, p) even in this case. The tight-
est embedding one can expect is the one permitted by the maximum degree. We conjecture that
such an embedding is possible.

Conjecture 1. Suppose that a sequence of parameters (ny, na, p, p') is such that a.a.s. in G(ny, na, p’)
the maximum degree over V| is at most di = nyp and the maximum degree over V, is at most
dy = n1p. There is a joint distribution of G(ny, nz, p') and R(ny, ny, p) such that

G(ny, nz,p') CR(ny, np,p)  a.as.

Note that if Conjecture 1 is true, then by taking complements we also have the tightest embedding
R(ny, n2, p) € G(ny, ny, p'’) that the minimum degrees of G(ny, na, p'’) permit.

We also propose the following strengthening of the Kim-Vu Sandwich Conjecture.

Conjecture 2. Suppose that a sequence of parameters (n, p, p') is such that a.a.s. in G(n,p’) the
maximum degree is at most d = (n — 1)p. There is a joint distribution of G(n, p') and R(n, p) such
that

G(n,p') CR(n,p) a.as.

Remark 28. For constant p, to obtain y = o(1) in Theorem 2, we need to assume I = 0, which
requires a rather restricted ratio n; /n,. For example, one cannot afford n; = n;“‘; for any constant
8 > 0. This restriction comes from an enumeration result we use in the proof, namely, Theorem 5
(see condition (iii) therein). Should enumeration be proven with a relaxed condition, it would
automatically improve our Theorem 2.
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Remark 29. The terms p?I and ¢*T in (5) are artifacts of the application of switchings in
Lemma 11. In the sparse case (p — 0) it is plausible that the condition T=0 can be made
much milder by using a very recent enumeration result of Liebenau and Wormald [9] instead
of Theorem 5. Due to the schedule of this manuscript, we did not check what this would imply,
but readers seeking smaller errors in (5) are encouraged to do so.
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