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CONVERGENCE OF INTERPOLATION TO
TRANSFORMS OF TOTALLY POSITIVE KERNELS

N. DYN AND D. S. LUBINSKY

1. Introduction. Convergence of exponential sums
n
> ae”
i G
J=1

that interpolate to Laplace transforms

(A o= o e oy,

have been studied by several authors [3, 6, 8, 15]. For rational functions
that interpolate to Markov functions (also called Hamburger or Stieltjes
Series or Hilbert Transforms)

1

(1.2)  f(x):= /—1 1/(1 — xt)dw(s),

far more detailed convergence results are available (see [10, 11, 16]
and references therein). Both (1.1) and (1.2) are special cases of the
transform

(13 feo = [ Ko oduo,

where K(x, t) is a strictly totally positive kernel.

There is a well-developed qualitative theory for interpolation by gener-
alized K-polynomials to functions of the form (1.3) or even more gen-
erally, of the form

(14)  fux) := f K(x, t)a(t)du(?),

where a(?) is a bounded real function and du(t) is a non-negative measure,
the support of which contains infinitely many points, and may be un-
bounded. This theory is closely associated with generalized monosplines,
generalized Gauss quadratures, optimal approximation and r-widths; see
for example [2, 5, 7, 14] and references therein.
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It is the purpose of this paper to use some of this qualitative theory
to study convergence of interpolation by generalized polynomials of the
form

n

(1.5) 21 @K (x, m;),
-

or

n

d
(1e) X [aj-K(x, n) + b—K(x, z),=,,_}
j=1 ot y

to functions of the form (1.4). While the interpolation points will be
subject to mild restrictions, the {n;} will be chosen as Hobby-Rice
nodes or Gauss nodes associated with the measure du(z) and the interpola-
tion points. We use “nodes” to distinguish the {n;} from the interpolation
points. This corresponds to choosing the exponents in exponential inter-
polation, or fixing the poles in rational interpolation, according to the
interpolation points.

The novelty of our results lies in the generality of the kernel K(x, ?), the
arbitrariness of a(¢), and the use of the Hobby-Rice nodes. In the case of
the Markov function (1.2), we extend convergence to the complex plane in
an unusual way. In all cases, we obtain rates of convergence independent
of a(t), |a(z) | = 1, using a Bernstein comparison argument. For simpli-
city of presentation, we treat interpolation only at simple (distinct) inter-
polation points, and merely comment on the conditions required for the
(straightforward) generalization to multiple interpolation points.

This paper is organized as follows: In Section 2, we state our results
associated with the Hobby-Rice nodes, and we present their proofs in
Section 3. In Section 4, we present additional results specifically for the
rational kernel. Finally, in Section 5, we present our results associated
with the Gauss nodes.

2. Hobby-Rice nodes: simple node interpolation. In this section, we
investigate convergence of interpolation by generalized polynomials of the
form (1.5). First we define our notation:

Definition 2.1. Let I and J be (finite or infinite) real intervals, and let
K(x, t):I X J—R

be continuous. We say that K(x, ¢) is STP (strictly totally positive) if for
eachn=1,273,...,and x;, x5,...x, € I, t, t,,...1, € J with

Xl<X2<...<.xnandtl<t2<...<tn,

we have
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e K] = dek e )er > 0

1 ... n
Three important examples of STP kernels are

K(x,t):= €, x,t € R,

Kx,t):=1/(1 — xt)', x,t € (—1,1),y >0,
and the Gaussian kernel

K(x, 1) := e & x 1 e R

See [9, pp. 9-20] for these and further examples.
Throughout this section, we assume that K(x, ¢) is STP and we use

22 = G b b
to denote an n-tuple of interpolation points in I, with
23) i <épn<...<¢,

= 1, 2, 3,... . Further, throughout this section, du(¢) denotes a non-
atomic, non-negative Borel measure on J with infinitely many points in its
support, such that for each x € I,

(24)  f(x): f K(x, t)du(t)

is defined and finite. Given a (possibly complex-valued) function a(z),
locally integrable with respect to du(z) and satisfying

25) la@)| =1,t €,

we set

(2.6) f(x):= ﬁK(x, Ha()du®), x € L
Given the interpolation points én, and an n-tuple of points in J,

(27) ﬁn = (nnl’ Mo -+ -5 nnn):nnl < Mn2 <...< Nnn>
there is a unique generalized polynomial [9, Chapter 1]

n

(28) U/(x,a):= 21 aK(x, ),
f=

which interpolates to f(x) at én, so that
29 U, =LE). =12...n

Here we choose 1, to be the n-tuple of Hobby-Rice nodes associated
with du(t) and £ As usual, sign(x) is taken to be +1, 0, or — 1, according
to whether x is positive, zero or negative.
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Definition 2.2. Given a non-atomic, non-negative Borel measure du(t)
on J as above, and given interpolation points &, as in (2.2) and (2.3), the
Hobby-Rice nodes 1), are the unique nodes satisfying (2.7) and

(2.10) ﬁ K&, 1) sign{_H1 t =, }du(t) =0,1=12,...n
=

We shall use also the notation

n

@11) o) := sign{ =) },t € J.
1

j=
See, for example, [13] for the existence and uniqueness of 7,. When
(K¢ 1), K¢, 1), ..., K(§,,, 1), f(2) } is a Chebyshev system, then by
the well known characterization of best L,-approximation, the generalized
polynomial

n

P(r) = X aK(,. 1)

j=1

that interpolates to f(¢) in 1), is a best L,-approximation to f, namely

J v = Py aue) - , min, J o - 2 oKy, 0 |duc)

Our use of the Hobby-Rice nodes not as interpolation points, but as
“nodes” (or exponents or poles) is motivated by the following convergence
result:

THEOREM 2.3 Assume the notation and assumptions (2.2) to (2.11) and
that for each x € I, there exists j = j(n, x) such that

(2.12) lim §,; = x.
n—o0

Then, uniformly in compact subsets of I,

(2.13) lim U,(x, @) = fy(x).

The condition (2.12) states that each x € I should be a limit of inter-
polation points. The proof of Theorem 2.3 uses the continuity of K(x, 1),
but this could be replaced by the condition that uniformly for x, y in
compact subsets of I,

lim /J.IK(x, 1) — K(y, t) lduz) = 0.

Xy

When K(x, t) is analytic in x, we can somewhat weaken (2.12). We use |4 |
to denote the cardinality of a set A.
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THEOREM 2.4. Assume that K(x, t) is analytic in x and continuous in t for
x € D, t € J, where D is some connected open subset of C containing I.
Assume further the notation (2.2) to (2.11) and that

(2.14) ﬁ IK(x, t) |du(t)

is uniformly bounded for x in each compact subset of D. If there is a compact
interval I contained in the interior of I, such that

@.15) Lim [{&,, & ... £,} N | = oo,

then uniformly in compact subsets of I,
lim U,(x, a) = f(x).
n—o0

Only for the rational kernel can we extend the convergence in I to D;
see Section 4. One may prescribe a rate of convergence independent of «(?)
satisfying (2.5):

THEOREM 2.5. With the notation (2.2) to (2.11), we have for each
x€landn=1,23,...,

@16) L) — U @) | = 14,0,

where

2.17) /f,"(x) 1= _/J‘K(x, t)o,()dut), x € I,
and where o,(t) is given by (2.11). Further,

2.18) |f(x)| = mm .K(x ) — 2 biK(E, 1) [du), x € 1,

and under the conditions of Theorem 2.3,
(2.19) lim f (x) = 0,
n—oo "
uniformly in compact subsets of I, while under the conditions of Theorem 2.4,
(2.19) holds uniformly in compact subsets of D.

For kernels K(x, t) such as ¢ of 1/(1 — xt), the conditions on 5 under
which generalized polynomials

n
Py

are dense in the space of continuous functions on an interval are classical.
In these cases, one may use (2.18) and (2.16) to obtain rates of con-
vergence, and to weaken the conditions on the interpolation points in
Theorems 2.3 and 2.4; see Section 4.
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The inequality (2.18) also shows that the choice of nodes 4, iAs optimal
for the class {f:la| = 1}, given the interpolation points £,: When
a = o,, there is equality in (2.16); see the proof of Lemma 3.1.

For the exponential kernel, Sidi and Lubinsky [15, Theorems 4.1, 4.2,
5.5] investigated convergence and rates of convergence of exponential
sums to f(x) for equally spaced interpolation points and Gauss nodes.
While the a(z) in [15] is more general, and uniform convergence was
obtained in unbounded sectors of the plane, the choice of interpolation
points here is more general. With a careful choice of interpolation points,
Braess and Saff [6] recently obtained what are evidently optimal rates of
approximation by interpolating exponential sums to completely monotone
functions, such as f(x) of (2.4).

Finally, we note that we may allow consecutive interpolation points to
coincide, provided that K(x, t) is extended totally positive in x, up to an
order matching the maximum multiplicity of the interpolation points.

3. Proof of the results of Section 2. Throughout this section, we assume
the notation of Section 2, but also use abbreviations such as

x §n] _ K[x Eq -6
r o, L Myy - Mpn
First, we establish a well-known error formula:

K

LEmMMA 3.1. Forn = 1,2,3,...and x € I,

G L&) - U = ﬁAn(x, Da(t)du(t),

where
(B2 Ax1):= K[’t‘ f’ /K[‘E]
Furthermore,

63 L0 = f, 8, Do)

(34)

n
Sign[H (x = £nj)} ]; A, (x, 1) |dp(r).
j=1
Proof. Expanding
K[x £
tr n,
by its first row, we see that

n

Ax, 1) = K(x, 1) — 2 ¢(OK(x, m),

j=1
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where ¢,(1), j = 1, 2,...n, are functions of ¢ only. Hence the right-hand
side of (3 1) may be expressed in the form f(x) — Q(x), where Q(x) is a
generalized polynomial of the same form as U, (x, «). Further,

K[x %"

r n,

vanishes identically as a function of ¢, when x € {£,, §,5, . . - §,,}- The
uniqueness of the interpolating polynomial U, (x, a) then yields (3.1).
To obtain (3.3), we set « := o, in (3.1). Since (2.10) implies that

Jf:n(f,ﬂ) =0, I=12,...n,

we have
U/(x,0,) =0,

and so (3.3) holds. The fact that K(x, ¢) is STP together with row and
column interchanges show that

(3.5) SIgn(K[ 5]) — sign JI_I x — &) ]Slgn{H(t ) }

Then (3.4) follows.

It is easy to see that Theorems 2.3 and 2.4 follow from Theorem 2.5. In
the proof of the latter, we shall need the following lemma:

LEMMA 3.2. Let I; be a compact subinterval of I. Then

Jx) = fK(x t)dp(t)

is uniformly convergent for x in I, in the sense that given € > 0, there is a
compact subinterval J, of R such that

(6 Jr, Ko Ddut) S e x € L.
1
Further, f(x) is continuous in I.

Proof. Let I, : = [a, b]. Then for x € I, and s, t € J such that 1 > s, we
have as K(x, t) is STP,

K[x b] =0,
s 1
whence
K(x, t) = K(b, t)K(x, s)/K(b, s).

Fix s and set

C, 1= max{K(x, s)/K(b, s):x € I}}.
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Then

3.7 ﬁ Aoy K DA = €, ﬁn (B KB D(D),

for all B € J such that B > s and for all x € I,. Note that C,; is in-
dependent of x and B.
Next, for x € I, and ¢, u € J such that ¢ < u, we have

axi
t u

whence

K(x, t) = K(a, t)K(x, u)/K(a, u).
Fix u and set

C, := max{K(x, u)/K(a, u):x € I,}.
Then

(3.8) ﬁm oo K e D) = G ﬁn (oot (@ ()

for all 4 € J such that A < u and for all x € I,. Here C, is independent of
x and A.

Since the integrals f(b) and f(a) are finite, we can choose 4 and B such
that the right-hand sides of (3.7) and (3.8) are each bounded by e/2.
Setting J, : = [4, B] then yields (3.6).

Finally, the continuity of f(x) follows as

L K(x, 1)dit)

is continuous in x for any compact interval J;, and as the tail (3.6) of the
integral may be made uniformly small for x in a compact interval.

Proof of Theorem 2.5. We first establish (2.16). Let
(39) 6,(x):= sign{H (x = &) } x €1,
=1

and note that by (3.5),

sign(A, (x, 1)) = 6,(x)o,(¢), x € I, t € J.
Then by Lemma 3.1, and by (3.5),

£00) = () = Uy(x, @)

= 6,(x) j; 1A, (x, ) {1 = 6,(t)a(t) }du(r).
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As lo,(t)a(z) | = 1, and from (3.4), we deduce that for x € I,

sign{f, (x) £ (f(x) — Uy(x, @)) } sign{/f,(x) } = 0.

Then (2.16) follows.
Next, if by, ... b, € R, then by (2.10),

(3.10) ﬁ ‘K(x, 1) — ,é bK(E,, 1) ‘dp,(t)

ilkhﬂr—g@ﬂﬁnﬁMmmmmo
=

= 3,00/ = L) .

Ifx € {§,,¢,...£,)} equality of both sides of (2.18) is immediate for
then both sides are 0. If x is not in this set, choose by, b,, . . . b, so that

P@) := 2 bK(E 0
P

interpolates K(x, z) at ¢ = Ny j =1,2,...n. By strict total positivity of
K, K(x, t) — P(t) can vanish only at 1 = M J = 1, 2, ...n. Hence for
some 8(x) = =*1,
llK(x, 1) = P(t) ldu(t) = ];{K(x, 1) — P(t) }o(x)a, (t)du(r)
= 8()f,(x) = () .

This and (3.10) yield (2.18).

Next, assume the conditions of Theorem 2.3, and let I, be a compact
subinterval of I, and let ¢ > 0. Note that if j =] (n, x) 1s chosen so that
§,; 1s the closest interpolation point among §, to x € I, then

lim £, = x,
n—00

uniformly for x € I;. This is an easy consequence of (2.12) and the
compactness of ;. Thus if J; is a compact subinterval of J, then

(3.11) lim _/; IK(x, t) — K(§,, t) ldu(t) = 0,

uniformly for x € I;. With a suitable choice of J;, this last statement and
Lemma 3.2 show that we can choose ny = ny(e, 1;) such that

/;IK(x, t) — K, ) lduwt) =€, x € I}, n = nye).
In view of (2.18), we then have (2.19) uniformly in /;.
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Finally, suppose that the conditions of Theorem 2.4 are satisfied. It
follows from well-known results [12, Theorem 17.21, p. 421] that /f,n(x) is
analyticin D,n = 1, 2, 3,... . Also from (2.17),

TASIE ﬁlK(x, 0 ldur), x € Dyn=1,23....

Thus {f, (x) },—, is a normal family in D. Further, (2.15) ensures that the
number of zeros of /, (x) in the compact subinterval I} increases to co as n
approaches co. Hurwitz’ Theorem then shows that any limit of some
subsequence of {f (x)},~; has infinitely many zeros in I, and so
vanishes identically"in D. Then (2.19) follows pointwise in D, and the
normality yields uniform convergence in compact subsets of D.

4. The Hobby-Rice nodes and the rational kernel. In this section, we let
I:=J:=(—1,1), and

4.1) K(x, t):= 1/(1 — xt),

and extend the convergence results of Section 2 to the complex plane. In

this case

1 d|
42) f):= f_l gft—)_ig—), z € C\{(—o0, —1] U [1,00)},
while

n

Uz, ) 1= 2 a/(1 — m,2),

Jj=1

is defined by the interpolation conditions (2.9), and has the form
n .
P(z)/,H1 A = m,2),
j=

where P(z) is a polynomial of degree at most n — 1.

There is a well-developed convergence theory for interpolation to
Markov functions of the form (4.2), especially when a(z) = 1 (see, for
example, [10, 11, 16, 18] and references therein). While the results
presented here are of a modest nature, we feel they are still of interest,
since we place very few restrictions on «(z), du(t) and the interpolation
points, while the poles are independent of a(z). Since we fix the poles given
the interpolation points, the approximants are, in the terminology of
C. Brezinski, “Padé-type approximants”.

THEOREM 4.1. Assume the notation and assumptions of (2.2) to (2.11),
with K(-, -) defined by (4.1), and let

(43) A := C\{(—o0, —1] U [l, ) }.
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Further assume that
(44) lim X {1 —|£,07'0 — V1 —£)} = oo
n—0 k=1

Then, uniformly in compact subsets of A,

4.5  lim U,(z, ) = f(2).

When £, = 0, we interpret [£,|"'(1 — V1 — £&,) as 0. The condi-
tion (4.4) is known to be a necessary and sufficient condition for each
continuous function g(¢) on [—1, 1] to be uniformly approximable by
rational functions of the form

g by/(1 = £,0);

see [1, pp. 254-5]. In view of the inequality
71— VI =X} = x|, xe(-11,

we note that (4.4) is implied by the simpler condition

(4.6) lim X {1 —[¢,]} = oo

n—o0 k=1

This, in turn, is true if an unbounded number of §,, §,, . . . £, stay inside
some compact subinterval of (— 1, 1), or if they do not approach *1 too
rapidly.

Following is a rate of convergence:

THEOREM 4.2. Under the conditions of Theorem 4.1, we have for z € A,
@7 1Le - Ue ol

A + Izl = RezD7'£) ], Re z| < 1,
{(1 + |z| )1 + |Re z|/|Im z| )|j;n(z) |, [Imz| # 0.

<

Here

! d
@9 e = [ 2080
satisfies

49 lim f,(z) =0,

uniformly in each compact subset of A.
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Clearly, Theorem 4.1 is a corollary of Theorem 4.2. The proofs are
based on the results of Section 2 and

LemMMA 4.3. Let

n

4.10) R, (2):=I1G—m)/(0 —¢2), n=123....

j=1

Then for z € A,

@) 4 - e ) = st [ R0,
and
@) 1o = Ram | [ B0 g |

Proof. We see by partial fraction decomposition that

R (1/2)" ' R (’t) - (A - 1) + 2 a0/ = n,2),

where a,(¢), a5(¢), . . . a,(¢) are functions of ¢ only. Further, this last expres-
sion vanishes identically as a function of ¢, when z = £nj, j=12,...n Thus
the right-hand side of (4.11) has the same form as the left-hand side, and
has the same zeros (and singularities). Uniqueness of the interpolant U, (z,
a) then yields (4.11). Since (2.10) implies that

L&) =0, j=12_.n
we have U, (z, 0,) = 0. Further,

IR, (1) | = R, (D)o, (1), t € (—11),
so (4.11) then yields (4.12).

We remark that various versions of (4.11) are well known in the
literature.

Proof of Theorem 4.2. From (4.11) and (2.5), for z € A,

1
4.13) |fG) — Un(z,a)|§|Rn(1/Z)|‘lf llllR (f)ll du(t)
1 [ IR,
= (1 + kDR, 17 [ ‘Ill (t>|l2dp(,)

Next, note from (4.12) that
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@14 4G

1
- ra/n |1 RO 'lz(l ~ )|

[

IR, 1/z)|7! lf . ]1R (t)l — tRez + it Im z}du(t)

DR, (172) | Vg, (2) + ih,,(z) R

where g,(z) and h,(z) are real valued. Next, if |Re z| < 1,
1—tRez=1—-|Rez| >0,

so from (4.13) and (4.14),
fi2) = Uz, o) |

- 1+ a1 IR,®
=TT Resl R IIR L(1/2) | f e |2{1 t Re z}du(z)

_- 1+ |Z| —1
- R R @)

giving (4.7) in this case. If, on the other hand, Im z # 0, we obtain from
(4.13) and (4.14),

1) — Uz o
=1+ lzDIR,(1/2) |7}
X fl —————lR"(t)I {1 — tRez — iReZ

“1)1 — ¢z)? Im z

izhnz}¢40

= (1 + kDR, 1 {0 + o2 1,01 |

Then (4.7) follows.

Because the conditions on the interpolation points are weaker in
Theorem 4.1 than in Theorem 2.4, we cannot apply the latter, but proceed
along similar lines: From (4.8),

1
l&mléfﬁﬁ%%rzemn=nziun

Thus {/, (2) },2 is a normal family in A. Further, for x € (—1, 1), (2.18)
in Theorem 2.5 shows that

1460 |

1 n
= min | _| |(1 — )7 = 21— £,0) 7 du).
byb,,...b, j=1
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Now condition (4.4) guarantees that one may uniformly approximate con-
tinuous functions on [—1, 1] by sums of the form

2 b1 — g0
j=1

see [1, pp. 254-5]. Although there £nj = Ej, that is, the poles are in-
dependent of n, the proof goes through without alteration for the present
case. Thus

lim £, (x) =0, x € (—1,1).

n—oo0
The convergence continuation theorems and uniform boundedness then
yield the result.

Theorem 4.1 is an obvious consequence of Theorem 4.2. We close the
section with an example in which the Hobby-Rice nodes may be computed
as zeros of an orthogonal polynomial:

Example 4.4. Let
auit) :=dt, te[—1,1]

Xn (1) i = Hl (1 — &),
=

0,(1) := H1 @ = ),
i

and

w, (@) := V1 — 2/x@), t€[-1,1]

In the present case, (2.10) takes the form

fl_l sign(Q, (1) )/(1 — th,)dt =0, j=1,2,...n.

Taking linear combinations of this last relation, we obtain

1
_[_, B, (1) sign(Q,(t) )/x,(t)dt = 0,

for each polynomial P, () of degree at most n — 1. A classical result of
Bernstein (see [1, pp. 251-3] and use w : = xi there) shows that Q,(¢) is
the monic orthogonal polynomial of degree n for the weight w,(¢).
Thus the Hobby-Rice nodes (the zeros of Q, (¢) ) may be computed as the
zeros of an orthogonal polynomial (namely Q,(¢)) satisfying for each
polynomial P,_(¢) of degree at most n — 1,
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1
f,l P,_1()Q,(t)w,(t)dt = 0.

We now use this fact to bound the coefficients in the interpolant U, (x, «).
To this end, let A}, A, ... A, denote the Gauss-Christoffel numbers for
the weight w,(x), and let S, _,;[g](x) denote the nth partial sum of the
orthonormal expansion of g(x) in orthogonal polynomials with respect to
w,(x), whenever defined. Note that S, _;[g] has degree at most n — 1.
Given a(?), let us set

(415) A += Anan(nnk)Sn—l[a/(Xan) ](nnk)9 k = 1’ 2’ ... h

Then, if P,_,(x) is a polynomial of degree at most n — 1, the Gauss
quadrature formula for w,(x) yields

n

kzl a, n—l(nnk)/ Xn(nnk)

1

= f | B a8, e/ (m,) [Ow, (1)dr
1

= f | B (D@ ) XOW, (1 )dt

1
= f _y {810/ x, (1) Ye(t)dt,
by definition of w,(¢) and orthonormality. Since the above relation holds

for each polynomial P, ; of degree at most n — 1, we obtain

g 1
El /(1 = £ = f L a0/ — Ende, =12, n,

or

(]n(gnj’ a) = .ﬁal(gnj), j = 1’ 2a ...hn,

where

n
U, (x, @) := kzl a, /(1 — xn,).

Thus in this special case, we have the explicit representation (4.15) for the
coefficients in the interpolating polynomial. The theory of product
integration rules, which suggested (4.15), [15] enables us to estimate the
a,;,: Using the Gauss-quadrature formula, Cauchy-Schwarz’ inequality,
Bessel’s inequality, and the bound 0 < 1 — £, r < 2fort € (—1, 1), we
obtain
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n

1 1/2
3 taul = V3| [ 00 £ w0t

172

1
X { f _, (@), (0w, (1) )2w,,(z)dt}

=l T

1— |t

}1/2{/ oX1)/ \/1_—t_dt}

This last bound is independent of n and { » and may be used to investi-
gate convergence of U, (x, a) when (2.5) is weakened to

1
f—n o2(t)/ V1 — t2dt < oo.

5. Gauss quadrature nodes: double node interpolation. In this section,
we briefly discuss convergence of generalized polynomials of the form
(1.6) that interpolate to functions of the form (1.4). First, we must define a
suitable notion of extended total positivity:

Definition 5.1. Let I and J be real intervals, and let K(x, ¢):I X J —R
be continuous. We say that K(x, ¢) is ETP(2) in ¢ (extended totally positive
of order 2 in t) if

KOl(x’ t) = %K(x, t)

is continuous for x € I,t € J,andif forn = 1,2,3,...,and x|, x,, . ..
x, € I, 1), t,,...t, € J satisfying

A

x1<x2<...<xnandtl-§t2§... t,,

n

with at most 2 consecutive ; equal, we have

. X
] 1= detog (e, 1)1 > 0,

n

(5.1) K* ’;l

where g; € {0, 1} is defined as
(52 g=max{ly,_, =1}, j=12,...n

Throughout this section, we assume that K(x, ¢) is ETP(2) in ¢, and we
use

(53) &, = Eants Sons - - -5 Eonan)

to denote a 2n-tuple of interpolation points in I, with

54 &1 <& < < Euon
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Further, throughout this section, du(¢) denotes a (possibly atomic) non-
negative Borel measure with infinitely many points in its support, such
that for each x € I, f(x) defined by (2.4) is finite. Further, we define f,(x)
by (2.6) for a(?) satisfying (2.5). .

Given the interpolation points £,, and an n-tuple of points in 7,

A
(B3 T =T T T < T < ... <T,,

there is a unique generalized polynomial [9, Chapter 1] of the form

(56)  Va(x, @) 1= _21 {aK(x, 7,) + bKy(x, 7,) )},
P

satisfying
57 Wbonp © = fulbonp), 1=1,2,...2n

Here we choose 7, to be the unique n-tuple of Gauss nodes associated
with du(z) and 52,,

Definition 5.2. Given a non-negative Borel measure du(¢) on J with
infinitely many points in its support and such that for each x € I, f(x) of
(2.4) is finite, and given 1nterpolat10n points §2,, as in (5.3) and (5.4), the
Gauss quadrature nodes 7, are the unique nodes satisfying (5.5) and

(5.8) ﬁ K(&y, D)du(r) = 21 MK GEaup 1) 1= 1,2,...2n
=z

Here the Gauss weights A,; satlsfy
59 A,;>0 j=1, 2,...n
Note that (5.8) implies that

(5.10) W(x, 1) = 2 AK(x, 7,).
j=1

Following is our analogue of Theorems 2.3 and 2.5:
THEOREM 5.3. For each x € I'andn = 1,2,3, ...,

G fx) = Vx| = 1f(x) — Ba(x, DI,

Furthermore, if for each x € I, there exists j = j(n, x) such that

lim £, = x,
n—00
then, uniformly in compact subsets of the interior of I,

(5.12) Lm W (x, 1) = f(x).

n
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The proof of this theorem is similar to that of Theorem 2.5. Here (2.18)
is replaced by [5]:

2n
(513) /) = By | = min [ lK(x, 0= 2 bk 0 'du(t),

2n

where the minimum is taken over all {,};2, such that for r € J,

2n 2n
(5.14) sign{_H1 & = &) }{K(x, 1) — 2 bK(y,, t)} = 0.
=

i=1
The convergence follows as in Section 3, with (3.11) replaced by

K(x, s)
K(gzn,js S)

where s € J\J; is fixed and §,, ; approaches x from only one side, to
guarantee the correct sign of the difference in (5.15) according to (5.14).
We remark that when J is compact, and K(x, ¢) is analyticinx € D D [
and continuous in ¢ € J, then under conditions (2.14) and (2.15) of
Theorem 2.4, one can show that
lim 1,(z, 1) = f(z)

n—o0

du(t) = 0,

(5.15) lim L |K(x, 1) — Ky, o )

n—>00

uniformly in compact subsets of D. This together with (5.11) yields the
analogue of Theorem 2.4.

Finally, we note that for the rational kernel K(x, ¢) := 1/(1 — tx),
the results of Section 4 can be extended to the Gaussian nodes case by re-
placing R, (z) in (4.10) by

n 2n
Rn(z) T= II] (Z - 'nnj)z/I_Il (1 - gan).
Jj= J=
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