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On the sum and the difference of

finite sets of integers

Reinhard A. Razen

Let A = {ai} be a finite set of integers and let p and m

denote the cardinalities of 4 + 4 = {ai+aj} and

A-A= {ai— j} , respectively. In the paper relations are
established between p and m ; in particular, if

= 2 those sets are characterized for which

mzx (ai—ai—l)

p = m holds.

Let 4 = {ai | 0=1i s n} be a finite set of integers where without

loss of generality we may assume ao < al < ... < an , and let p and m

{ai+aj | a;, a; € A} and

A-A= {ai-aj | a;s aj € A} , respectively. Spohn [Z] remarked that the

denote the cardinalities of A4 + A

values of p and m depend only on the n differences di = ai - ai—l
(1 =71 =n) and are unchanged if the di are multiplied by a constant or

are reversed. Thus we may set ao = 0 and (al, a2, ceey an) =1 .

Further we use the abbreviation max di =D .
1=t<n

Macdonald and Street [1] proved the following.
THEOREM. If D=2, then p <m.

The proof is based on the following results.
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LEMMA A, If dl =1, then

4-4=1{kel] -a, =k=a }.

n
LEMMA B. If
dl = ... 0= da = dn—8+l = = dn =2, da+l = dh—B =1,
then
m= 2an + 1 - 2 min(a, B)
and

p=2 + 1~ (a+B) .

REMARK. In Lemma B the value of p can be improved to

p=2a, +1- (a+B) , since if
A={o, 2, b, ..., 20, 2041, ..., a,-28-1, a -2B, ..., a -2, an} ,

we have

A+4A=1{0,2,4, ..., 20, 2041, ..., 2a -28-1, 2a -28, ..., 2a -2, 2an} s

where all integers between 20 and 2an ~ 28 belong to A + A , but for

numbers below 2o and beyand 2an - 28 this holds only for even integers.

Using these results we shall derive the following facts.

LEMMA 1. IfF dl = ... = dD—l =1, then

A-Aa=1{kel| -a, =k<a}.

Proot, The proof is similar to that of Lemma A in [7], namely, by

induction on %k it is shown that each %k € {1, ..., an} is the sum of
consecutive di’s , that is k = ds + ds+l + ...+ dt , where
g €{1, ..., D} and t=z=s .

(1) k=1: k= d -
(2) Suppose the claim is true for k - 1 = ds + ...+ dt . If

s > 1 , then
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s-1 [:] t
If s=1 and d, =1, then
k=d + ... +dt+dt+1
If s =1 and dt+1 > 1 , then
k=4d +d + . +d ,
dt+1 dt+1+l t+l
since, on account of dt+1 = D , we have dl = ... = dd - 1.
t+1
Therefore we subtracted dt+l -1 from kK - 1 and then we added dt+l .
THEOREM 1. If
dl = ... = dD—l = dn—D+2 = ... = dn =1,
\
then
fa) A+A=1{k €l ]o=<ks= Ean} , and
(b) p=m
hold.

Proot, We show claim (a@) in three stages.
l, Let 0=k = a, - 1. If k € A, then, on account of 0 € 4 ,

we have k=k +0 €4+ 4. If k f A , then at least one of the integers
between kK - D+ 1 and k-1 is an element of A ; otherwise D
consecutive integers would not belong to A which contradicts the
definition of D . Now if k-gj €4 (j € {1, 2, ..., D-1}) , we have,
since § €A , also k= (k-g) +J €4+ 4.

2. If k= a, s then k=k+0 €A+ 4.

3. Let a +1=k=<2a . If k=a + a, for one
n n n J
jgef{y, ..., n}, then k € 4 + A . Now let us assume that k # a + a;

for all 4 € {1, 2, ..., n} . Then for a suitable € {1, ..., n-1} we

J1

have
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a +a. <k<a +a, .
n ‘71 n Jl+l

From this we derive 2 = d. =a. - a. =D and with a suitable
g, t1 Jy 1 Jy

pes, ..., djl+l—i} we have

b= (an—d +b) + a

Jl+1 ‘71+l

a -d. +b=z2a -d. +1=2a -D+1,
n n

a, - djl+l + b belongs to A , and therefore k € A + 4 .

Claim (b) follows immediately from (a) together with Lemma 1. The
example 4 = {0, 1, 2, 3, 4, 9, 10, 12, 13} with 4 + 4 = {0, 1, ..., 26}
and A4 - 4= {0, #1, ..., #13} shows that the converse of Theorem 1 does

not hold. But we are able to show the following weaker statement.

LEMMA 2. Let p=m and dl =...=dy =1. Then d =1 and

d, | €11, 2} hotd.

Proof. By Lemma 1 we have m = 2a + 1 . By hypothesis p =m ,

therefore A4 + A must consist of all integers between 0 and 2an . If
dn >1 , then 2an - 1 is not representable as the sum of two elements of

A ; the same holds for 2g - 3, if d >2 .
n n-1

After these preliminaries we are able to characterize those sets with
D=2, for which p = m holds. For this purpose let a , respectively
B , denote the number of differences at the ends of the set A which are

equal to 2 . (a = 0 means dl =1; o >0 means dl = ... = da =2,

dyg =1 .)
THEOREM 2. Let A be a set of integers with D=2 . Then p =m
if and only 1f o =B .

Proot., First we prove the theorem for o = 0 , that is, dl =1. If

B = 0 , then by Theorem 1 (b), we have p =m . If conversely p =m , we
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obtain by Lemma 2 that dn =1, that is, a=8=0.

Now let o > O . The necessity follows from Lemma B, since for a # B
the inequality p < m holds. Finally, the sufficiency is a consequence of
our remark to Lemma B, which states that p =m= 2an +1 - 20 .

Now we shall investigate which values can be assumed by p =m .

THEOREM 3. (a) Let A be a set with n + 1 elements (n = 2) ,
D=2, and p=m. Then p is an odd integer from the interval
2n+1lsp=hn-3.

(b) Conversely, to each such p there exists a set A with n + 1
elements and D < 2 , for which |4+A| = |4-4| =p .

Proot, (gq) If a =B =0, that is dl = dh =1 , for the largest
element of A the inequalities n = a, < 2(n-2) + 2 =2n - 2 hold,
therefore using Theorem 1 (aq) we obtain 2n + 1 =p =ln - 3 .

If, on the other hand a =8 > 0 , we have n + 20 = an =2n - 2 for

even n and n + 20 = an =2n -1 for odd »n . Then

2n+l<2n+20+1=p=3n-1=hn-3 foreven n=2
from our remark to Lemma B, and also
n+l<2n+20+1=<p=3m=ln-3 forodd n=3.

We prove (b) showing by induction on 7 that each possible value of

p can be generated by a set with dl = dn =1 . For n =2 the set

A= {0, 1, 2} satisfies our theorem. Now let p € {2n-1, 2n+l, ..., n-T7}
and be arbitrary. By hypothesis there exists a set A with »n elements

and d; =d,_, =1 s for which |4+A| = p holds.

If we form A =AU {an_1+l} , we have

Al + A = (a+a) v {2a 41, 2“n-1+2} ,

17 % -1
therefore |A1+Al| =p + 2. Finally, by Theorem 1 (a) the set 4, with
d=d =1 and dy=...=d =2 has
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|[A*A,] = 2a + 1 =2(2n-2) + 1 =kn - 3.

THEOREM 4. ALl values for p = m which are possible according to

Theorem 3 can be generated by symmetric sets (that is di = dn—i+l }s

whilst asymmetric sets generate all values for p = m except the smallest
(2n+l) and the largest (kn-3) .

Proof. First we prove the claim for symmetric sets and even 7 and

we consider sets with the following difference schemes:

(a) d =...=d =1;
() d) = er =di, oiyn = dpapganyy = 0 =4y =1
d(n-2j+2)/2 = .., = d(n+2j)/2 =2 for 1=4 = (n-2)/2;
(e) dy = dinajenyse = v = dmzjyrz = 4 = 2
dy= oo =iy oys0 = Apepgenyja = +or = dpy =1 for

0=g=(n-b)y2z.

By Theorem 1 (a) and the remark to Lemma B for the corresponding values of

p = m we obtain:

(a) p=2n+1;

(b) p= Zan +1=2n+ L4 + 1 ; on account of the possible
values for J follows p € {2n+5, 2n+9, ..., bn-7, n-3} ;
{(e¢) p= 2an +1-2=2n+Lj + 3, therefore
p € {en+3, 2n+7, ..., kn-9, Ln-5} .

Now let 7 be odd. We consider the differences:

(a) dy=...=d =13
(®) dy = oo = Ay oi1yje = Ymagezyse = o =y =1
d(n-2j+l)/2 = ... = d(nJ(ZJ.J(l)/2 =2 for 0=<g =< (n-3)/2 ;
() dy = diy pjunyse = -0 = Lneggsryse =% = 2
dp = - = dnoja)e = Hmezjezye = 0 T ey T TOT
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0=g=(ns5)/2.
In these cases for the values of p = m we obtain:

(a) p=2n+1;

(p) p= 2an +1=2n+ L4j + 3, therefore
p € {2n+3, 2n+7, ..., Wn-T7, kn-3} ;
(¢) p= 2an +1-2=2n+L4j+ 5, therefore

p € {2n+5, 2n+9, ..., Wn-9, kn-5} .

If we form for n = 4 +those asymmetric sets A4 which are defined by

= =d. = = = ,,. = = 5'5_
dl - d& dn 1, €j+l dn— 2 (2 =24 <n-2) , then by

Theorem 1 (a) for |A+A| we obtain the values Ln - 2§ - 1 ; therefore
p € {on+3, 2n+5, ..., Wn-7, Wn-5} .

Now let A be an asymmetric set with p =m . If di = d% =1, the

inequalities 2n + 3 < |4+4] < bn - 5 hold. If

d=..=dy=d . .=..=d =2,
o+l = dn—a =1 , then, on account of the asymmetry, we have
a+1#n-0; therefore n+ 20 + 1 = an =2n -3 . Since a =1, for

p = Zan + 1 - 200 we obtain the inequalities

n+5=<2n+2a+3=p=lm-2a-5=bn-17,

which prove Theorem L.
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