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CONTINUOUS INVERSE SHADOWING AND HYPERBOLICITY

KEONHEE LEE

We study the concepts of continuous shadowing and continuous inverse shadowing
with respect to various classes of admissible pseudo orbits, and characterise hyper-
bolicity and structural stability using the notion of continuous inverse shadowing.

1. INTRODUCTION

Simulating the behaviour of a dynamical system we often encounter the following
problems.

Does the orbit displayed on the computer screen really correspond to some true
orbit?
Can every true orbit be recovered, at least with a given accuracy?

The first problem is in fact a question about the shadowing property of the system,
while the second corresponds to the property known as inverse shadowing. Shadowing,
or the pseudo orbit tracing property, was first established for systems generated by hy-
perbolic diffeomorphisms and later for those generated by hyperbolic homeomorphisms.
It says that any d-pseudo orbit can be uniformly approximated by a true orbit with a
given accuracy if § > 0 is sufficiently small.

Inverse shadowing was established by Corless and Pilyugin [1] and also studied as a
part of the concept of bishadowing by Diamond, Kloeden, Kozyakin and Pokrovskii [2, 3].
Kloeden and Ombach redefined this property using the d-method (see [6]). Generally
speaking, a dynamical system is inverse shadowing with respect to a class of methods if
any true orbit can be uniformly approximated with given accuracy by a §-pseudo orbit
generated by a method from the chosen class if § > 0 is sufficiently small. An appropriate
choice of the class of admissible pseudo orbits is crucial here (see [1, 4, 6]).

Recently Kloden, Ombach and Pokrovskii (7] introduced the notion of continuous
shadowing of a dynamical systems to discuss the Shadowing Lemma of semi-hyperbolic
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systems. Very recently Diamond, Han and Lee [4] characterised the notion of stability in
terms of shadowing, and expressed hyperbolicity using the concept of inverse shadowing.

In Section 2, we present the concepts of continuous shadowing with respect to various
classes of admissible pseudo orbits, and study the relationships among them. It is then
shown that a dynamical system which is continuous shadowing is topologically stable.

In Section 3, we introduce the notions of continuous inverse shadowing with respect
to various classes of admissible pseudo orbits, and characterise hyperbolicity and struc-
tural stability in terms of continuous inverse shadowing. More precisely, we show that a
dynamical system is hyperbolic if and only if it is expansive and Tgz-continuous inverse
shadowing. We prove that the C?! interior of the set of all dynamical systems with the 73
(continuous) inverse shadowing property is characterised as the set of structurally stable
systems.

2. CONTINUOUS SHADOWING

Let X be a compact metric space with a metric d, and let Z(X) denote the space
of homeomorphisms on X with the Cp-metric dp. A homeomorphism f € Z(X) will be
identified with the dynamical system it generates by iteration.

A b-pseudo orbit of f € Z(X) is a sequence of points & = {z, € X : k € Z} such
that d(f(xx), zr+1) < 0 for all k € Z. A -pseudo orbit £ = {zx} is said to be e-shadowed
by a point z € X (or an orbit { f¥(z) : k € Z}) if d(f¥(z), z) < € for all k € Z. Say that
f € Z(X) is shadowing (or has the pseudo orbit tracing property) if given € > 0 there
exists & > 0 such that any d-pseudo orbit of f is e-shadowed by a point in X.

Let XZ be the compact metric space of all two sided sequences £ = {z : k € Z} in
X, endowed with the product topology. For a constant § > 0 and f € Z(X), let ®(4)
denote the set of all §-pseudo orbits of f.

A mapping ¢ : X = ®4(d) C X2 satisfying @(z)g = z, = € X, is said to be a
§-method for f. For convenience, write ¢(z) for {w(z)k}kez. Say that ¢ is a continuous
d-method for f if ¢ is continuous. The set of all é-methods [respectively continuous
d-methods] for f will be denoted by To(f,d) [respectively Tc(f,8)). Every g € Z(X)
with do(f,g) < ¢ induces a continuous é-method ¢y : X — XZ for f by defining 0, (x)
= {g*(z) : k € Z}. Let Ty(f,5) denote the set of all continuous d-methods ¢, for f
which are induced by g € Z(X) with do(f, g) < §. To introduce the notions of continuous
shadowing with respect to various classes of admissible pseudo orbits we define P,(f, §)
by

Palfi8)= |J (X)),

wE€Tal(f.5)

for o« = 0. ¢, h. Clearly we have

Pr(f.8) C Pe(f,8) C Polf.5) = 2,(6)
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DEFINITION 2.1: Wessay f € Z(X) is To-shadowing for « = 0, ¢, h, if for any € > 0
there is a § > 0 and a map 7 : P,(f,8) = X such that

d(f"(r(x)),zk) <e,

forall x = {z : k € Z} € P,(f,6) and all k € Z.

We say that f is T,-continuous shadowing (T, — CS) if the map r is continuous.

Recently Diamond, Han and Lee [4) showed that the shadowing property for f
€ Z(X) is independent of the choice of the class of admissible pseudo orbits if the space
X is a compact manifold, that is, the concepts of 7y, 7., Tp-shadowing and the pseudo
orbit tracing property are then equivalent.

Shadowing is a weaker property than 7j-continuous shadowing when X is a manifold.
In fact, Yano [14] constructed an example of a homeomorphism f € Z(S!) which is
shadowing but is not topologically stable; and so it is not 74-continuous shadowing by
Theorem 2.5 below. Clearly we have the following relations among the above notions of
continuous shadowing.

To—-CS = 7.-CS = T, —-CS.

In the following theorem we show that they are equivalent if the space X is a compact
manifold with dim > 2.

THEOREM 2.2. Let M be a compact manifold with dim > 2. Then f € Z(M) is
To~continuous shadowing if and only if it is T,- continuous shadowing.

PROOF: Suppose f € Z(M) is Tp-continuous shadowing, and let € > 0 be arbitrary.
Then we can choose é; > 0 and continuous map 7 : Px(f,d;) = M such that

() m) <,
fory={y:k€Z} €Pu(f,6)andall k€ Z. Put § =6,/4. Let = {zx: k€ Z} be a
d-pseudo orbit of f, that is, £ € Py(/f,d). For each m € N, we let
gm = {X_m, cee3 T, T05 Ty - - ,.’Em}.

Then we can select a set & = {y_m,---,¥-1,Y%0 = Zo,¥1,.-.,Ym} Of points in M such

that
(1) d(zr,ye) <1/m, -m<
(2) d(f(yk), ye+1) <26, —m
(3) wm#y;, —m<i<j<m

From [10, Lemma 13], there is a homeomorphism ¢,, € Z(M) satisfying

do(¢m.1a) <61 and d’m(f(yk)) = Yk41
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for —-m < k< m-1. Put g,, = ¢, o f. Then we have
1
do(f,9m) < 61 and d(gfn(fo),xk) < ooy

for —m < k < m. Let O(gm, 7o) be the orbit of g, through ¢, and let 7 (O(gm, o)) = W
for each m € N. Then the sequence {w,,} converges to a point in M. Hence we define a
map H : Po(f,8) > M by

H(§) = lim r(O0(gm,20)),

m—2>00

for £ = {zx : k € Z} € Po(f,6). Then H is a well defined continuous map satisfying
d(FE(H(@),2) <,

for all k € Z. In fact, let £ = {z} : k € Z} be another point in Py(f,d) which is
sufficiently close to € under the metric of M%. By the same techniques as above, we can
construct a sequence {g;, : m € N} in Z(M) such that

12 ! ! 1
do(f, 0in) < 61 and d(grk(ap),at) < —

for —m < k < m. For each m € N, we let r(O(g},, z})) = w,. Since two point £ and £ in
MZ are sufficiently close, we can see that the points O(gm, zo) and O(gh,, z4) in Pr(f, )
are close if m is sufficiently large. Then the points w,, and w), in M are close since the
map 7 is continuous. This implies that the map H is continuous, and so completes the
proof. 0

When we study the theory of global stability of diffeomorphisms the notion of shad-
owing is sometimes too strong as can be seen from Theorem 3.3 below. In the following
we give another type of shadowing. For our purpose, let M be a compact smooth man-
ifold with dim M = n and let Diff(M) denote the space of C!-diffeomorphisms on M
with the C! metric d;.

As before, for any 6 > 0 and f € Diff(M), every g € Diff(M) with di(f,g9) < ¢
induces a continuous 6-method ¢, : M — MZ for f by defining p,(z) = {g*(z) : k € Z}.
Let T4(f,9) denote the set of all continuous d-methods ¢, for f which are induced by
g € Diff(M) with d,(f,g) < 4. Put

Pa(f.0)= |J (M)

peTa(f.68)

DEFINITION 2.3: Wesay f € Diff(M) is Tg-shadowing if for any ¢ > 0 thereis § > 0
and a map 7 : Py(f,d) = M such that

d(f" (r(x)),xk) <E,
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for all x = {zx : k € Z} € P4(f,6) and all k € Z.
We say that f is Ty-continuous shadowing if the map r is continuous.

If f is Tp-shadowing then it is 73-shadowing. The following example shows that the
converse is untrue in general.

n
EXAMPLE 2.4. To get a desired diffeomorphism on R, we let ag = 0 and a, = 3 1/k for
n=1,.... Defineamap f: R = R by k=1

_ ) 24+ (-1)"n(z — an-1)(z — an) if z € [an_,an],
f(z) = { z+ (-1)"*n(z + ap_1)(z +an) if z € [—an, —an_1]

where n = 1,2,.... Then f is a C' diffeomorphism which is T;-shadowing but is not
Tr-shadowing. In fact, for any é > 0, choose an odd number n € N with 1/n < §. Define
amapg:R >R by

1
f(.’E) lf x S Qp—1 + o
_ 2n
— if z>2a,_ —.
T+ in if z2a,1+ o

Then g is a C! diffeomorphism with do(f, g) < dand dy(f,g) > 1. fwelety = a,_1+1/2n
then we have

d(f*(z), g"(y)) = 00 as k — oo,
for any z € R. This means that f is not T-shadowing. Moreover we get

f’(—a2n—1) = f'(azn—l) =0 and fl(_a2n) = fl(azn) =2

for each n € N. If g is another C! diffeomorphism on R with d;(f, g) < 1/4, then g have
fixed points z, € (@n-1,@n41) and wy, € (—an41, —an-1) for each n € N. Consequently
we see that f is T4-shadowing.

THEOREM 2.5. If f € Z(M) is T-continuous shadowing then it is topologically
stable.

PRrROOF: Suppose f € Z(M) is T,-continuous shadowing, and let € > 0 be arbitrary.
Then we can choose § > 0 and continuous map 7 : Px(f,d) = M such that

d(f" (r(x)), zk) <e,

for x = {zx} € Pn(f,6) and all k € Z. Choose g € Z(M) satisfying do(f,g) < J, and
let O(g) = {O(g,z) : £ € M}. Note that r(O(g,z)) # T(O(g,g(x))) in general. Let
a: O(g) C Pu(f,8) = M be a continuous choice function such that a(O(g, z)) € O(g, z)
and a(0(g,z)) = @(0(g,y)) if y € O(g, z) for each z € M. Defineamap H: M - M
by

H(z) = f"or|og 00g0a00,(z), =€ M,
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where 7 is the integer satisfying g™ (z) = @(O(yg, z)), and Oy : M — O(g) is the orbit map
given by Oy(z) = {g*(z) : k € Z} for z € M. Then H is a continuous map satisfying

do(H,lM) <e¢ and Hog= foH.
In fact, for any = € M there exists m € Z with

g™(z) = a(0(g,2)) = Z.
Then we get
d(H(z),) = d(f™(r(0(s,9)),s7™(@)) < &.
Moreover if we let 7(O(g,%)) = 7 then we have

H(g(z)) = " V(g) = f(H(2)).

Since the map H is continuous, it is surjective for small € > 0. This means that H is a
topological semi-conjugacy between f and g, and so completes the proof. 0

3. CONTINUOUS INVERSE SHADOWING

Hyperbolicity is a principal object of interest in the global qualitative theory of dy-
namical systems. Many attempts have been made to express the concept of hyperbolicity
in topological terms. Notions of shadowing, coordinates, expansiveness and the like have
been to be useful for this purpose (see (3, 4, 9, 11, 12]).

In this section we introduce the notions of continuous inverse shadowing with re-
spect to various classes of admissible pseudo orbits, and characterise hyperbolicity and
structural stability using the concepts of continuous inverse shadowing. When discussing
inverse shadowing, an appropriate choice of the class of admissible pseudo orbits is crucial
(see [1, 4, 6]).

DEFINITION 3.1: We say f € Diff(M) is Ty-inverse shadowing for o = 0,¢, h,d, if
for any £ > 0 there exists § > 0 such that for any d-method ¢ € T,(f, &) there is a map
s: M — M satisfying

d(f*@), e(s(=),) <e,

forz € M and alln € Z.

We say that f is T,-continuous inverse shadowing (7,-1S) if the map s is continuous.
Clearly we have the following relations among the various notions of inverse shad-
owing.

To-1S = T.—-1S = 7T,-1S = T,-1S.
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In [8], Lewowicz introduced a notion of persistency for a homeomorphism f € Z(X);
and he showed that a pseudo Anosov diffeomorphism on a compact surface is expansive
and persistent, but is not shadowing. Note that T,-inverse shadowing here is equivalent
to persistency in [8, 13]; and Tg-inverse shadowing is a weaker property than 7j-inverse
shadowing as we can see in Example 2.4.

THEOREM 3.2. If f € Diff(M) is T,-continuous inverse shadowing then it is T,-
shadowing, o = 0, ¢, h,d.
PROOF: Suppose f is T.-continuous inverse shadowing, and let € > 0 be arbitrary.

Then we can choose § > 0 such that for any é-method ¢ € T.(f,d) there exists a
continuous map s : M — M satisfying

d(fk(:l:), w(s(z))k) <eg,

forz € M and alln € Z. If k = 0 then we get d(z, 5(z)) < € for z € M. Since the map s
is continuous, it is surjective for sufficiently small € > 0. To show that f is 7.-shadowing,
we define a map r : P.(f,d) = M as follows. For any y = {ys} € P.(f,9), there exist
y € M and ¢ € T,(f,6) satisfying y = ¢(y). Note that the point y is unique since
%o = ¢(y)o = y. Choose £ € M with s(z) = y, and define r(y) = z. Then r is a desired
map. In fact, we have

a7 (r),m) = d(£4(2), 0 (s(2),) <&,

fory = {yx} and all k € Z.

Similarly we can show that if f is T,-continuous inverse shadowing then it is 7,-
shadowing, a = 0, h, d. 1]

We say that f € Diff(M) is structurally stable if there is a C"' neighbourhood U of
f such that every g € U is conjugate to f. The diffeomorphism f is said to be hyperbolic
in a closed invariant set A if there is a continuous splitting of the tangent bundle, TM |,
= E* @ E*, and there are constants C > 0,0 < A < 1, such that ||[Df"*|g|| < CA" and
[IDf | gell < CA™ for any n > 0 and z € A. We say that f is Anosov if it is hyperbolic
on M. The stable [respectively unstable] manifold of z € A is the set of points p € M such
that d(f*(z), f*(p)) tents to 0 as k tends to oo [respectively —oo]. The diffeomorphism
f satisfies Aziom A if its periodic points are dense in the set of nonwandering points §2,
and f is hyperbolic on 2. We say that f satisfies the strong transversality condition if all
stable and unstable manifolds intersect trasnversally.

It is well known that f € Diff(M) is Anosov if and only if it is expansive and
structurally stable (see [11]).

It is clear that if f is structurally stable then it is shadowing and 7;-continuous
inverse shadowing. But the converse does not hold in general. Moreover we know that an
expansive diffeomorphism which is Tg-inverse shadowing need not be shadowing. In fact,
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pseudo Anosov diffeomorphism on a compact surface is an example of diffeomorphism
which is expansive and Tg-inverse shadowing but it is not shadowing. In the follow-
ing theorem we show that an expansive diffeomorphism which is 7-continuous inverse
shadowing is structurally stable. 0

THEOREM 3.3. f € Diff(M) is Anosov if and only if it is expansive and T
continuous inverse shadowing.

PROOF: Suppose f is expansive and Tg-continuous inverse shadowing. To prove
that f is Anosov, it suffices to show that f is structurally stable. Let e > 0 be an ex-
pansive constant of f and € a constant with € < e/2. Choose § > 0 corresponding to
the constant € in the definition of 7j-continuous inverse shadowing. Let g € Diff(M)
be such that di(f,g) < 8. Then there exist a continuous map k : M — M such that
d(f"(:c),g"(k(z))) <¢g forz € Mandall k € Z. Let @ : O(f) =& M be a contin-
uous choice function satisfying a(O(f,z)) € O(f,z) and a(O(f,z)) = a(O(f,y)) if y
€ O(f,z). Defineamap h: M - M by

h(z) = g" ok o f(x),

where n is the integer satisfying f~"(z) = a(O(f,z)). Then h is a conjugacy between f
and g. In fact, for any z, € M we let a(O(f, z,)) = Z5. Then there exists m € Z with
zo = [™(F5). And we get

h(f(z0)) = g™ (k(Z)) = 9(h(z0))-

Moreover we have

d(h(zo), z0) = d(A(/™(@)), () ) = (g™ (k(@)), /(7)) <e.

Since the map h is continuous, it is surjective for small . To show that A is injective, we
suppose h(z) = h(y) for z,y € M. Since ho f = g o h, we obtain

A(f"(@), ") < A(F4@), A=) ) +d(h(F W), FW)) <e,

for all n € Z. By the expansivity of f, we get z = y.

Conversely, if f is Anosov then it is easy to show that f is T;-continuous inverse
shadowing. 0

Now we characterise structural stability using the concept of 73-(continuous) inverse
shadowing. More precisely we shall show that the C! interior of the set of all f € Diff(M)
which are 73-(continuous) inverse shadowing is the set of all diffeomorphisms satisfying
Axiom A and the strong transversality condition.

In this direction, it was proved in [9] and [13] respectively that the C! interior of
the set of all f € Diff(M) having topological stability and the C! interior of the set of
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all f € Diff(M) having persistency were characterised as the set of all diffeomorphisms
satisfying Axiom A and the strong transversality condition.

Note that persistency in [8, 13] is a weaker property than toplogical stability, and the
Ta-inverse shadowing is a weaker property than persistency, that is, topological stability
= persistency = Tg-inverse shadowing.

LEMMA 3.4. Suppose f,g € Diff(M) are conjugate. If f is T,-inverse shadowing,
a=0,c¢,h,d, if and only if g is T,-inverse shadowing.

The proof is straightforward and is omitted

LEMMA 3.5. f € Diff(M) is T,-inverse shadowing [respectively T,-continuous in-
verse shadowing], o = 0,c, h,d, if and only if f* is T,-inverse shadowing [respectively
To-continuous inverse shadowing] for some positive integer k.

PROOF: Assume that f* is T.-inverse shadowing, and let € > 0 be arbitrary. Choose
0 < &) < £/2 such that d(z,y) < &; implies d(f(z), f(y)) < €/2. Moreover we can choose
0<ep<ep—y <--<ez<ep <e such that d(z,y) < e; implies d(f(z),f(y)) <€i_1,
where 1 = 2,3,--- , k. Choose ¢ > 0 corresponding to the constant £, in the definition of
T.-inverse shadowing of f*.
Choose a > 0 satisfying ko < min{d, £/2}. Then there is 8 > 0 such that d(z,y)
< B implies d(fi(z), f'(y)) < @, where i =0,1,--- k. Let ¢ € T(f,8) . We define a
map ¥ : M — MZ by
Y(x)n = @(T)nk,
for z € M and all n € Z. Then ¢ is a continuous -method for f*. In fact, we have
d(FH (W (@)n), ¥(@)n41) = A(F*(@(2)nk), (@) mr k)
< d(@(@)nk+ks F(0(@)nkk-1)))
+ d(f(p(&)nk+(e-1))s FHP(T) k4 (k-2)))

+ d( £ (@(@nen), FH(0(@ae) ) < K < 6,
for all n € Z. Since f* is T,-inverse shadowing, there exists a map 7 : M — M such that
d((f) (@), (r(2)),) <ex,
for z € M and all n € Z. Then we have
(£ (™)), 0(r () 1p) < A F U@, F(0(r(),,) )

(f‘(cp(r( ) I l( ( (I))nk+1))
(1 (@) ) (0 )

~
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+ d(f2 (‘P (T(z))nk-f-i—?)’f((p(r(z))ﬂk“’i—l))
+ d(f (W(T(z))nk“-_l)v‘P(T(I))nkH)

. 1 1
<ek_,-+za<ek_,-+ka<§e+§s=e,

for any 0 < ¢ < k — 1. This means that f is 7.-shadowing.

Similarly we can show that if f* is T,-inverse shadowing then f is 7,-inverse shad-
owing for a = 0, h, d. 0

Denote by CISq(M) [respectively IS;(M)] the set of all diffeomorphisms f
€ Diff(M) which are Tz-continuous inverse shadowing [respectively Tg-inverse shadow-
ing]; and denote by CIS4(M)° [respectively I.S;(M)°] the C! interior of the set CIS;(M)
[respectively IS4(M)] in Diff(M).

THEOREM 3.6. The set 154(M)° is characterised as the set of all structurally
stable diffeomorphisms on M. In particular, CIS;(M)° = IS4(M)°.

PRrOOF: First we show that every f € IS;(M)° satisfies Axiom A with no cycles. For
this we let F (M) be the set of all f € Diff(M) having a C! neighbourhood U C Diff(M)
such that every periodic point of ¢ € U is hyperbolic. Then it is enough to show that
IS4(M)° C F(M) by the results of Hayashi (see [5]). To show that IS,(M)° C F(M),
we cannot use the proof of [13, Proposition A] directly, since we cannot guarantee that
the map ¢ constructed in the proof satisfies d, (7, g) < 5.

Suppose f ¢ F(M), and let r > 0 be arbitrary. Then we can choose g € Diff (M)
such that di(f, g) < r/3 and ¢ has a non-hyperbolic periodic point p. By applying Lemma
3.5, if necessary, we may assume that p is a non-hyperbolic fixed point of g. Then the
linear map Dg, : T,M — T, M has an eigenvalue A with || = 1. Suppose A = 1. Choose
h € Diff(M) such that

(1) di(g,h) <r/3 and p is a fixed point of k;

(2) A is an eigenvalues of Dhy;

(3) for any other eigenvalues p1, ..., pta_y of Dhy, ;| #1fori=1,...,n—-1.
We find a local coordinate neighbourhood (V, ) of p, ¢ = (u1,- .., ys), and a diffeomor-
phism fsuch that

(1) di(h, f) <r/3 and ¢(p) = 0 € R*; and

(2) f coincides with Dh, on V with respect to .
Let L be the one dimensional subspace of Dh, corresponding to A, and assume that
L={y€eR":y,=---=yp, =0}. Then each point of the set L NV is fixed under f,
but the orbit O(f,z) of f through z € V/L is not contained in V.

Now we show that f~is not Tz-inverse shadowing. To prove this we may apply Lemma

3.4, if necessary. Choose ¢ > 0 satisfying (—-2¢',2¢')* C V. For any 0 < € < €', select
¢ > 0 and diffeomorphism H : R* — R” such that
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(1) H(z)=z+6for z € [—¢, ] x {0} CR x R*!;
(2) H(zx)=zforz ¢ [—c—4, e+ x[-4 8"
(3) |IDH-1I|<26 and [Df||26 <e,

where I denotes the identity map. Put F = Ho f Then we have

dy(f,F) < |IDf|j25 <e.
Choose an integer N satisfying ¢ < N§. Then we get
d(f¥(p), F¥(z)) 2 € or d(f (), FN(z)) ¢

forany z € LNV. If ¢ LNV then O(F,z)N(M/V) # 0. This means that F*(z) € M/V
for some n € Z, and so d(f"(p), F™(z)) > €. Consequently we showed that for any r > 0
there exists f € Diff(M) such that d;(f,f) < r and f ¢ IS4(M). This means that
f ¢ ISu(M)°.

Next we show that f € IS4(M)° satisfies the strong transversality condition. To
show this, we can adopt the proof of [13, Proposition B] directly. In fact, in the proof of
[13, Lemma 2], we can choose ¢5 € Diff(M) satisfying

(1) Yslia,, (@) = 4,
(2) di(¢s,id) <6,
(3) ws(eapp (B (6()))) N W2 (p,9) = 0.
Then we have § = g’ o5 € Diff(M) and d,(g, ¢') < 6. Hence we can show that f satisfies
the strong transversality condition by the same technique mentioned in [13, Proposition
BJ.
Conversely, it is easy to show that if f is structurally stable then f is 73-continuous
inverse shadowing.
Consequently the following inclusions complete the proof;

CISAM)° C ISy(M)° C SS(M) C CISy(M)°,

where SS(M) is the set of all structurally stable diffeomorphisms on M. 0
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