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We study a nonlinear elliptic problem defined in a bounded domain involving
fractional powers of the Laplacian operator together with a concave—convex term. We
completely characterize the range of parameters for which solutions of the problem
exist and prove a multiplicity result. We also prove an associated trace inequality and
some Liouville-type results.

1. Introduction
Over the last few decades the problem

~Au = f(u) in 2 CRY,
u=20 on 042,

has been widely investigated (for a survey see [3], and for more specific problems
see, for example, [5,13,36], where different nonlinearities and different classes of
domains, bounded and unbounded, are considered). Other different diffusion oper-
ators, like the p-Laplacian, fully nonlinear operators, etc., have also been studied
(see, for example, [9,16,27] and the references therein). We deal with a non-local
version of the above problem for a particular type of nonlinearities, i.e. we study a
concave—convex problem involving the fractional Laplacian operator

(=A)¥2y = Xuf 4+ uP, u>0in Q,}

1.1
u=0 on 02, (1.1)

with0< a<2,0<¢g<l<p<(N+a)/(N-a), N>a A>0 and where
2 C R¥ is a smooth bounded domain. The critical case p = (N + «a)/(N — a) is
studied in [7].

The non-local operator (—A)®/? in RV is defined on the Schwartz class of func-
tions g € S through the Fourier transform

[(=2)2/2g]"(€) = (2n1€))*3(€), (1.2)

or via the Riesz potential (see, for example, [33,40]). Observe that o = 2 corresponds
to the standard local Laplacian.

This type of diffusion operators arises in several areas such as physics, probability
and finance (see, for example, [6,8,23,44]). In particular, the fractional Laplacian
can be understood as the infinitesimal generator of a stable Lévy process [8].
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There is another way of defining this operator. In fact, in the case a = 1, there
is an explicit means of calculating the half-Laplacian acting on a function u in the
whole space RN as the normal derivative on the boundary of its harmonic extension
to the upper half-space Rf *1. the so-called Dirichlet-to-Neumann operator. The ‘o
derivative’ (—A)®/2 can be characterized in a similar way, defining the a-harmonic
extension to the upper half-space (see [17] and §2 for details). This extension is
commonly used in the recent literature since it allows non-local problems to be
written in a local way and this permits the use of variational techniques for these
kind of problems.

In cases where the operator is defined in bounded domains {2, the above char-
acterization has to be adapted. The fractional powers of a linear positive operator
in 2 are defined by means of the spectral decomposition. In [15], the fractional
operator (—A)'/? is considered, defined using the mentioned Dirichlet-to-Neumann
operator, but restricted to the cylinder 2 x Ry C Rf *1 and it is shown that this
definition is coherent with the spectral one (see also [41] for the case where o # 1).
We recall that this is not the unique possibility of defining a non-local operator
related to the fractional Laplacian in a bounded domain (see, for example, the def-
inition of the so-called regional fractional Laplacian in [10,31], where the authors
consider the Riesz integral restricted to the domain (2). This leads to a different
operator related to a Neumann problem.

There are many results on the subject of concave—convex nonlinearity involv-
ing different (local) operators (see, for example, [1,5,9,18,22,27]). Some ideas in
the present paper are taken from [5]. In most of the problems considered in the
aforementioned works, a critical exponent appears, which separates generically the
ranges where compactness results can or cannot be applied (in the fully nonlinear
case, the situation is slightly different, but a critical exponent still appears [18]). In
our case, the critical exponent with respect to the corresponding Sobolev embed-
ding is given by 2% = 2N/(N — «). This is a reason why problem (1.1) is studied
in the subcritical case p < 2} —1= (N + a)/(N — «) (see also the non-existence
result for supercritical nonlinearities in corollary 5.6).

The main results proven here characterize the existence of solutions of (1.1) in
terms of the parameter A\. The competition between the sublinear and superlinear
terms plays a role, which leads to different results concerning the existence and
multiplicity of solutions, among other things. By ‘solution’ we mean an energy
solution (see the precise definition in §5).

THEOREM 1.1. There exists A > 0 such that, for problem (1.1), the following hold.

(i) If 0 < A < A, there is a minimal solution. Moreover, the family of minimal
solutions is increasing with respect to \.

(ii) If A = A, there is at least one solution.
(iii) If A > A, there is no solution.
(iv) For any 0 < XA < A, there exist at least two solutions.

For o € [1,2) and p subcritical, we also prove that there exists a universal L>°-
bound for every solution to problem (1.1) independently of .
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THEOREM 1.2. Let o > 1. Then there exists a constant C > 0 such that, for any
0 < X < A, every solution to problem (1.1) satisfies

[ulloc < C.

The proof of this last result relies on the classical argument of rescaling introduced
in [28], which yields to problems on unbounded domains. Therefore, some Liouville-
type results are required, and this is the point where the restriction « > 1 appears.

The paper is organized as follows. We devote §§2 and 3 to studying the fractional
Laplacian in the whole space by means of the a-harmonic extension and obtain a
trace inequality and two non-existence results. In §4 we consider the a-harmonic
extension in cylinders in order to define the fractional Laplacian in a bounded
domain. We also study an associated linear equation in the local version. Finally,
85 contains the results related to the non-local nonlinear problem (1.1), where we
prove theorems 1.1 and 1.2.

2. The fractional Laplacian in the whole space

In order to study problem (1.1), we need to properly define the fractional Laplacian
in bounded domains. This is done in §4. Prior to this, we recall the definition of the
fractional Laplacian in the whole space and some of its properties. More specifically,
we obtain a trace inequality that is relevant in what follows and which also has
interest in itself.

2.1. Preliminaries

The fractional Laplacian is defined in the whole space through the Fourier trans-
form (see (1.2)). Recently, it was shown in [17] that this operator can be realized
in a local way by using one more variable and the so-called a-harmonic extension.
This is a main tool in our investigation.

More precisely, if u is a regular function in RY, we say that w = E, (u) is its a-
harmonic extension to the upper half-space, Rf 1 if w is a solution to the problem

—div(y'™*Vw) =0 in RYT,
w=u onRY x {y=0}.

In [17] it is proved that

1-aY™ o . a/2
i y' =T y) = o (~A) u(a) (2.1)
where
2'7°I(1 - o)
Ko = i
I'(a)

The appropriate functional spaces to work with are

X¢RYTY) and HYZ(RY),
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defined as the completion of C§°(RY ') and C§°(RY), respectively, under the norms

6150 = [ ., vVl dedy,
R++1
10120 = / 2, ()] de
RN

— [ 1A )
RN

The extension operator is well defined for smooth functions through a Poisson
kernel, whose explicit expression is given in [17]. It can also be defined in the space
H/2(RN), and, in fact,

1Ea(¥)llxe = call$ll o for all Y € HY2(RY), (2.2)
where ¢, = /Kq (see lemma 2.2). On the other hand, for a function ¢ € X (Rf“),

we shall denote its trace on RY x {y = 0} as tr(¢). This trace operator is also well
defined and it satisfies

1tx(D)l ras2 < 5t l16]l x (2.3)

2.2. A trace inequality

From expression (2.3), the Sobolev embedding implies that the trace also belongs
to L%« (RY), where 2% = 2N/(N — a). Even the best constant associated to this
inclusion is attained and can be characterized. Although most of the results used
in order to prove the following theorem are known, we have collected them here for
the reader’s convenience.

THEOREM 2.1. For every z € XO‘(Rf‘H), it holds that

(N—a)/N
([ p@pe=a) T <s@m [ Vs tady 24
+

where v = tr(z). The best constant takes the exact value

I(30)(5(N = a))(I(V)*/N

(o, N) = Yo 2.5
@M = PTG - IAW + ey Gy

and it is achieved when v takes the form
(@) = 7V — f? 4 72) N2 (2.6

for some xg € RN, 7 >0 and z = E,(v).
The analogous results for the classical Laplace operator can be found in [25, 36].

LEMMA 2.2. Let v € H*?(RY), and let z = Eg(v) be its B-harmonic extension,
B € (2a,2). Then z € X(RYTY) and, moreover, there eists a positive universal
constant ¢(c, B) such that

[0l a/2 = el B)]| 2]l xe (2.7)
In particular, if = «, we have ¢(a, @) = 1//Kq.
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Inequality (2.4) only needs the case 3 = «, which is deduced directly from the
proof of the local characterization of (—A)®/2 in [17]. The calculations performed
in [17] can be extended to cover the range %a < ( < 2, including, in particular, the
case B = 1 proved in [45].

Proof. Since z = E(v), by definition z solves div(y!~#Vz) = 0, which is equivalent

to
1-80z 0%
Apz+———+ — =
zZ+ v oy + 9y
Taking the Fourier transform in # € R for fixed y > 0, we have
1-802 0%
_an?|g2s 4 P92 02
€12 + J 8y+3y2
and £(£,0) = 9(€). Therefore, 2(¢,y) = 0(£)pp(27|¢|y), where ¢g solves the problem
1—
oty =0, w0 =1 Jmoel=0. (@8

In fact, ¢3 minimizes the functional

o) = [ (6(s) + 16/ (9))s" 2 ds

9]
0

and it can be shown that it is a combination of Bessel functions [34]. More precisely,
@3 satisfies the following asymptotic behaviour:

1—c¢s° for s — 0,
~ 2.9
$5(s) {025(5_1)/%_5 for s — o0, (2.9)

where - 217@“1 _ %5) 8 — 9(1-8)/2,1/2
= aran 0 "Y'=

2
) dx

2

) de.

c1(P)

Now we observe that

0
[ e~ [ (19w +| )
RN RN Y

) 05
-/, (47r2|§|2|z<§,y>|2 " \ay@,y)

Then, multiplying by y'~® and integrating in y,

/ / YV a(z, )| dz dy
0 RN

= / / AmleP1a(©) 2 (195 (2rlely) P + 6} 2lély) )y dé dy
0

= [ oo + o) [ jameiefoce) P
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Using (2.9), we see that the integral

/0 (16l + |65 ds

is convergent provided 3 > L. This proves (2.7) with (e, 8) = (Ha(¢p))" /2. O

REMARK 2.3. If 8 = 1, we have ¢1(s) = e™%, and H,(¢1) = 2°711'(2 — «) [45].
Moreover, when 8 = q«, integrating by parts and using the equation in (2.8),
with (2.9), we obtain

Ha(6.) = | 182 (5) + (¢1)2(s)]s ds
A
= acy(a)

= Ka. (2.10)

LEMMA 2.4. Letz € X© (Rf+1) and let w = E, (tr(2)) be its a-harmonic associated
function (the extension of the trace). Then

2% = lwllie + 1z = wl%a-
Proof. Observe that, for h = z — w, we have
4l = [ "Vl + VA + 2V, V)
RY T

But, since tr(h) = 0, we have

/M y' = (Vw, Vh) dzdy = 0.
R

+

O

LEMMA 2.5. If g € LPN/WN+)(RN) and f € H“/Q(RN), then there exists a con-
stant (a, N) > 0 such that

\ [ rwte)as

Moreover, the equality in (2.11) with the best constant holds when f and g take the
form (2.6).

<o, N fll grorz lgllon/(N4a)- (2.11)

The proof follows by a standard argument that can be found, for example, in [24,
45].

Proof. By Pargeval’s identity and the Cauchy—Schwarz inequality, we have

([, swawac) = ([ foaer)

< ([ lmerii@ras) ([ paeela@pac).
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The second term can be written using the results of [35] as

[ e iao g = o ) [ 9@ g
RN

R2N \x - $/|N70‘
where .
I'(3(N —a))

oo N) = S NAT Ta)

We now use the following Hardy-Littlewood—Sobolev inequality [35],
g(z)g(z') , ,
/RQN o — a/|N-o dzdz’ < d(a, N)|gllzn/ (v +a)

where
a7 N=e)/2P(La)(D(N))>/N

L(5(N +a)(T(5N))>/N

d(a,N) =

with equality if g takes the form (2.6). From this, we obtain the desired esti-
mate (2.11) with the constant £(«, N) = y/b(a, N)d(cr, N).

When applying the Cauchy—Schwarz inequality, we obtain an identity provided
the functions [£|*/2f(¢) and |¢|~*/2§(€) are proportional. This means

9(8) = clg|* £(&) = c[(=D)*"2£17(9).

We conclude by observing that if g takes the form (2.6) and g = ¢(—A)*/2f, then
[ also takes the form (2.6). O

Proof of theorem 2.1. We apply lemma 2.5 with g = |f|(N+)/(N=)=1f then use
lemma 2.2 and conclude using lemma 2.4. The best constant is
(o, N
S(a, Ny = (@ N)

Ra
O

Related to this result, we cite [20], where it is proved that the only positive
regular solutions to (—A)*/2f = ¢f(N+®)/(N=a) take the form (2.6).

REMARK 2.6. If we let a tend to 2, when N > 2, we recover the classical Sobolev
inequality for a function in H*(RY), with the same constant [43]. In order to pass
to the limit on the right-hand side of (2.4), at least formally, we observe that
(2 — )y~ dy is a measure on compact sets of R, converging (in the weak* sense)
to a Dirac delta. Hence,

1

lim (/RN Vz(z,y)|? dx) (2—a)yt dy = /RN |Vo(x)]? da.

a—2— 0
We then obtain

(N—2)/N
(/ |U(.’L‘)|2N/(N_2) dx)
RN

< S(NV) / V()2 da,

RN
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with the best constant

S(N) = tim 2@ N)

a—2- 2—«

B WN& —2) (FZ% )2/N'

It is achieved when v takes the form (2.6) with « replaced by 2.

3. Some non-existence results in unbounded domains

In this section we prove two Liouville-type results in the half-space Rf *1 and the
quarter-space Rfil that will be useful in §5.4 in order to obtain uniform a pri-
ort bounds for the solutions to problem (1.1). These results have a corresponding

formulation for the fractional Laplacian operator.

3.1. A problem in the half-space
THEOREM 3.1. Let 1 < a < 2. Then the problem in the half-space Rf“,

—div(y' ™ *Vw) =0 in RYH,

3.1
%(m)zwp(xﬂ) on ORY T = RN 3.1

has no positive bounded solution provided p < (N + o) /(N — «).

Theorem 3.1 is proved in the case @ = 1 in [32]. On the other hand, Chen et
al. [19] consider the corresponding non-local problem and perform a different proof
of the same result, using integral estimates, which is valid in the whole interval
0<a<2.

The proof that we present here is based on the well-known method of moving
planes, introduced by Alexandrov and first used in the context of partial differential
equations by [29,39], among others.

We begin by establishing some useful notation in order to apply the moving planes
method. The points of the upper half-space Rf *1 are denoted by X = (z,y), where
z=(x1,...,zn) and y > 0. Fix p > 0 and consider the sets

2, ={X e R ay > p}, sz{XEW; TN = p}. (3.2)

For every X = (z,y) € Rf *1 we define the reflection across the hyperplane T, by
X = y)=X+2(p—zNn)en = (z1,...,2p — TN, V).

Let us also consider the point P, = (0,...,0,2p,0) € X,, whose reflection is the

origin, and the set ¥, = £,\ {P,}. Let B} denote the half-ball Bf = {|X| <
r,y > 0} (B(Xp) when the centre Xg = (z0,0) is not the origin), and let its
non-flat part of the boundary be denoted by S = {|X| = r, y > 0} (respectively,
S+(X0)).

We also define the operator

1—a6£
y Oy

—Low = y* tdiv(y' "*Vw) = Aw + (3.3)

https://doi.org/10.1017/50308210511000175 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210511000175

Concave—convex fractional problem 47

in such a way that problem (3.1) can be written in the form

Low=0 in RYTY

(3.4)
Ow =wP fory=0.
ov®

Two easy properties of the operator L, are used in the following:

Lo(fg) = fLag+ gLaf +2(V/, Vg>,}
Lo(IX]) =v(y+ N —a)| X2

(3.5)

Finally, the so-called fractional Kelvin transform will also be useful. We consider,
for a function f defined in R¥, its fractional Kelvin transform as K,(f)(z) =
|z|*=N f(x/|z|?). It is well known that this transform behaves under the action of
the fractional Laplacian in a similar way to the standard Kelvin transform with the
Laplacian

(—A) 2K o(f)(a) = o]~ (= 8)°2 f(a/ |2 ]?).

We are interested in defining the analogous fractional Kelvin transform for the
function w and the operator L,. Let z(X) = | X[ w(¢), £ = X/|X|?. It is a matter
of calculus to see that

Loz(X) = X[ (Law(€) + (v + N — a)|X[*(yw(€) — 2(&, Vw(€))))-

Therefore, if we choose v = o — N and w is a-harmonic, we obtain that z is also
a-harmonic, and so it turns out to be the a-harmonic extension of K, (f) if w is
the a-harmonic extension of f. In other words, F o K, = K, o E.

Now let w be any solution to problem (3.4), and set p = SUp g+ w. Then there
exists € > 0 such that w(X) > ¢|X|*™N for |[X| > 1, y > 0. To see this, observe
that, by the Harnack inequality [14, lemma 4.8], we have e = infsf w = cu > 0. By
comparison, we conclude using (3.5) and [14, proposition 4.10]. Let v = K, (w). We
have that v satisfies analogous properties to w, but for the inversion variable

v(X)>e in By,
N . N4l (3.6)
u(X) < plX[*7Y in RYT\ BY,
as well as being a solution to the problem
—Lov=0 in RY !,
(3.7)
D~ fory =0, 2] £0,
where v = (N +a) — (N — a)p > 0.
We now proceed with the reflection. Let
6,(X) = o(X7) = 0(X). (3.8)

Clearly, Lo (¢,) = 0 in RJ_X‘H. We want to prove that 1, > 0 in Z~'p. Recall that v
may have a singularity at the origin, and therefore v, may have a singularity at
P,. We begin with the following result.
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LeEMmMA 3.2. With the above notation, we have v, > 0 in fp, provided p > 0 is
sufficiently large.

Proof. Let B > 0 be some constant to be chosen later, and let
0o(X) = 1274,(X),  Z=X+eni1=(z,y+1) (3.9)
From equation (3.7), we obtain
La(@p) = By~ Z|2[(=B+ N — a)p, + 2(Z, V)] = 0. (3.10)
Assume by contradiction that there exists § > 0 such that

inf p, = -0 <0. (3.11)

P

First of all, we observe that (3.6) implies
lp,| < el X7 =0 for |X| — oo,

if we take 3 < N — a. On the other hand, close to the possible singularity P,, we
have ¢, > 0. In fact, if X € Bf"(P,), then X? € B}, and then v(X*) > e. Since
v(X) < p| XN < pup*=N, we obtain

0o(X) 2 1Z|°(e = plpl*™™) > 0 in B (B,),

provided p is sufficiently large. Therefore, the infimum in (3.11) is achieved in a
point of regularity of ¢,. As for the interior points, the above choice of 3 gives that
equation (3.10) does not allow for interior minima to exist. Finally, the fact that
¢, = 0 on T, leads to the only possibility of the infimum being achieved, namely,
on the part of the boundary X, N {y = 0}. Then let (z0,0) € X, N {y = 0} be such
that ¢,(x0,0) = —0.

We claim that the boundary condition in (3.7) implies

8809
o (z9) > 0, (3.12)
which will give the desired contradiction. It is at this point that the condition v > 1

enters.
By Leibniz’s rule, we have

B
ng( 0) = |(z0,1)” 7J}p( 0)+¢p($oa0)86‘9%(%)-

The first term is bounded below, since, by using (3.6), (3.7) and the mean value
theorem, we obtain

0
0% (20) = || 0P (25,0) ~ [0l 4? (z0,0)
> Jeo| (07 (25,0) ~ 7 (z0,0)
> plaol 07 (20,0} (z0.0), (3.13)

and thus

B ¢p( 0) = _p5|x0|—v—(p—1)(N—a) > —cp 2.

[
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For the second term,

0 ifa<l
RIAG . )
N2 o) = { ~Bl(eo, DI2 ita—1.
—0o0 if a> 1.

For the case where a > 1, we conclude that dy,/0v®(xg) = +00. In the case where
a = 1, a sharp control of the above terms gives (3.12); this is done in [32]. In the
case where a < 1, the condition (3.12) is not necessarily true. O

The moving planes method begins with a plane in which we find some kind of
symmetry and then we see how far this plane can be moved while keeping that sym-
metry. The above lemma, instrumental in unbounded domains, provides a ‘starting
plane’. The following lemma establishes that we can move that plane up to the
origin.

LEMMA 3.3. Let py be defined as

po =inf{p>0; ¢, >0 in Zju forall p < p < o0} (3.14)

Then pg = 0.

Proof. By lemma 3.2, po is finite. Suppose that py > 0. By continuity, we have
©po = 12Php, =0 in X,,. Since ¥ > 0 and py > 0, we have by the boundary
condition that v¢,, # 0in X, . Also, by (3.13), 0v,,/0v* > 0on {y =0} N X, .
Clearly, Lo (1,,) =0 in Rf“ and, in particular, in the set

Ry = {|X = Pyy| = 3lpol, y > 0}.

Therefore, by proposition 4.10 of [14], we have 1,, > 01in Ry. Let § = infg, ¢,, > 0.
The function 1,, may have a singularity at P,,, so we construct the following
auxiliary function. Let h. be the solution to the problem

La(he)(X) =0, E<|X_PPO|<%‘.OO|’ y >0,
hE(X):(Sﬂ |X_Ppo|:%‘p0|ﬂ y =0,
he(X) =0, X = Pyl =, y>0, (3.15)
Oh. 1
ayoz(X):O’ E<|X—Pp0|<§‘p0|, y=0.
Then lemma 4.11 of [14] implies
¢90>h€ iHE<|X—Pp0‘<%|p0‘, y>0 (316)

Letting ¢ — 07 we have lim._,o+ he = § by the uniqueness of the a-harmonic exten-
sion. Therefore,

1/19026 in0<|X_PPo|<%|p0|v 920 (317)

Since @p, = Yy, in Z~'p07 we have
lim infp, > inf > 0. 3.18
Jm inf o, 2 ity (3.18)
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If pg is the infimum, there exists a sequence px " po such that

inf ©,, < 0. (3.19)

Pk

Clearly, lim| x| o ¢p, = 0. Recalling (3.18) the infimum in (3.19) must be attained
at some finite point X* € X, \ B|,,|/2(P,,) with sufficiently small |p; — po|. On
the other hand, X* ¢ T, , since ¢,, =0 in T}, . Therefore, X* must belong to the
set

{X eRVTY y=0, 2y >0, |X — P, [> > 3pol*}. (3.20)

Reasoning as in lemma 3.2, this leads to the desired contradiction. O
Now we can deal with the proof of the main theorem in this subsection.

Proof of theorem 3.1. Let w be any solution to problem (3.1) and consider its frac-
tional Kelvin transform v = K, (w). By lemma (3.3) we have

v(xy, ..., xN,y) Zv(T1,...,—zN,y) for zxy > 0.

The same argument fits for negative x giving the reverse inequality. Therefore,
v(X) is symmetric with respect to the zy-axis. Obviously, we can apply this argu-
ment in every direction perpendicular to y-axis. Hence, v(X) is a two-variable
function, as is w(X). Indeed,

w(X) = ¢(|z],y) (3.21)
for some function ¢. Hence, w is independent of (z1,...,zy), and therefore w(X) =
w(y)-

To complete the proof we consider the problem in one dimension.
—(y' ') =0 fory >0,

lim y'~*w'(y) = wP(0).
Jm, y ' (y) = wh(0)

(3.22)

The solutions of this problem are of the form w(y) = ¢ — ?/ay® with ¢ > 0,
which implies that the only non-negative solution is w = 0. O

3.2. A problem in a quarter-space

THEOREM 3.4. Let 1 < a < 2. Then the problem in the first quarter
RV ={X = (2/,2n,y) | 2 e RV an >0, y > 0}

and
—div(y'™*Vw) =0, zy >0, y >0,

7(‘%,7‘%1\/) - wp(x/7IN30)7 (323)
w(x/’ 0’ y) = 07
has no positive bounded solution, provided that p < (N + «)/(N — «).

Theorem 3.4 is proved in the case & =1 in [15]. We begin with a generalization
of proposition 6.1 of [21].
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LEMMA 3.5. Suppose w is a solution of the following problem:

—Low>20, w>=0 in Ri,
ow (3.24)
a? 2 0 fOT Yy = 0,

then w s a constant.

Proof. Let Xo = (z9,y0) € RZ. Given ¢, & € (0,1), we define the function

X — X,|?
B(X) = cw(Xo) log (W) TeN (3.25)
where
Cs = max (w(Xp) — w(X)),
St (Xo)
where

S5 (Xo) ={|X — Xo| =46, y > 0}.
It is clear that

Y(X)=Cs on Si(Xo)
and, taking sufficiently small §, we have
P(X) 2 w(Xo) 2 w(Xo) —w(X) on S;/E(XO). (3.26)
A direct calculation shows that if a € (1,2), then
—Loyp <0 inRZ,
4

8?:00 for y = 0.

Thus, by the maximum principle,
V(X) > w(Xe) —w(X) for X eR2, §<|X — Xo| <el/e.
Letting € — 0 and then 6 — 0, we have w(Xy) —w(X) < 0 for any Xy, X € @ O

LEMMA 3.6. Let p > 0 and let C' be a positive constant. Then there is no solution
to the problem

—Low=0, 0<w<CinR:, ={z>0,y>0},
ow
o™

w=0 on{z=0, y=>0}

=w? on{xr>0, y=0}, (3.27)

Proof. First, we show that w(z,0) — 0 as x — oo. Suppose, by contradiction, that
there exists a sequence 7, — 0o as m — oo and such that w(n,,,0) — K > 0. Let
us define wy, (z,y) = w(x 4 N, y). It clearly holds that

_Lawm:Oa O<wm<CiDRm:{m>nmay>O}a

=wP on {x >Ny, y =0}, (3.28)

W, =0 on{zx=mnn,,y>0}
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Moreover, w,,(0,0) — K. So that, taking a subsequence of w,, if necessary, we have
Wy, — W with

—L,w =0, 0<w<CinRE,

O (3.29)

—w:ﬁ)p20 for y = 0.

ove
Since w(0,0) = K, lemma 3.5 implies @w = K, but by the boundary condition we
have that 5

w ~
87(070) S wp(070) = K? > 0,

which leads to a contradiction. Therefore, w(z,0) — 0 as z — oco.
Following [14], we define the function

#w) =3 [ v )P - o)) do

see also [15] for the case where o = 1. Differentiating inside the integral, we have
1[0 2 2 <
3| sl e = Py = [y, — )y

We want to see that this integral converges. By lemma 4.3 of [14], we know that
there exists some 8 € (0,1) such that w € C%8. Moreover, by proposition 4.6
of [14],

00
/ yl_a(lwmzww| + ‘wywwybdy
0

1 oo
< M(/ y = (s + \wy|>dy+/1 y (| + |wy|>dy>

0 11—«
Y
< M M+/ d
2( N RN y)

< 00,

for some constants M7, My, M3 > 0. Note that the last integral is convergent pro-
vided 1 < a < 2. We recall that, in the case where o = 1, a sharper estimate is
used in [15]. Now let

Glu) = [ fs)ds

By dominated convergence, and since |Vw(z,y)| — 0 as y — oo, integrating by
parts yields

[@(2) + G(w(z,0))]. = /OOO YO [Waaws — wytay](z,y) dy + [f(w)ws](w, 0)

= lim [y17QWywm + f(w)wx}(xa y)

y—0

= ?}ii%[yl*“wywx -y ww, ] (z,y)

=0.
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Therefore, &(x) + G(w(z,0)) is constant. The rest of the proof is exactly the same
as in [15]. Using that w(z,0) — 0 as © — oo and lemma 5.1 of [14], we obtain

&(z) + G(w(z,0)) =0.
Since w = 0 in {x = 0,y > 0}, it follows that

0 = 28(0) :/ |we[?(0,y) dy,
0

which implies w, = 0 on {z = 0,y > &} for every € > 0. Since L, is a non-
degenerated elliptic operator in {z = 0,y > ¢}, by Hopf’s lemma this leads to a
contradiction. O

With these two results, a standard argument completes the proof.

Proof of theorem 8.4. By an analogous argument to the proof of theorem 3.4 for

the (x1,...,2n_1) variables (with the analogous lemmas 3.2 and 3.3), it is easy to
see that any positive solution of (3.23) depends only on two variables: xx and y.
Therefore, applying proposition 3.6, the proof is complete. O

4. The fractional Laplacian in a bounded domain

4.1. The a-harmonic extension

To define the fractional Laplacian in a bounded domain we follow [15] (see
also [41]). The idea is to use the a-harmonic extension introduced in [17] to define
the same operator in the whole space, but restricted to our bounded domain. To
this end, we consider the cylinder

Co={(z,y):ze N, yeR } C Rf“,

and denote by J,CY, its lateral boundary.
We first define the extension operator and fractional Laplacian for smooth func-
tions.

DEFINITION 4.1. Given a regular function u, we define its a-harmonic extension
w = E,(u) to the cylinder Cy, as the solution to the problem
—div(y'™*Vw) =0 in Cq,
w=0 ond,Cp, (4.1)
w=u on {2
As in the whole space, there is also a Poisson formula for the extension operator in

a bounded domain, defined through the Laplace transform and the heat semigroup
generator e!® (see [41] for details).

DEFINITION 4.2. The fractional operator (—A)®/2 in 2, acting on a regular func-
tion u, is defined by
1 0
(—A)*2y(z) = —— lim yl_o‘a—w(x,y), (4.2)
Y

Ko y—07t

where w = E,(u) and &, is given as in (2.1).
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This operator can be extended by density to a fractional Sobolev space.

4.2. Spectral decomposition

It is classical that the powers of a positive operator in a bounded domain (or in
an unbounded domain, provided the spectrum is discrete) are defined through the
spectral decomposition using the powers of the eigenvalues of the original operator.
We show next that, in this case, this is coherent with the Dirichlet—-Neumann oper-
ator defined above. Let (¢;, A;) be the eigenfunctions and eigenvectors of —A in (2
with Dirichlet boundary data. Define the space of functions defined in our domain
(2 as

/
Hy () = {u =" aji; € L2(2): Jull o= = (Za?)\?ﬂ)l "< o},

its topological dual as H~%/2({2), and the energy space X§'(C,) of functions defined
in the cylinder Cy; as the completion of C§°(£2 x [0,00)) with the norm

1/2
2]l xg = (/ y1a|Vz|2) .
Caq

(i) The eigenfunctions and eigenvectors of (—A)*/? in 2 with Dirichlet boundary

LEMMA 4.3.

data are given by (p;, /\?/2).
(i) If
u= Zajapj e HY'?(0),
then Eo(u) € X§(Cgp) and
Ea(u)(.y) = ) azei(2)o(\j*),
where ¥(s) solves the problem
1—
WS = s> 0,
— 1 l—a, )/ = kg
Jim 577 (s) = Ka,
5(0) = 1,
(iii) In the same hypotheses, (—A)*/?u € H=*/%(0), and
(—8)*Pu =3 ;X %p;.
(iv) It holds that

1(=2)"2ull g—asz = [(=2)*ul g2 = [[ull yorz = kg Ba(w)]l x5
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The proof of this result is straightforward. The function @ coincides with the
solution ¢, in problem (2.8). The calculation of the norms is also straightforward.
Using the orthogonality of the family {(;}, together with [, o3 =1, [, [Vp;[* = );
and (2.10), we have

/ YOIV EL ()@ )P dady
- / Ty / (D @I9es@)Pe(n*9)* + a2xe; (2) (0 () *))?) da dy
/ g @O+ 0 *)?) dy
=SS [ e+ ) as

= Ka Za?)\q/z
= Kq Z(aj)\?M‘) .

4.3. The trace inequality

Using the trace inequality in the whole space (2.4), we obtain the corresponding
inequality for bounded domains. To do this, we consider v € X§(Cp). Its extension
by zero outside the cylinder Cy; can be approximated by functions with compact
support in Rf +1. Thus, the trace inequality (2.4), together with Holder’s inequality,
gives a trace inequality for bounded domains.

THEOREM 4.4. For any 1 <r < 2N/(N —«a), and every z € X§(Cgq), it holds that
2/r
([1rras) <ceaniey [ povstenPaa, @)
? Co

where v = tr(z).

4.4. The linear problem

We now use the extension problem (4.1) and the expression (4.2) to reformulate
the non-local problems in a local way. Let g be a regular function and consider the
following problems: the non-local problem

(=A)*2y = g(z) in £, (4.4)
u =0 on 012, '
and the corresponding local one
—div(y' ™ *Vw) =0 in Cp,
w=20 on 9,Cq, (4.5)
1 lim 1= W () on 2
Koo y—0+t y oy g ’
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We want to define the concept of the solution to (4.4), which is done in terms of
the solution to problem (4.5).

DEFINITION 4.5. We say that w € X§(Cp,) is an energy solution to problem (4.5)
if, for every function ¢ € C}(Cy), it holds that

./ y**%Vw@aw,v@uﬁnMMdy:i/fmgunxaonm. (4.6)
Cq 2

In fact, more general test functions can be used in the above formula whenever the
integrals make sense. A supersolution (respectively, subsolution) is a function that
verifies (4.6) with equality replaced by ‘>’ (respectively, ‘<’) for every non-negative
test function.

DEFINITION 4.6. We say that u € HS/Q(Q) is an energy solution to problem (4.4)
if it is the trace on (2 of a function w that is an energy solution to problem (4.5).

It is clear that a solution exists, for example, for every g € H~%/2(£2). In order
to deal with problem (4.5) we shall assume, without loss of generality, that r, = 1,
by changing the function g.

This linear problem is also mentioned in [14]. There, some results are obtained
using the theory of degenerate elliptic equations developed in [26]. In particular, a
regularity result for bounded solutions to this problem is obtained in [14]. We prove
here that the solutions are in fact bounded if g satisfies a minimal integrability
condition.

THEOREM 4.7. Let w be a solution to problem (4.5). If g € L"(£2), r > N/« then
w e LOO(CQ).

Proof. The proof follows from the well-known Moser iterative technique, which we
take from [30, theorem 8.15], and uses the trace inequality (4.3). Without loss of
generality, we may assume w > 0, and this simplifies notation. The general case is
obtained in a similar way.

We define, for 3 > 1 and K > k (k to be chosen later), a C!([k,o0)) function H
as follows:

B_ b k, K
H(Z — Z 9 < G [ ? }7
linear, z> K.

Let us also define v = w + k, v = tr(v), and choose as test function ¢:
p=Glo) = [ ()P ds,
k
Vo = |H (v)[*Vv.

Observe that it is an admissible test function, although it is not C!. Substituting
this test function into the definition of the energy solution, we obtain, on the one
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hand

/ Y0 (Y, V) da dy = / Y Vo | H (0)[? da dy
CQ CQ

— [y vHE)Pdsdy
Cq
(N—a)/N
> </ |H(1/)|2N/(N7a) dl‘)
Q
= [HW) 3/ (v —-a)» (4.7)
where the last inequality follows by (4.3), and, on the other hand,

| st 0)de = [ g@)G)as

2

< /Q g(z)vG' (v) dx

Inequality (4.7), together with (4.8), leads to

1 1/2
1H (W) llonyv—ay < ( Zllglle ) I@H @)21YE = 1VH D) larjrmr), (49
i /(r=1)

by choosing k = ||g||. Letting K — oo in the definition of H, inequality (4.9)
becomes

”V”QNB/(Nfa) < |\V||2rﬁ/(r71)'

Hence, for all 8 > 1, the inclusion v € L?"/("=1 () implies the stronger inclusion
v € LPNB/IN=2) () since 2NB/(N — ) > 2r3/(r — 1) provided r > N/a. The
result now follows, as in [30], by an iteration argument, starting with

N(r—1)

=—— " >1 and LN/ (N=a) (),
r(Nfa)> and v € (2)

g

This gives v € L*°(£2), and then w € L>*(Cp,). In fact, we get the estimate
[w]loo < e(llwllxa +[lgllr)-
O

COROLLARY 4.8. Let w be a solution to problem (4.5). If g € L>({2), then w €
C(Cq) for some vy € (0,1).

Proof. Using theorem 4.7, the result follows directly from [14, lemma 4.4], where it
is proved that any bounded solution to problem (4.5) with a bounded g is C7. O
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5. The nonlinear non-local problem

5.1. The local realization

We deal now with the core of the paper, i.e. the study of the non-local prob-
lem (1.1). We write that problem in the local version as follows. A solution to
problem (1.1) is a function u = tr(w) > 0, the trace of w on 2 x {y = 0}, where w
solves the local problem

—div(y'"*Vw) =0 in Cp,
w=20 on I,Cq, (5.1)

ow .

s = f(w), w>0in 2,
where 5 5
w w

— =— 1l lma = . 2
e (&) Jm oyt (z,9) (5.2)

Note. In order to simplify notation in what follows we shall denote, when no
confusion arises, w for the function defined in the cylinder C, as well as for its
trace tr(w) on £2 x {y = 0}. Also, in the above definition we have neglected the
constant k, appearing in (4.2) by a simple rescaling.

As we have said, we shall focus on the particular nonlinearity

f(s) = fa(s) = As? 4 sP. (5.3)

However many auxiliary results are proved for more general reactions f satisfying
the growth condition

0< f(s) <c(l+|s/P) for some p > 0. (5.4)

REMARK 5.1. According to the previous note, the results on the coefficient A\ for
the local problem (5.1)—(5.3) in this section are translated into problem (1.1) with A
multiplied by /iﬁfqil B

Following definition 4.5, we say that w € X§(Cg) is an energy solution of (5.1)
if the following identity holds

/ yl’a<Vw,V<p>dwdy:/ f(w)pda
Cqo 2

for every regular test function . In an analogous way we define the sub- and

supersolution.
We now consider the functional
J(w) = 1/ y' Y V| de dy —/ F(w)dx
2 Je I7)
0
where

o= [

For simplicity of notation, we define f(s) = 0 for s < 0. Recall that the trace satisfies
w € L"(§2) (again, this means tr(w) € L"(§2)) for every 1 < r < 2N/(N — a) if
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N >aand 1 <r < o0 if N < a. In particular, if p < (N 4+ «)/(N — ) and f
verifies (5.4), then F(w) € L(§2), and the functional is well defined and bounded
from below.

It is well known that critical points of J are solutions to (5.1) with a general
reaction f. We also consider the minimization problem

I =inf {/ y' YVt dedy: w € XS’(CQ),/
Ca

| F(w)de = 1},

for which, by classical variational techniques, below the critical exponent the infi-
mum [ is achieved. This gives a non-negative solution in a standard way. Later on
in the paper, we shall see that this infimum is positive provided A > 0 is sufficiently
small. On the contrary, for sufficiently large A, the infimum is the trivial solution.

We now establish two preliminary results. The first result is a classical procedure
of sub- and supersolutions to obtain a solution. We omit its proof.

LEMMA 5.2. Assume that there exist a subsolution w1 and a supersolution wy to
problem (5.1) wverifying wy < we. Then there also exists a solution w satisfying
w; <w < wy in Cp.

The second result is a comparison result for concave nonlinearities. The proof
follows the lines of the corresponding one for the Laplacian performed in [11].

LEMMA 5.3. Assume that the function f(t)/t is decreasing for t > 0 and consider
wy,wy € X§(Cq) as positive subsolution and supersolution, respectively, to prob-

lem (5.1). Then wy < wy in Cy.

Proof. By definition we have, for the non-negative test functions ¢, and 2 to be
chosen in an appropriate way,

/ ylfale’V@l)dxdyg/ f(w1)p1 da,
Cqo 0
/ yl_a(ng,Vg@)dmdy}/ f(wa) ez dz.
Co 0

Now let 6(t) be a smooth non-decreasing function such that 6(¢) = 0 for ¢ < 0,
O(t) =1 for t > 1, and set 0.(t) = 6(t/e). If, in the above inequalities, we set

1 = walbl- (w1 —w2), P2 =wib(w1 —ws),
we obtain

L= /lew2<f§;1;2) - fgzil)>05(wl — wy) du,
where

I = / y' (W Vwy — woVwy, V(wy — we))0.(wy — we) dz dy.
Co
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Now we estimate I; as follows:
L < / y' T (Vwr, (w1 — wa)V(wy — ws))0. (w1 — ws) da dy
Co
:/ Y (Vwy, Ve (wy — ws)) dz dy,
Co

where .(t) = t0.(t). Therefore, since 0 < 7. < €, we have

I < / F(w1)ve(wy — we) dz < ce.
Q

We conclude as in [5]. Letting e tend to zero, we obtain

/ wle(f(wz) B f(wl)) dr <0,
Qﬂ{w1>w2} w2 w1

which, together with the hypothesis on f, gives w; < ws in §2. Comparison in Cp,
follows easily by the maximum principle. O

Now we show that the solutions to problem (5.1)—(5.4) are bounded and Holder
continuous. In §5.4 we obtain a uniform L°°-estimate in the case where f is given
by (5.3) and the convex power is subcritical.

PROPOSITION 5.4. Let f satisfy (5.4) with p < (N + a)/(N — a), and let w €
X§(Cgp) be an energy solution to problem (5.1). Then w € L= (Cp) NCY(Cqp) for
some 0 < vy < 1.

Proof. The proof closely follows the technique of [12]. As in the proof of theorem 4.7,
we assume w > 0. We consider, formally, the test function ¢ = w®~P, for some
B > p+ 1. The justification of the following calculations can be made substituting
by some approximated truncation. We therefore proceed with the formal analysis.
We obtain, using the trace immersion, the inequality

(N—-a)/N
(/ w(ﬁ—p+1)N/(N—a)> < C(B,a, N, Q)/ w?.
7] I7)

This estimate allows us to obtain the following iterative process
B;/(Bj—p+1)
||w||ﬁj+1 < CHwHﬁj ! y

with 841 = N/(N —a)(8;+1—p). To have 341 > §; we need §; > (p—1)N/(a).
Since w € L2« (£2), starting with 3y = 2N/(N — a), we obtain the above restriction
provided p < (N + «)/(N — «). It is clear that, in a finite number of steps, we get,
for g(z) = f(w(x,0)), the regularity g € L" for some r > N/a. As a consequence,
we obtain the conclusion by applying theorem 4.7 and corollary 4.8. O

5.2. A non-existence result

The following result relies on the use of a classical Pohozaev-type multiplier.
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PROPOSITION 5.5. Assume that f is a continuous function with primitive F, and
w is a bounded energy solution to problem (5.1). Then the following Pohozaev-type
identity holds

;/{)LCQ Z/La(:z:,V)\Vw\?do—N/QF(w)der%(Nfa)/gwf(w)dzzq

where v is the (exterior) normal vector to 012.

Proof. Just use the identity

(z,v)y*Hdiv(y' V) + divly (2, ), Vw) Vw — §(z,y)[Vwl*)]
+(B(N+2-a)—1)|Vuw]*=0.

This equality for C? functions can be checked using calculus. For energy solutions
we use a classical approximation procedure. O

As a consequence, we obtain a non-existence result in the supercritical case for
domains with particular geometry.

THEOREM 5.6. If (2 is star-shaped and the nonlinearity f, F are as in the previous
proposition and satisfy the inequality (N — a)sf(s) — 2NF(s)) > 0, then prob-
lem (5.1) has no bounded solution. In particular, in the case f(s) = |s|P~1ls, this
means that there is no bounded solution for any p = (N + «)/(N — «).

The case o = 1 has been proved in [15]. The corresponding result for the Lapla-

cian (problem (1.1) with o = 2) comes from [38].

5.3. Proof of theorem 1.1

Here we prove theorem 1.1 in terms of the solution of the local version (5.1). For
the sake of readability, we split the proof into several lemmas. From now on, we

define
—div(y'"*Vw) =0 in Cgq,
w=0 on 0,Cq, (P))
ow

— = w4+ wP, w>0in £,
ove

and consider the associated energy functional
Bw =g [ g evuPdedy - [ Fw)de,
2 Jeq Q

where

A 1
F = q+1 p+1
2(s) q+18 +p+18

LEMMA 5.7. Let A be defined by
A = sup{\ > 0: problem (Py) has a solution}.

Then 0 < A < co.
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Proof. Consider the eigenvalue problem associated to the first eigenvalue A1, and
let o1 > 0 be an associated eigenfunction (see lemma 4.3). Then, using p; as a test
function in (Py), we have that

/ Aw? + wP)py dz = A / wy de. (5.5)
fo) 7}

Since there exist positive constants ¢, § such that At +t? > c\°t, for any ¢t > 0 we
obtain from (5.5) (recall that w > 0) that ¢\’ < A;, which implies A < co.

To prove A > 0, we use the sub- and supersolution technique to construct a
solution for any small \. In fact, a subsolution is obtained as w = €p1, € > 0 small.
A supersolution is a suitable multiple of the function g solution to

—div(y'™*Vg) =0 in Cop,
g = 0 on BLOQ,

99
=1 in 2.
ov® 1n
This proves the third statement in theorem 1.1. O

LEMMA 5.8. Problem (Py) has at least a positive solution for every 0 < A < A.
Moreover, the family {wx} of minimal solutions is increasing with respect to A.

REMARK 5.9. Although this A is not exactly the same as that of theorem 1.1 (see
remark 5.1), we have not changed the notation for the sake of simplicity.

Proof of lemma 5.8. We already proved in the previous lemma that problem (Py)
has a solution for every small A > 0. Another way of proving this result is to look
at the associated functional Jy. Using theorem 4.4, we have that this functional
verifies

Jr(w) = %/C y17°‘|Vw|2dxdy—/QF>\(w)dx
2

1 (g+1)/2
> f/ y Y V| dxdy—)\Cl</ y1a|Vw|2dxdy>
CQ CQ

72
(p+1)/2
—02(/ yl—a|w|2da:dy) ,
Caq

for some positive constants C; and C5. Then, for sufficiently small A, there exist
two solutions of problem (Py), one given by minimization and another given by the
mountain-pass theorem [4]. The proof is standard, based on the geometry of the
function g(t) = 2¢2 — AC1t9T! — CotPT! (see, for example, [27] for more details).
This in particular proves A > 0.

We now show that there exists a solution for every A € (0, A). Later in the paper
(see lemma 5.11), we shall prove that there are in fact at least two solutions in the
whole interval (0, A4).

By definition of A, we know that there exists a solution corresponding to any value
of A close to A. Let us denote it by p, and let w, be the associated solution. Now w,,
is a supersolution for all problems (Py) with A < p. Take vy as the unique solution
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to problem (5.1) with f(s) = As?. Obviously, vy is a subsolution to problem (Py).
By lemma 5.3, vy < wy. Therefore, by lemma 5.2, we conclude that there is a
solution for all A € (0, i) and, as a consequence, for the whole open interval (0, A).
Moreover, this solution is the minimal one. The monotonicity follows directly from
the comparison lemma. O

This proves the first statement in theorem 1.1.
LEMMA 5.10. Problem (Py) has at least one solution if A = A.

Proof. Let {\,} be a sequence such that A, ~ A. We denote by w, = w,, the
minimal solution to problem (P, ). As in [5], we can prove that the linearized equa-
tion at the minimal solution has non-negative eigenvalues. Then it follows, as in [5],
that Jy, (wy,) < 0. Since J§ (wy,) = 0, we easily obtain the bound |lwy || xg(cg) < k.
Hence, there exists a weakly convergent subsequence in X§(Cy,) and, as a conse-
quence, a weak solution of (Py) for A = A. O

This proves the second statement in theorem 1.1.

To conclude the proof of theorem 1.1, next we show the existence of a second
solution for every 0 < A < A. It is essential to have that the first solution is given
as a local minimum of the associated functional, Jy. To prove this last assertion we
follow some ideas developed in [2].

LEMMA 5.11. Problem (Py) has at least two solutions for each A € (0, A).

Proof. Let Ao € (0, A) be fixed and consider \g < A\; < A. Take ¢ =wy,, $1 = Wy,
as the two minimal solutions to problem (Py) with A = Ag and A = Ay, respectively,
then, by comparison, ¢g < ¢1. We define

M={weX{(Cp):0<w< ¢1}.

Note that M is a convex closed set of X§(Cy). Since Jy, is bounded from below
in M and it is semicontinuous on M, we obtain the existence of w € M such that
Ixo (W) = infyenr Ja, (w). Let vy be the unique positive solution to problem

—div(y'™*Vug) =0 in Cgp,

Vo — 0 on 8LC_Q, (56)
gﬂ =od in 0.
o

The existence and uniqueness of this solution is clear (see lemma 5.3). Since, for
0 <e < X and Jy,(evg) < 0, we have evg € M, then w # 0. Therefore, Jy,(w) < 0.
Using arguments similar to those in [42, theorem 2.4], we obtain that w is a solution
to problem (Py,). There are two possibilities.

o If w # w,,, then the result follows.

o If w = w,,, we just have to prove that w is a local minimum of J,,. Assuming
that this is true, the conclusion in part (iv) of theorem 1.1 follows by using a
classical argument. The second solution is given by the mountain-pass theorem
(see, for example, [4]).
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We now prove that the minimal solution w,, is in fact a local minimum of Jy,.
We argue by contradiction.
Suppose that w is not a local minimum of Jy, in X§(Cp). Then there exists a
sequence {v,} C X§(Cg) such that |[v, —w|xe — 0 and Jx,(v,) < Jx,(w).
Let wy, = (v, — ¢1)T and 2, = max{0, min{vy,, ¢1}}. It is clear that 2z, € M and
0 if vy, (z,y) <0,
Zn(l’,y) = ”n(xay) if 0 < 'Un(m y) < (bl(‘r )a
o1(z,y) i ¢1(2,y) <wvnlz,y).

We set

T, = {(x,y) €Cqn: Zn(xay) = Un(x,y)}v Sp = Supp(wn)a

T, =T,N £, Sn =S, N 1.
Note that supp(v;t) =T, U S,,. We claim that

1Sule =0 asn — oo, (5.7)
where
|Alo E/ xa(z)de.
Q

By the definition of F), we set

lo 1 1 1
F — q+ p+ f ER
Mo () q+15+ + +1s+ or s ,

and obtain
1 —a
J)\o(vn) = 5/ yl |V’Un|2dxdy
Co

fume
1/ y' " V2,2 da dy /FAO zn)da + = /y17a|an|2dxdy
Sn

Tn

n

—[ Fy,(vy)dz + = / y 7 Vo, |>de dy
Sh

1/ y17a|Vzn|2dxdy /FAO
2 ) T

n n

+%/ yl*”‘\V(wn—|—(;51)|2d3:dy—/~ Fy,(wy, + ¢1)dz
s, 3

n

+1/ =019y~ 2 dz dy.
2 Co

/ ylfo‘\VznPdmdy:/ ylfa\an|2dxdy+/ y1*a|V¢1|2dxdy
Co T

n Shn

Since

and

/QFAO(zn)dx:/T FAO(vn)dz—F/g Fy,(¢1) dz

n n
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by using the fact that ¢; is a supersolution to (Py) with | = A\, we conclude that
1 —a
Tag(wn) = Tag(en) 5 [ (Vw0 + 00 = (Vo) ddy
Sn

—/:Uaﬂwn+¢ﬁ—lﬁﬂ¢ﬁ)®%%%/‘ykﬂﬁwgfdx@/

n Cq

> Jng(zn) + Hllwnlks + Hvs %

= [ B+ 60) = Py (01) = (F)u(@n)w, s
> Jna(@) + Hlwnlks + oy 1%

= [ Bl + 60 = Py (1) = (F)u(n)un o

On one hand, taking into account that 0 < ¢ 4+ 1 < 2, we obtain that

1 w?
(wn + ¢1)q+1 - q—i—ilgb(lﬁl - (Zstfwn < %q ifq

< —
qg+1

The well-known Picone inequality [37] establishes

u?

|Vm2—v<>-Vv>o

v
for differentiable functions v > 0, v > 0. In our case, by an approximation argument,
we obtain
wy, 2

)\0/9 (ﬁ_q dz < Hwn||Xg

On the other hand, since p+ 1 > 2,
1 p+1 1 p+1 D
<p+1(wn+¢1) _p+1¢1 _¢1wn

< 3wl (wy + ¢1)P 7!
< Cp) (e} "wl +wh ™).

Hence, using that p + 1 < 2%, and claim (5.7),

[ A o - o - st Lo < o0l
As a consequence, we obtain that
Tno(vn) 2 o (@) + g llwale (1 —a—o(1) + 3]lvy [I%e
= i, (W) + 3llwnllig (1 — g — o(1)) +o(1).
Since ¢ < 1, it results that
Ino (W) > I, (vy) = Ja,(w) for n > ng,

which is a contradiction with the main hypothesis. Hence, w is a minimum.
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To complete the proof we have to prove claim (5.7). For small ¢ > 0, and for
4 > 0 (J to be chosen later), we consider

E,={z € 2:v,(x) 2 ¢1(x) A ¢p1(x) >
F,={z€ 2:v,(z) > ¢1(x) A p1(2) < w(zx) + d}.

Using the fact that
0=z € 2: ¢1(z) <w(x)}

_ f_’jl{w € 2: 61(x) w(a) + ;H
- [y emu <ot 5]

we obtain, for sufficiently large jo, that if § < 1/jo, then
{z € 2: ¢1(z) < w(z) + 6} < fe.

Hence, we conclude that |F, |, < je.
Since [|v, — w||xg — 0 as n — oo, particularly by the trace embedding

||’Un — @||L2(Q) — 0,

we obtain that, for large n > ny,

N

5% > / v, — w|*da > / |v, — w|*dx > 6%|Ey| 0.

Therefore, |En|o < %5. Since S,, C F,, U E,,, we conclude that |§n\g < eforn < nyg.
Hence, |S,|o — 0 as n — oo, and the claim follows. O

5.4. Proof of theorem 1.2 and further results
We start with the uniform L*°-estimates for solutions to problem (1.1) in its local
version given by (Py).

THEOREM 5.12. Assumea > 1,p < (N+a)/(N—a) and N > 2. Then there exists
a constant C' = C(p, 2) > 0 such that every solution to problem (Py) satisfies

[wllee < C
for every 0 < A < A.

The proof is based on a scaling method of [28] and two non-existence results (see
theorems 3.1 and 3.4).

Proof of theorem 5.12. By contradiction, assume that there exists a sequence
{wy} € X§(Cp) of solutions to (Py) verifying that M,, = ||w,||ecc — 00 as n — oo.
By the maximum principle, which holds for our problem [26], the maximum of w,
is attained at a point (z,,0), where z,, € 2. We define £2,, = 1/u, (2 — x,,), with
tn = My, _p)/u, i.e. we centre at x,, and dilate by 1/u,, — oo as n — oo.
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We consider the scaled functions

Wp, (xn + Un, ,uny)
M,

vp(z,y) = for z € 2,, y > 0.

Tt is clear that |jv,|| < 1, v,(0,0) = 1 and, moreover,

—div(y'™*Vu,) =0 in Cq,,
VUp = 0 on aLCQn, (58)
ovy,

Sy AMI7Ppd + 0P in £2,, x {0}.

By the Arzela—Ascoli theorem (the solution is C7; see proposition 5.4), there exists
a subsequence, which we again denote by v,,, which converges to some function v
as n — oo. In order to see the problem satisfied by v we pass to the limit in the
weak formulation of (5.8). We observe that |[v,|e < 1 implies ||vn | xg(cq) < C,

since
/ y ¥ Vo, |? = )\Mg_P/ vatt —|—/ Pt L C.
Cq 0 n
Defining d,, = dist(x,,, 012), there are two possibilities as n — oo with regard to
the behaviour of the ratio d, /uy:
(i) {dn/tn}n is not bounded;
(i1) {dn/tn }n remains bounded.

In the first case, since By, /., (0) C £2,, and (2, is smooth, it is clear that (2,
tends to RY and v is a solution to

—div(y'™*Vv) =0 in RYT,
ov

P N+1
8ya—v on ORI ™.

Moreover, v(0,0) = 1 and v > 0, which is a contradiction with theorem 3.1.

In the second case, we may assume that d,/p, — s > 0 as n — oco. As a
consequence, passing to the limit, the domains {2,, converge (up to a rotation) to
some half-space Hy = {z € RV : x)y > —s}. Here we obtain that v is a solution to

—div(y' Vo) =0 in H, x (0,00),

Ov

B =P on H; x {0},
with [|v]|ec = 1, v(0,0) = 1. In the case where s = 0, this is a contradiction with
the continuity of v. If s > 0, the contradiction comes from theorem 3.4. O

Next we prove a uniqueness result for solutions with a small norm.

THEOREM 5.13. There exists at most one solution to problem (Py) with a small
norm.

We follow the arguments in [5] closely, thereby establishing the following result.
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LEMMA 5.14. Let z be the unique solution to problem (5.6). There exists a constant
B > 0 such that

1615 ¢y — @ /Q SR e 3 B8 for all 6 € XG(Ca).  (5.9)

Proof. We recall that z can be obtained by minimization as follows:

: 1 +1 a
min {;Hw”%((gx(cg) - meHquﬂ(Q): we X§ (CQ)}.

AS a consequence,
lols (ca) = q/Q 271g2dz >0 for all g € X2 (Co).

This implies that the first eigenvalue a; of the linearized problem

—div(y'7*Ve¢) =0  in O,
¢=0 ond.Cp,
¢

oo 2" 'p=a¢p on 2 x {0},

is non-negative.
Assume first that a; = 0 and let ¢ be a corresponding eigenfunction. Taking into
account that z is the solution to (5.6), we obtain that

q/ 29pdx = / 29pde,
2 Q
which is a contradiction.

Hence a; > 0, which proves (5.9). O

Proof of theorem 5.13. Consider A > 0 such that pAP~! < 3, where 3 is given
in (5.9). Now we prove that problem (Py) has at most one solution with L*-norm
less than A.

Assume by contradiction that (Py) has a second solution w = wy + v verifying
|lwlleo < A. Since wy is the minimal solution, it follows that v > 0 in {2 X [0, 00).
We now define n = \/(1=9) 2 where z is the solution to (5.6). Then it verifies
—div(y'~*Vn) = 0 with boundary condition An?. Moreover, wy is a supersolution
to the problem that 1 verifies. Then, by comparison, lemma 5.3, applied with f(¢) =
At?, v =n and w = wy, yields

wy = AY17Dz on 2 x {0} (5.10)
Since w = wy + v is a solution to (Py), we have, on 2 x {0},

O(wy +v)

oa = Mwa )7+ (wy + )

<l 4+ Aqwi o+ (wy + )P,
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where the inequality is a consequence of the concavity; hence,

v _
pe < Aquwi v+ (wy +v)P —wh.
Moreover, (5.10) implies w? " > A~129-1. From the previous two inequalities we
i ( p S p q
obtain 5
v _
50 < e+ (wy o)’ —uf.
Using that [[wy + v]|ec < A4, we obtain (wy + v)P — wh < pAP~1v. As a consequence,
v _ _
e gz v < pAP~ L.

Taking v as a test function and ¢ = v in (5.9), we arrive at

ﬁ/ v? dxgpAp_l/ v da.
o) 19

Since pAP~! < 3, we conclude that v = 0, which gives the desired contradiction. [

REMARK 5.15. This proof also provides the asymptotic behaviour of wy near A = 0,
namely, wy ~ A\/(1=9 2 where z is the unique solution to problem (5.6).
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