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Congruence Relations for Shimura Varieties
Associated with GU(n — 1, 1)

Jean-Stefan Koskivirta

Abstract. 'We prove the congruence relation for the mod-p reduction of Shimura varieties associated
with a unitary similitude group GU(n — 1, 1) over Q when p is inert and n odd. The case when n
is even was obtained by T. Wedhorn and O. Biiltel, as a special case of a result of B. Moonen, when
the p-ordinary locus of the p-isogeny space is dense. This condition fails in our case. We show that
every supersingular irreducible component of the special fiber of p- .#sog is annihilated by a degree
one polynomial in the Frobenius element F, which implies the congruence relation.

1 Introduction

Let (G, X) be a Shimura datum where G is a reductive group over (). We fix a prime
p. For every compact open subgroup K C G(Ay), let Shi be the associated Shimura
variety with reflex field E. The complex points of Shx are

Shi(C) = GIQ)\ (X x G(Af) /K).

When K is sufficiently small, Shg is smooth. Assume that Ga, is unramified and
K = K,K? with K, C G(Qj) hyperspecial and K? C G(A\f,') Then Shy is said to
have good reduction at p. Let p be a prime in E lying over p. In [1], the authors
define a polynomial H, with coefficients in the Hecke algebra J(G(Q),)//K,), the
set of (-linear combinations of K,-double cosets of G((Q),). It is made into a ring by
convolution. This ring acts on the cohomology of the Shimura variety. Denote by
Fr, the conjugacy class of geometric Frobenius in Gal(Q)/E). Blasius and Rogawski
conjectured the following.

Conjecture 1.1 Let { be a prime # p. Then H',(Shx xg Q, Q) is unramified at p,
and the relation H,(Fr,) = 0 holds inside End, (Hét(ShK x5 Q, Q).

This equation makes sense since the action of Galois commutes with that of
H(G(Qyp)//Kp). In the PEL case, an integral model over O, can be defined ex-
plicitely, and the cohomology of Shx = Shx x k(OF,) coincides in many cases with
that of Shx x E.

In the case of Shimura curves, this conjecture was proved by Eichler, Shimura,
and Thara and was used to determine completely the eigenvalues of Fr, acting on
Hi (Shi x5 Q), Qy). More general situations have been dealt with. T. Wedhorn proved
Conjecture 1.1 in the PEL case for groups that are split over (), in [16], O. Biiltel for
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certain orthogonal groups in [2], and together they worked out the unitary case of
signature (n — 1, 1) with n even in [3].

In these articles, the authors use a moduli space p-.#sog that parametrizes
p-isogenies between points of Shg. This space was used by Deligne in his work on
the Ramanujan conjecture. It comes with two maps s, t to Shg, associating with an
isogeny its source and target respectively. For any field L with a map Og, — L, we
consider the )-algebra of cycles in p- .#sog x L, where multiplication is defined by
composition of isogenies, and we denote by Q[ p- .#sog x L] the subalgebra generated
by the irreducible components. This algebra was first introduced in [5].

In [11,15], the authors define the pi-ordinary locus in the good reduction of a PEL
Shimura variety. It is at the same time a Newton polygon stratum and an Ekedahl-
Oort stratum. Furthermore, it posesses a unique isomorphism class of p-divisible
groups. It can also be defined as the unique open stratum in each of these stratifica-
tions. We will denote by %Ord the p-ordinary locus. Define the p-ordinary locus
p- F50g”™ X k(Op,) of p- Fsog xk(O,) by taking inverse image by s (or ¢). Finally,
define Q[ p- fsogord X +(Og,)] in the same fashion as above. We have a commutative
diagram of ()-algebra homomorphisms:

Ho(G(Qp)//Kp) Q[p- Fsog X E]

i”

$ Q[p- Fsog xk(OF,)]

\L ord

FHo(M(Qy)// (K, N M(Qy))) — Q[p- Fs0g™ xk(OF,)].
h

Here M C Gy, is the centralizer of the norm of the minuscule coweight 1 of G asso-
ciated with (G, X). The algebras on the left-hand side of the diagram are subalgebras
of the Hecke algebras containing functions with integral support. The morphism $
is a twisted version of the Satake homomorphism. The map o is a specialization of
cycles; the map ord intersects a cycle in p- .#sog x x(Og,) with the p-ordinary locus.
The morphism 4 is defined in Subsection 4.3. and we refer to [11] for the definition
of the map h. There is a natural Frobenius section of s defined on Sh, defined by
mapping an abelian variety to its Frobenius isogeny, which produces a closed sub-
scheme F of p- .#sog xk(Og,). Similarly, the multiplication-by-p isogeny defines a
section of s and a closed subscheme of p- .#sog x #(0OF,) denoted by (p). These sub-
schemes are p-ordinary, in the sense that the p-ordinary locus of F and (p) is dense
in them. In this context, by “congruence relation” we mean the following conjecture.

Conjecture 1.2 Consider the polynomial Hy inside Q[p- .#sog X (Og,)] via the
morphism o o h. The element F lies in the center of this ring and the relation Hy(F) = 0
holds.
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This is related to Conjecture 1.1 by using functorial properties of cohomology.
The geometric relation H,(F) = 0 implies the same equality on the cohomology.
For PEL-type Shimura varieties, the “u-ordinary part” of the congruence relation is
known [11, Corollary 4.2.15]. More precisely, we have the following theorem.

Theorem 1.3 Consider the polynomial H, inside Q[ p- .#sog™ xk(0g,)] via the
morphism ord oo o h. In this ring, the following relation holds:

Hy(F) = 0.

When the ji-ordinary locus of p- .#sog x#(0Og,) is dense, this theorem is equiva-
lent to the congruence relation. This condition is satisfied in almost all the examples
where Conjecture 1.2 is known. In the unitary similitude case of signature (n — 1, 1),
this density condition is satisfied if and only if # is even.

From now on, we consider only the unitary case G = GU(n — 1,1) when n is
odd. In this article, we prove Conjecture 1.2 for these Shimura varieties. We first
show that the Hecke polynomial factors into a product H,(t) = R(t) - (t — p! Lpk,)-

The polynomial R annihilates F in Q[ p- .#sog™ x £(O E,)]; this comes from an easy
calculation inside Ho(M(Q,)//(K, N M(Q)))) carried out in [16]. It follows that
R(F) calculated inside Q[p- .#sog x x(Og,)] lies in the kernel of ord, thus is a lin-
ear combination of supersingular components. The final argument is the following
result:

Theorem 1.4 Let C C p- .¥sog xk(Og,) be a supersingular irreducible component.
Then

C-(F=p"Hp) =0
inside Q[ p- ¥sog x k(O )].

We will now give an overview on how this article is organized. In the second
section, we establish the factorization of the Hecke polynomial. In the third one, we
give the moduli problem, and the results from [3] on the stratifications of the special
fiber. Section 4 is dedicated to the moduli space of p-isogenies. Section 5 studies the
supersingular locus of p- .#sog x (O, ). Here we use mainly [3,13,14] for some key
results. Finally, in Section 6, we prove Conjecture 1.2.

Notations

1. We fix an odd integer n > 3 and a prime p > 2. Let ), be an algebraic closure
of Q. We denote by Q) the algebraic closure of Q) inside C. We fix an embedding
Q = Q.

2. Let E be an imaginary quadratic extension of (), such that p is inert in E. We write
o: x + X for the non trivial automorphism of E and E,, for the completion of E at
p. Let O, be the ring of integers of E, and x(Op,) = (OEP)/(pOEp) the residual
field.

3. We fix an embedding ©): E — (). We denote by F the algebraic closure of x(Of,)
provided by the embedding E < Q,. We choose an element o € EX N O }?P such
that the imaginary part of o is > Oanda+a = 0. If z € Cand z = a + ab,
a,b € R, then we call b the a-imaginary part of z.
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4. (V,) is a hermitian space of dimension #, i.e., V is an n-dimensional E-vector
space, and ©: V x V — E, a non-degenerate hermitian pairing. We assume the
signature of (V, 1) to be (n — 1, 1).

5. Let p: V x V — Q be the a-imaginary part of ¢). Then ¢ is a skew-symmetric
form such that Ve € E, Vx, y € V, p(ex, y) = @(x, ey).

6. Gis the (connected, reductive) algebraic Q) -group of unitary similitudes of (V, v).

7. Let By = (er,...,e,) be a Witt basis of V ® (). This means V ® Q, =
Vo @ 6B, <, Hi is an orthogonal Witt decomposition, where V, = Vectg, (ex) is
anisotropic, and H; = Vectg, (e;, e,+1—;) is a hyperbolic plane with ¢ (e;, €,41-i) =
1.

8. In the basis By, the diagonal matrices of Gq, form a torus T and the upper-
triangular matrices of G a Borel subgroup B containing T. Denote by A the
maximal split subtorus of T. In the basis By, an element of T((Q),) has matrix
diag(x, ..., x,) € GL,(E,) with

XXy = XoXy—1 =+ ++ = XX

9. Let Q(T) be the Weyl group of T over Q),. It is the group of permutations of
{1,...,n} fixing the equations above. Thus,

QT) = {a €eGuo(i)+on+1l—i)=nVie {1,...,11}}.
10. Let p be the half-sum of positive roots with respect to (B, T).

11. Let A be the O, -lattice generated by the e;. We assume that 1/ defines a perfect
pairing A X A — O,. This amounts to (e, &) € Z; and implies that

Q'
N(Ey)

det(y)) =1 €

12. Let K, = Stabg(q,)(A); this is a hyperspecial subgroup of G(Q,). We write L =
K, N B(Qy) and T, = K, N T(Q).

2 Hecke Polynomial
2.1 Unitary Similitude Group

There is an isomorphism V ®q E 2~ €D, ca/q) V- The choice of id € Gal(E/Q)
gives an isomorphism

(2.1) Gg ~ GLg(V) X Gy

Let B be an E-basis of V and let J be the matrix of ¢ in B. The group Gal(E/Q) =
{1, 0} acts on G(E) ~ GL,(E) x EX by

o.(A,N) = VAN, N), forall (A, \) € GL,(E) x E.
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2.2 Dual Group

For the diagonal torus T, C GL,q, we denote by x1,...,xn (resp., p1, ..., fin)
the usual characters (resp., cocharacters) of T}, . Let xo (resp., o) be the character
(resp., cocharacter) of Ty, X G defined by V(A7 Xg) — xo (resp., x — (I, x)).

The dual group of G is G= GL, ¢ X Gy c. A splitting is a triplet ¥ = (?, B, {Xa})
where (B. , f) is a Borel pair of Gand X, € Lie(@) an eigenvector for every simple root
a of G. The Gal(E/Q)-action on \IJ((A;) = U(G)Y lifts uniquely to an automorphism
of G fixing ¥ (cf. [1, section 1.6]). We make the following standard choices:

T= {diagonal matrices} X Gy,
B= {upper-triangular matrices} X Gy,
{Xi} = (Gidjpn) fork=1,2,....,n—1.
The vector X; lies in Lie(G) = M, (C) ® C and is an eigenvector for the simple root

Xk — Xk+1 of T. Thereisa unique nontrivial automorphism of G fixing 3, giving the
action of 0 on G:

G—G
(A, ) — (J'(CATH T, det(A)N),

where J/ = ((=1) 161 s1 )i (. [1, 18(<)].
The choice of the basis By gives an identification between

(G@, T@) and (GLH_@ X Gm,@’ Tn,@ X (Grm’@)

through (2.1). We fix the identification \IJ((A}, f) ~ U(G, T)V given by x; < u; for
i=0,...,n Wealso identify T and Hom(X.(T), C*) such that

(diag(xl, . ,xn)7x0) eT

corresponds to the map p; — x;.

2.3 Shimura Datum

Choose a basis B of V(R) in which the hermitian form 1 admits the diagonal matrix
diag(1,...,1,—1). Consider the morphism h: S — Gy of algebraic groups over R
defined in B on R-points by

S(R) = C* — G(R)
z — diag(z, ..., z,72).

Let X be the G(R)-conjugacy class of h. Then (G, X) is a Shimura datum [10, def-
inition 5.5]. Its reflex field is E. Composing h¢ on the right-hand side by G, ¢ —
ngGal((C /R G =~ Sc (given by o = 1d) gives a cocharacter p1: G, ¢ — Gc. Fi-
nally, write 7i for the associated character of T that is dominant relative to B. We have
B=x1+"+Xn1+ Xo-
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2.4 The Representation r

Let r be the irreducible representation of GL, ¢ X Gy, of highest weight 71 relative
to (]§, T). Let p denote the identity representation GL, ¢ — GL,; its weights are
(xi)1<1<n- The representation det ® pY of GL, ¢ is irreducible, and its highest weight
isx1+ -+ xn_1 = det —x,,. Thus, we can define r as follows:

r: GLn,(C x G, — GL,,ﬁ(C
(A, \) — Adet(A) A7,

Definition 2.1 The Hecke polynomial associated with (G, X) is

Hy(t) = det(t —p"'r(glo ~g)) .

The coefficients of H,, are functions on G invariant under twisted conjugation
c: g+ xg(o-x71), forx € G.

2.5 Hecke Algebra

Definition 2.2 For any ()-algebra R, the Hecke algebra H(r(G(Q),)//K}) is the set
of K,-biinvariant, compactly supported functions G(Q,) — R. Multiplication is
defined by convolution:

(fxg)y) = fx)g(x""y)dx
G(Qy)

where the Haar measure on G((Q),) is normalized by |K,| = 1.

We recall some facts about the Satake isomorphism. We identify Q[X.(A)] and
Ha(T(Qp)//Te) by A = 1y, for A € X, .(A). In [16, (1.7,1.8)], the twisted Satake
homomorphism S is defined by the composition

Ha (G(Qp)//Ky) — Ha (B(Q,)//L) — Ha(T(Qy)//T.),

where the first arrow is restriction of functions and the second is the quotient by
the unipotent radical of B. It induces an isomorphism between Hq (G(Q),)//K,)
and a subalgebra of Hq (T(Q),)// T.)¥D-* (the Weyl group acts by the “dot action”,
see [1, 1.8]). Denote by S%: He(G(Qy)//Ky) — He(T(Qyp)//Te) the usual Satake
isomorphism. Then S¢ = a o S where a: C[X.(A)] — C[X.(A)] is defined by
vis p ey,

2.6 Hecke Polynomial

The coefficients of H,, are polynomial functions on G invariant under twisted con-
jugation (the twisted conjugation by ¢ € G is the map x + gx(o - g)~!). Their
restrictions to T are polynomial functions invariant under €2(T) and twisted conju-
gation. This is the same as polynomial functions on A invariant under Q(T). By the
untwisted Satake isomorphism, they give rise to elements in Hq (G(Qy,)//K,).
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Lemma 2.3 The function G — C given by (A, x) — det(A)x? is invariant under
twisted conjugation. It corresponds to the element 1k, in Hc(G(Qy) //Kp).

Proof The element 1,x, maps to 1,1, by the Satake isomorphism. This element
corresponds to A € Q[X.(A)] where A is the cocharacter u — u.Id. Using the
identification (2.1), we have A = >, p; + 219. The associated character of T is
> i=0 Xi + 2X0, which is the function (A, x) — det(A)x3. [ |

Letg = (A, x0) € f, with A = diag(xy, ... ,x,). Then

r(glo-g)) = det(A)xg diag( %, cee ﬂ) J

Xn

H,(t) = det(t — p" 'r(glo - 9)) = 11 (t _ ! det(A)xéxn;l—i>

i=1 1
=R(t) x (t — p"~ ' det(A)x3) ,
where

N -1 2 Xn+1—i
R(t)—i];[k(t P det(Ape T )

The polynomial R is invariant under {2(T) and twisted conjugation. We deduce the
following result.

Theorem 2.4 The Hecke polynomial H, in 3(G(Qy)//K,) factors into a product
Hy(t) =R(t) - (t — p" "1,
where R(t) € H(G(Q)//K,)[t].

Let [¢] be the G(E,)-conjugacy class of r and pr € [p] factorizing through Tg, .
Let u/ = prpr be the norm of pr. Let M be the Levi subgroup stabilizing p’. It is
defined over Q. Write Ly = K, N M(Q)). The following easy lemma follows from
the calculation in [16, (2.10)].

Lemma 2.5 The polynomial R is the minimal polynomial of the element 1,,,)r,, €
Ha(M(Qyp)//Ly) via the Satake morphism S§.

3 The Shimura Variety
3.1 The Moduli Problem

Let K» C G(AY) be a compact open subgroup and denote by Shy the moduli space
associated with the data (E, o, V, 9, Og;), A, h, 1) according to Kottwitz (see [9]).
We assume K? to be sufficiently small such that this moduli problem is representable
by a smooth quasi-projective scheme over Of,. For any noetherian O, -scheme §, it
classifies the following data, up to prime-to- p-isogeny:

(a) an abelian scheme A of dimension n over S,

(b) a @-homogeneous polarization A = Q) for some prime-to-p polarization A,
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(c) anaction ¢: O ® Z(,) — End(A) ® Z(,) compatible with P
(d) am(S,s)-stable K?-orbit of compatible isomorphisms 77: V(A\?) = H; (A, A\?)
for one geometric point s in each connected component of S.

Furthermore, (A, ¢, A, 7)) satisfies the determinant condition: the characteristic poly-
nomial of e € O ® Zp) acting on Lie(A) is (T — e)"~'(T — &) € Os[T].
We now give an equivalent moduli problem. Write

7() ‘ p
70 = Hzé C AL
tp

and for any Og[1/p]-lattice L C V, write 1P =L 7P C V(A\j@). We can find a
Og[1/p]-lattice L C V satisfying the conditions

(3.1) K? C {g € GAD),g@?) =T}

o(L L) C Z[H

(see notations for the definition of ). The determinant of ¢: L x L — Z[1/p]
is a square in Z[1/p] and is well defined up to an invertible element. Letd € Z
coprime to p such that det(y) = d2. We consider the moduli problem § classifying
the following data, up to isomorphism: for any noetherian O Ep—scheme S,

(a) an abelian scheme A of dimension # over S,

(b) apolarization \: A — AV of degree d?,

(c) anaction ¢: Op — End(A) compatible with J,

~

(d) a m(S, s)-stable K?-orbit of compatible isomorphisms 7: » — T}’ (Ag) =
IL £p Ty(A;) such that the following diagram commutes

7w > e o 7»

0T

THA)  x  THA) —— Z0(1),

where 6 is some Z(P-linear isomorphism. Further, (A, ¢, A, 7) satisfies the determi-
nant condition.
Proposition 3.1 is well known; we will skip the proof.

Proposition 3.1 The natural map § — Shy is an isomorphism of functors.

Remark 3.2 For KP small enough, every automorphism of a tuple (A, ¢, \,7) is
trivial.

3.2 Dieudonné Modules

We write Shy = Shx x K(O g,) for the special fibre of Shi. It is equidimensional of
dimension n — 1. In order to study Shg, we use (covariant) Dieudonné theory.
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3.2.1 Some Definitions

Let k be an algebraically closed field containing x(Og,) and let W = W (k) be the
ring of Witt vectors and W, = W ® Q. The choice of k induces an embedding
0: E, — Wq. A Dieudonné module over k is a free W-module M of finite rank
together with a o-linear endomorphism F and a o0 ~'-endomorphism V of M such
that FV = VF = p.

A Dieudonné space over k is a finite-dimensional k-vector space together with a
Froby-linear endomorphism and a Frob; '-endomorphism V of M such that FV =
VF = 0. If M is a Dieudonné module, then M = pﬂM is a Dieudonné space that
satisfies

(3.2) Im(F) = Ker(V) and Im(V) = Ker(F).

An Og,-Dieudonné module over k is a Dieudonné module endowed with a
W-linear Of,-action commuting with F,V. We define similarly the notion of
Og,-Dieudonné space. The O, -action induces a decomposition M = M, & Mz where
M, (resp. Mg) is the submodule where O, acts via g (resp. 0). We define the signature
of an Og,-Dieudonné module to be the pair

CNE )

If A is an abelian variety over k and M = D(A), then Lie(A) = % We define in
a similar fashion the signature of an O, -Dieudonné space. The signatures of M and
M coincide.

A quasi-unitary Dieudonné module over k is an Of,-Dieudonné module endowed
with a non-degenerate alternating pairing (-, -): M x M — W, such that for all
e € O, forallx,y € M, (ex,y) = (x,ey) and (Fx,y) = o(x,Vy). We cal M
unitary if (-, -): M x M — W is perfect. We define similarly the notion of unitary
Dieudonné space.

A unitary isocrystal over k is a finite-dimensional W, -vector space N together with
endomorphisms F,V, an O, -action, a W -bilinear pairing (-, -): N x N — W
subject to the same hypotheses as above. If M is a quasi-unitary Dieudonné module,
then M®W|, is a unitary isocrystal. If A € (), we denote by N “the” simple isocrystal
of slope A. We say that an isocrystal is supersingular if all its slopes are 1.

3.2.2 Dieudonné Theory

Dieudonné theory gives an equivalence of categories between unitary Dieudonné
modules over k and p-divisible groups over k (with polarization and O, -action). For
a definition of these objects; see [3, section 2]. Similarly, there is an equivalence of
categories between unitary Dieudonné spaces over k that satisfy (3.2) and truncated
Barsotti-Tate groups of level 1 (or BT;) over k (with polarization and Og,-action);
see [8, definition 3.2] for these statements.
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3.2.3 Examples

1. Let SS be the following Dieudonné module. It has a W-basis (g, h) such that SS, =
Wy, SSz = Wh, the endomorphisms F,V are defined by F(g) = h = —V (g), and
the pairing is given by (g, h) = 1. This is a unitary Dieudonné module of signature
(1,0) and slope 1.

2. Let d > 1 be an integer. Define a unitary Dieudonné module B(d) as follows.
It has a W-basis (e, f;), i € {1,...,d} with ¢; € B(d), and f; € B(d)s. The
endomorphisms F, V are given by

E(fi) = (=1,
F(e)) = fiy fori=2,...,d
V(fa) = e,
V(ei) = fin fori=1,...,d—1.
The alternating form is defined by (e;, f;) = (—1)"~'4; ;. This is a unitary Dieu-

donné module of signature (d — 1, 1). If d is odd, every slope of B(d) ® Wy, is %

If d is even, its slopes are % + % (cf. [3, Lemma 3.3]).

3.2.4 Classification

We classify isocrystals and Dieudonné spaces that come into play in our situation. We
refer to [3, sections 3.1 and 3.6], respectively for the proofs.

Proposition 3.3 Let M be a unitary Dieudonné module of signature (n—1,1) and N

its isocrystal. Then
N =~ N(r) x (N, 2

where r is an integer 0 < r < ”T_l and
0 ifr=0,

N(r) = ¢{Ni_1 @N%Jrzi ifr > 0is even,
N? | @N? , ifrisodd.
2 2

Proposition 3.4 Let M be a unitary Dieudonné space of signature (n — 1,1). There
is an integer 1 < r < n such that M is isomorphic to B(r) & SS" .

3.3 Stratifications

3.3.1 Ekedahl-Oort Stratification

Applying Proposition 3.4 to M gives us an integer 1 < r < n. This defines a stratifi-
cation

% = I_] Mr7
r=1
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where M, is the locus where M is isomorphic to B(r) & ST A point in M, and its
Dieudonné module are said of type r. The subsets M, are locally closed, equidimen-
sional and their dimensions are the following:

dim(My) =n—i, dim(Myy1) =i
(cf [3,5.4]).

3.3.2 Newton Polygon Stratification

The Newton polygon stratification is given by isomorphism classes of unitary isocrys-
tals. It happens to be coarser than the Ekedahl-Oort stratification. It reads

Shx =My UMy U - UM, U || M,
rodd

The stratum M,, is also the locus where the unitary isocrystal is isomorphic to
N(r) x (N%)”*z’. The stratum M, 0irs. the only open stratum; it is called the u-
ordinary locus and is denoted by Shx . In [11,15], the authors show that this locus
is dense in Shy. The supersingular locus is S = LI, oaqM, and has dimension 252

2
[3, Proposition 5.5]. Finally, we state a result on the geometric structure of ShKSS. For
the proof, see [14, Theorem 5.2].

Theorem 3.5 For K? sufficiently small, the supersingular locus Shy s equidimen-
sional of dimension "5 and locally of complete intersection. Its smooth locus is the open
Ekedahl-Oort stratum M,,.

4 Moduli Space of p-isogenies
4.1 The Moduli Problem

We define a moduli space classifying p-isogenies. Let S be an O, -scheme and A; =
(Ai, i, \iy7;), i € {1,2} two tuples corresponding to S-valued points of Shx. A
p-isogeny f: A; — A, is an O (,)-linear isogeny compatible with the level structures
7,7, such that p°A\; = f¥ o X\, o f for some ¢ > 0, which we call the multiplicator.
This implies deg(f) = p".

Let p- .#sog be the O, -scheme classifying p-isogenies. Two p-isogenies f: A —
A, and f’: A] — A} are identified if there are prime-to- p-isogenies h;: A; — A/ for
i € {1,2} suchthat f'oh; = hyo f. The p-isogenies of multiplicator ¢ form an open
and closed subscheme p- fsog(c) C p- Isog.

Let Sbe an O, -scheme. Write 3(S) for the moduli problem classifying p-isogenies
between points of F(S) (see Subsection 3.1 for the definition of ), up to isomor-
phisms. The natural map I — p- .#sog is an isomorphism of functors.

Lets,t: p- .#sog — Shg be the maps sending an isogeny to its source and target,
respectively. The restrictions s, ¢: p- fsog(c) — Shy are proper for ¢ > 0 (see [11,
4.2.1]).
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The “multiplication by p” map sends A to the isogeny p: A — (p)A, where the
operator (x) multiplies the level structure of A by x, for x € G(A\?). This defines a sec-

tion of 5. As s is separated, its image is a reduced closed subscheme (p) C p-.#sog'?.
On the special fibre, there is a Frobenius section of s. It sends a tuple A to the Frobe-
nius isogeny F4: A — AP "), The level structure on ﬁ(}’z) on AP is compatible with 77
through F4. The image of s is a reduced closed subscheme F C p- ﬂsog(z) x£(0Og, ),
which is a union of irreducible components of p- .#sog x(Op,), because s is finite

and flat over the p-ordinary locus [11, 4.2.2] and %crd is dense in Shg. This follows
also from the fact that p- .#sog x (0O, ) is equidimensional of dimension n — 1, as

we will show later. By duality, we also have the Verschiebung map V4 : AP 5 A
Notice that V4 0 Fy = p?, so gaking into account level structures, the Verschiebung is
actually a map V4: (p~2)AP) — A,

The p-ordinary locus p- fsogord X £(OF,) is defined as the inverse image of %Ord
by s (or t). We define similarly the supersingular locus p- .#sog™ x x(Ok, ).

4.2 The Q-algebra Q[ p- #sog xL]

Composition of isogenies defines a morphism
c: p- Isog X, ;p- Isog — p- Is0g

which is proper (cf. [11, 4.2.1]). Let L be a field and Op, — L a homomor-
phism. Let Zy(p- #sog xL) denote the group of algebraic cycles of p- .#sog xL,
with Q) -coefficients. For cycles Yy, Y,, we define

Y - Y, = C*(Yl Xts YZ)

Extending this product bilinearly, we get a ring structure on Zq (p- .#sog xL), with
identity p- #sog'” xL. Let Q[p- #sog xL] be the ()-subalgebra generated by the
irreducible components.

Define the )-algebra Q[ p- fsogord X+(Og,)] in a similar fashion as hereabove.

We may view F as an element of Q [ p- fsogord x(O,)] or of Q[ p- Fsog x k(OF,)].

4.3 A Commutative Diagram

Let 3o (G(Qy) //K,) C H(G(Qy)//K,) be the subalgebra of ()-valued functions that
have support contained in G(Q,) N End(A). There is a Q-algebra homomorphism

h: Ho(G(Qy) //Ky) — Qp- Fsog xE,]

which we will explain briefly. Let L be a field containing E, and let f: A} — A,,
corresponding to an L-valued point in p- .#sog X E,. Choose isomorphisms c;: A ~
T,(A;),i € {0,1}. Then az_l oVyfoa;: A®Q, — A®Q), is an element of G(Q,) N
End(A). Its class 7(f) in K,\G(Qy) /K, is independent of the choices involved. The
function 7 is constant on irreducible components of p- .#sog xE,. Then h maps
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1,4k, to the sum of irreducible components C C p-.#sog XE, such that 7(C) =
K,gK,. The specialization map

o: Q[p- Fsog xEp] — Q[ p- Fsog x k(O]

is defined as follows. Let C be an irreducible component of p- .#sog xE, and C
the scheme-theoretic image of C by the open immersion p- .#sog XE, < p- .Zsog.
Then o(C) = [C x k(Og,)].

We denote again by Jo(M(Qy)//Ly) the functions with support in End(A),
where M and Ly are defined as in Section 2.6. We have a commutative diagram
of )-algebra homomorphisms

(4.1) FHo(G(Qyp) //Kyp) Q[p- Fsog xE,]

$ Q[p- Fsog xk(Og,)]

i ord

Ho(M(Qy)//Lar) — Qp- Fs0g™ xK(OF,)].
h

The morphism $ is the twisted Satake homomorphism (see [16, §1]). The map ord is
defined by intersection with the ji-ordinary locus. For the definition of the map &, we
refer to [11, 4.2.12]. In this context, the “congruence relation” means the following
conjecture.

Conjecture  Consider the polynomial Hy inside Q[p- #sog xk(Og,)] via the mor-
phism o o h. The element F lies in the center of this ring and the relation H,(F) = 0
holds.

This relation makes sense, since F belongs to the center of Q[ p- .#sog x k(O Ep)],
as we shall see in Section 6. The polynomial R annihilates the element 1,/(;)r,, €
Ho(M(Qyp)//Ly) (Lemma 2.5). The proof of [11, Theorem 4.2.14] shows that this

element is mapped to F by h.

Theorem 4.1 Consider the polynomial R inside Q[ p- #s0g°™ x k(O £,)] via the mor-
phism ord o ¢ o h. In this ring, the relation R(F) = 0 holds.

5 The Source and Target Morphisms
5.1 The Moduli Space N’

Uniformization theory from [12] can be used in order to study the supersingular

locus of Shg. In [13, 14], the authors give the geometric structure of Shx". We state
their main results below.

https://doi.org/10.4153/CJM-2013-037-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2013-037-8

1318 J.-S. Koskivirta

LetK? C G(A\Je) be an open compact subgroup. We fixatuple A’ = (A’, 1/, N, ')
over F. Using the same conventions as in [12], 7’ is a K*-orbit of isomorphisms
n': Hy (A’,A\]}Z) — V(A\?). We assume that A’ is supersingular. We denote by X’ its
p-divisible group over IF, and we write M’ = D(A’) and N’ = M’ @ Wy,.

The formal scheme N’ over I classifies the following pairs (X, px) up to prime-to-
p-isogenies. Given a F-scheme S, X is a p-divisible group with unitary structure of
signature (n—1, 1) over Sand px: X — X} is a quasi-isogeny such that p% (X/) = pA
for some ¢ € 7.

Dieudonné theory gives a bijection between N’(IF) and the set of quasi-unitary
Dieudonné modules M C N’ of signature (n — 1, 1) such that p°M" = M for some
c € 7. If (X, px) € N'(S), there is a unique tuple A = (A, ¢, \,7) over S with a
quasi-isogeny f: A — A’ lifting px. We write A = p}A’.

Ifg € G(As) and A = (A,1,\,7) is a tuple over S, then we define (9A =
(A, 1, \,g 7). The uniformization morphism is given by

0: N’ x G(Af) — Shx x T,
(X, px) x g — (g)pxA".

Let I be the algebralc group over () of O (,)-linear quasi-isogenies in End’(A’)
compatible with 2. We have a natural homomorphism o, : I1(Q,) < J(Q)), where
J denotes the Q),-algebraic group of automorphisms of N” respecting the polariza-
tion up to factor. An element )’ € 7/ provides a homomorphism a?: I(Q)) — | (A\?)
(for more details, see [12, 6.15]). We have the following theorem ([12, Theorem 6.30]

).

Theorem 5.1 The uniformization theorem induces an isomorphism of IF-schemes:
HQ)\Nyq x GAD) /KP — Shx x T

Write I((Ol)\G(A\ )/KP ={g,...,gn} and T'; = I(Q) N ngng_l. There is a
decomposition

HQ)\Nyeg X GAD),/KP = H LN N/oq-

We now recall some results from [13, 14]. Notice that in these articles the signature
of A’ is (1, n — 1). That is why we modify slightly the definition of £;(n) (the integer
i is replaced by i — 1). The scheme N7, ; has a stratification

red - U rled,iv
i€27
where N/ 4 ; is the open and closed subscheme of elements of multiplicator i. Observe
that Nredl is empty if 7 is odd ([14, 1.5.1]). For i even, all the eredz are isomorphic

to one another [14, Proposition 1.1]). Write N} = {x € N/, 7x = x}, where 1 =
p~'F?. This is a )2-hermitian space for the form {x, y} = a(x Fy). Define

Li(n) = {L C N§, Ze-lattice, L = p'~'L"}
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where L" is the dual lattice with respect to { -, - }. For each L € £;(n), there is an
associated closed subscheme Nj C N, ;. We have the following decomposition in
irreducible components:
;ed,i = U N£
LeLi(n)

([14, Theorem 4.2]). The N are all isomorphic for L € £;(n), smooth, of dimension
";1. We say that a point (X, px) € NJ,4 has type r if its Dieudonné module has type
r (see Subsection 3.3.1). The smooth locus of N/, is the set of points of type #.

Further, there is a bijection between quasi-unitary superspecial Dieudonné mod-
ules M C N’ of signature (1,0) such that p'~'M" = M and lattices in £;(n). The
bijection is given by M — M7. If L € L;(n), then write L* for the associated su-
perspecial Dieudonné module of signature (n,0). We thus get a bijection between
irreducible components of Nr’ed)i and quasi-unitary superspecial Dieudonné mod-
ules of signature (n,0) that satisfy p'~'MY = M. If y a point in N/, ;(F) with
Dieudonné module M, then y lies in N/ (F) if and only if M C L* ([14, Lemma 3.3]).
If y € NJ(F) has type n, then L* = A*(M), the smaller superspecial Dieudonné

module containing M.

5.2 Dimension of the Fibers of s, t

Let ¢ > 0 be a fixed even integer and x be an F-valued point of Sh” corresponding
toatuple A’ = (A',//, X/, 7') over F. Let M’ be its Dieudonné module and N” its
isocrystal. We write ' (x) for the fibre of t above x in p- ﬂsog(c) xIF. We consider
the moduli space Nr’ed associated with A’, as above. We assume that K? satisfies the

condition of Remark 3.2. Then there is a well-defined morphism of IF-schemes
et (x) — Ny

sending an isogeny f: A — A’ to the induced isogeny f: X — X’ on the p-divisible
groups (forgetting the level structure). It can be shown that € is proper using the
valuative criterion. Further, € is injective on S-points for all IF-schemes S, since A can
be reconstructed from f: X — X’. Thus € is a closed immersion [7, 8.11.6].

The F-points of . (x) are in bijection with the quasi-unitary Dieudonné modules
M over T of signature (n — 1, 1) satisfying M C M’ and p°M" = M. The map €
induces the natural injection of this set into N/ 4 (F). If f: A — A'liesint_ !(x), then
pxA" = A. Embed N, into N/,; x G(Ay) by a: z — (z,1). There is a commutative
diagram

© —5—SS§
IO\ 4 % G(A\?)/KP — Shy xk

Nl

€
—1
red tc (x) .

Proposition 5.2 The restriction of s to t ' (x) is a finite morphism.
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Proof The restriction of « to any quasi-compact subscheme of N/, is quasi-finite

T

(see [14, 5.4]). [ |

Corollary 5.3 The morphism

p- 508 xk(05,) S Shi™ x Shie”
is finite.
Proof It is proper and quasi-finite. ]

This result also follows by observing the proof of the following much stronger
theorem.

Theorem 5.4 Letc > 0 be an even integer. There exists KP C G(A\?) such that

p- Jsog}? xk(Og,) Lo, Shi x Shx
is a closed immersion.

Proof We will use the moduli problems &, described in Sections 3.1 and 4.1.
Choose an OE[%]-lattice L C V satisfying condition (3.1). Let x; = (A;, \j, ti, ),
i € {0,1} be two points of F(IF) with multiplicator c. We assume that there is an
isogeny h: (Ao, Ao, to) — (A1, A1,t1). We write R = Hom(Ag, A;) for the group of
homomorphisms (with no compatibility condition). If f, g € R, we write

(f.8) =Te(dXg" o fY o N og),

where Tr: End(Ay) — Z is the trace morphism. Since Ay has degree d?, the quasi-
isogeny d?)\; ' is an isogeny, thus (f,g) € Z. The form (-, -) is symmetric and
positive definite. Indeed, h identifies this form with one on End(A) ® Q that is
positive definite because the Rosati involution is. Define gq(f) = (f, f) for f € R.
For a p-isogeny f of multiplicator ¢, we have

(5.1) q(f) = d*p".
Choose an integer N such that N* > 4d°p*. Define
K" ={geKk?, (g— 1)(IP)c NLP}

and write Jg» for the moduli problem for this new level structure. Let f, g be two
isogenies in Jx» (IF) of multiplicator ¢ such that s(f) = s(g) and t(f) = t(g), denoted
respectively x; and x;. Then (5.1) shows that g(f) = q(g) = d*p°. By definition of
K'P, we have f = g on A¢[N]. There exists h € R such that f — ¢ = Nh, thus
N2q(h) = q(Nh) < 4d*p*, because q is positive definite. We deduce h = 0 and
f = g. This shows that (s, ¢) is injective on F-points.

Write R = (F[¢])/((t?)). Let f,g be two points in Ig»(R) such that s(f) = s(g)
and t(f) = t(g). We denote by f;, g the reduced isogenies on F. We have (s, t)(fy) =
(s,1)(g0)> thus fo = g, and we deduce f = g by [4, Lemma 3.1]. This shows that
(s, 1) is a closed immersion. [ |
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Proposition 5.5 Letx € WSS(F) and let ¢ > 2 be an even integer. The dimension of
the fibre 17" (x) is "5

Proof Clearly dim(t;!(x)) < ”Tfl Let M be the Dieudonné module associated
with x. Let M, be any quasi-unitary Dieudonné module of signature (#, 0) such that
My C M and My = p“~'M,. The irreducible component of N4 associated with M,
is then contained in ! (x). [ ]

Remark 5.6 When ¢ = 2 and x has type n, there is only one such M, (namely
pAt(M)). Therefore, the fibre £ (x) has only one irreducible component of dimen-

. n—1
sion 7.

5.3 Irreducible Components of p- #sog xIF

Proposition 5.7 p-.7sog xF is equidimensional of dimension n— 1. If an irreducible
component of p- .7sog xIt intersects the p-ordinary locus, then it is contained in the
closure of p- fsog"rd x[F. Otherwise, all its points are supersingular.

Proof Let C be an irreducible component of p- fsog(c) xF for ¢ > 0. Us-
ing [3, Proposition 6.15], we have dim(C) > #n — 1. Suppose that C intersects
- Fs0g " xF. Since the p-ordinary locus i i ined in its cl
p- Isog xJF. Since the p-ordinary locus is open, C is contained in its closure
and dim(C) = n — 1. Suppose that C has no p-ordinary point and that there exists
a non-supersingular point z € C. There is an open subset U C Shg containing ¢(z)
such that U NShx " = @. Then zis in t~'(U) N C so this is a nonempty dense open
subset of C. By [3, Corollary 7.3], the map ¢ is finite over t ~!(U), thus

dim(+~'(U)NC) =dim(¢(t~(U)NC)) <dim(¢(C)) <n—1,

because t(C) does not meet Shy rd. This contradicts dim(C) > n— 1. We have shown
that a component not intersecting p- .#sog" IF is supersingular. Finally, let C be
a supersingular irreducible component. We have dim(%ss) = ”;1 = dim(¢; !(x))

forall x € Shg (F), so dim(C) = n — 1. n

,ord «]

6 Congruence Relation
6.1 A Few Lemmas

Theorem 6.1 Let X,Y be irreducible schemes of finite type over a field. Let f: X — Y
be a dominant morphism. Then there is an open dense subset U C Y such that for all

y € U, we have
dim(f~'(»)) = dim(X) — dim(Y).

Proof We may assume that X, Y are reduced. Using [7, théoréme 6.9.1], there exists
an open dense subset U C Y such that f: f~!'(U) — U is flat. Then use [7, lemme
13.1.1 and corollaire 14.2.4]. [ |

Corollary 6.2 Let X,Y be schemes of finite type over a field. Let f: X — Y bea
dominant morphism and r > 0. Assume that for all y € Y, the dimension of f~!(y) is
r. Then dim(X) — dim(Y) = r.
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Proof This is a simple exercise. [ ]

Lemma 6.3 LetC C p- fsog(c) XIF be a supersingular irreducible component. Then
C, := s(C) and C, := t(C) are irreducible components of Shg x .

n—1
2

dimension < . But %55 is equidimensional of dimension ";1 (14, Theorem
5.2], so the result follows. |

, since the fibres have

Proof They are irreducible closed subsets of dimension >

n—1

Proposition 6.4 Let C,,C, C p- fsog(c) XIF be supersingular irreducible compo-
nents. Assume that the map (s, t) is a closed immersion on p- Jsog}?’ss. Assume further

that C, s = Cy5and Cyy = Cyy. Then C; = C,.

Proof The map (s, t) induces a closed immersion C; < C;; x C;,. Since C; ; and
C, are irreducible components of %SS x F, they are smooth of dimension ”;1.
The product C; s x C;; is thus irreducible of dimension n — 1, so (s, t) defines an

isomorphism C; = C 1,5 X C1 4. The same holds for C,, and we deduce the result. H

6.2 The Frobenius Action

Let F be the Frobenius map on Sh and p- .#sog x (O, ). If C is a cycle, write |C|
for its support.

Proposition 6.5 Let C be an irreducible component of Shx”” x TF. We have
F(C) = (p)C.

Proof Letx € Shx (F)bea point of type n whose image lies in C. Write M = D(x).

Then t; !(x) has a unique irreducible component C of dimension ”;1 (see Remark

5.6). More precisely, points y € p- ﬂsog(z)(ﬁ) whose image lie in C correspond to
quasi-unitary Dieudonné modules M’ of signature (n — 1, 1) satisfying p>’M'Y = M’
and M’ C pA*(M). Clearly the isogenies p: (p~')x — xand V: (p~?)Fx — x
belong to t; ' (x). They lie in C because V2M C pA*(M) and pM C pA*(M). Thus
(p~2)Fxand (p~")xlie in s(C), which is an irreducible component of Shx " x FF. Ob-
serve that (p=2)Fx € (p~2)F(C) and (p~)x € (p~1)C. We deduce (p~2)F(C) =
s(C) = ( p_1>C~ , because a point of type n lies in a unique irreducible component of
Shy x F. -

Proposition 6.6 LetC C p- fsog(c) xF be an irreducible component. Then

F-F(C)=C-F
Proof IfA, EN A, isan F-Valued point of p- fsog(c) xF whose image lies in C, then
4q
F(f)is theisogeny A L5 A and we have f@WoF,, = Fy,of,where Fa : A; — Al
is the Frobenius isogeny. This shows |F - F(C)| = |C - F|. Write X for this support.
We define an isomorphism

a: p- Is0g") xF — (p- Fs0g" xF) x,, F
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. f . f Foo@y s
by sending A, — A, to the pair (A, — A, , Aj — A" ). Similarly, define
B: p- 508 xF — F %, (p- Fs0g"® xTF)

, f : Foao 4@ 7 4@
by sending A, — A, to the pair (4, — A" , A" — Ay"). It has degree 1.
Consider the commutative diagram

%
C ——— CxF

L]

c

Fx, 5(C) — X,

where ¢; and ¢, are the restriction of ¢ to F %, F(C) and C X, F respectively. We
have F - F(C) = deg(c;)X and C - F = deg(c;)X. Since o and 3 have degree 1, we
deduce F- F(C) =C - F. [ |

We have proved some results on p-.#sog'” xF. Observe that diagram (4.1) in-
volves p- Jsog(c) x k(O,). For the relation H,(F) = 0 to make sense, F has to com-
mute with the coefficients of H,,. The pullback by

p- Fs50g) XF — p- Fs0g" xk(Og,)
defines a )-algebra homomorphism

(6.1) Q[ p- Fs0g" xk(05,)] — Qlp- Fsog" xF].

Corollary 6.7 The element F belongs to the centre of Q[ p- #s0g'” x x(Og,)].

Proof This follows from Proposition 6.6 using (6.1). [ |

6.3 Etale Covering

Let K? and K'? be two compact open subgroups of G(A\?) such that K'? C KP. Write
K = K,K? and K’ = K,K'?. Then we have étale coverings

T ShK/ — ShK

II: p- Fsog,, — p- Isogy
Lemma 6.8 The pushforward by 11 defines a Q) -algebra homomorphism
IL.: Q[p- Fs0g'S) xF] — Q[p- Fsogl? xF].

Further, 11,.(F) = deg(w)F and I1.({p)) = deg(m){p).
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Proof Consider the commutative diagram

p- Jsog?, X p- fsogﬁ?, *c> p- fsog}?,

\L IIxII l 11
- Fsoald - Fsoald - - Fsoa
p-Fs0gy’ Xsp- F80g —> p-.FS0gy .

If Cy, C; are cycles, then

IL(Cy - Cy) = Iy (Cy Xts Cy) = ¢.(II x II).(C, Xts C)
= C*(H*(Cl) Xt.s H*(CZ)) = H*(Cl) ' H*(CZ)a

thus II, is a ring homomorphism. We have another commutative diagram

_ _
p- fsogg,) xF —— p- Fsogd xF

| |

She xF —— > Shp x F,

thus I, (F) = deg(n)F, and similarly IL. ({p)) = deg(7)(p). [ |

6.4 Main Theorem

Lemma 6.9 LetC C p- 7508 xF be a supersingular irreducible component. As-
sume that the map (s, t) is a closed immersion on p- fsog}f)’“. Then

C-(F=p"'(p)) =o.

holds in the ring Q[ p- #sog xF].

Proof The proofis twofold. First we show that C-F and C-(p) have the same support,
then we look at multiplicities. The supports |C - F| and |C - (p)| are irreducible, of
dimension n — 1. Indeed, they are the direct images by the composition morphism ¢
of C X ;Fand C x, s (p) respectively, which are irreducible. Thus, |C-F| and |C- (p)]
are irreducible components of p- ﬂsog(”Z) xIF. We clearly have s(C - F) = s(C - (p)).
Using Proposition 6.5, we have

H(C-F) =3F(C,) = (p)C, =t(C - (p)).

Proposition 6.4 then shows that |C - F| = |C - (p}|. We denote by X this closed subset.
The projection on C defines isomorphisms

ap: C X, s F—C, ap: C Xy (p) = C.
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Write ¢ = coay ' and ¢, = co a;l. There is a commutative diagram:

C x;sF Cs x F(Cy)

/4

C—>C><Ct

C><t5 C; x F(Cy)

Recall that F(C;) = (p)C;. By definition, C - F = deg(cp)X and C - (p) = deg(c,)X.
The diagram shows that

deg(cp)  deg(id x J)

deg(c,)  deg(id x (p))’

The map (p): C; — (p)C, hasdegree 1 and F: C, — F(C,) has degree p>*T = p"~
since C; has dimension “>!. Thus, deg(cy) = p"~ 1deg(cp) and finally C - F

2
p"IC - (p)-

Theorem 6.10 LetC C p- Jsog 9 xF be a supersingular irreducible component. In
the ring Q[ p- #sog") xF], the following relation holds:

C-(F—p"p)) =0.

Proof Let K'? C KP? such that (s,t) is a closed immersion on p- .sog;
(by Proposition 5.4), and let C’ be a supersingular irreducible component of
p- 7508 xF such that II(C’) = C. We have C' - (F — p"~!(p)) = 0 (Lemma
6.9), and taking the image by I, we find C - (F — p"~!(p)) = 0 (Lemma 6.8). H

(c+2) ]F

Theorem 6.11 Let H, be the Hecke polynomial. Consider the coefficients of H,
in Q[p- Fsog xk(OF,)] through o o h (see Diagram (4.1)). We have the relation
H,(F) =0.

Proof We have H,(t) = R(t) - (t — p"~!(p)) with R(¢) € Q[p- Fsog xk(Og,)][t]
(Theorem 2.4). The coefficients of H, and R are linear combinations of supersingular
irreducible components of p- #sog x(O,). Indeed, they are specialization of cycles
of dimension n — 1 in Q[p- .#sog X E, ], and specialization respects dimensions [6,
20.3]. These components are either p-ordinary or supersingular (Proposition 5.7).
If C is an irreducible component of p- .#sog xx(0Og, ), then so is C - F. Thus, R(F)
is a linear combination of irreducible components of p- .sog xx(Og,), which are
supersingular by Theorem 4.1. Finally, Theorem 6.10 shows that H,(F) = 0. ]
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