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EMBEDDINGS INTO FINITE IDEMPOTENT-GENERATED
SEMIGROUPS: SOME ARITHMETICAL RESULTS

by EMILIA GIRALDES AND JOHN M. HOWIE*
(Received 7th August 1989)

A semiband is defined as a semigroup generated by idempotents. It is known that every finite semigroup is
embeddable in a finite semiband. For a class C of semigroups and an integer n22, the number o¢ (n) is
defined as the smallest k with the property that every semigroup of order n in the class C is embeddable in a
semiband of order not exceeding k. It is shown that for the class Gp of groups a¢,(n) =nq(pc,(n)), where

gim)=min{(r + 1)(s+ 1):rs=m}
and
pctn) =max{rank (S):SeC,|[S|=n}.

Estimates are known (and are quoted) for the function g. Estimates are considered for the function p¢ for
various C

It is shown also that if COS, CS denote respectively the classes of completely 0-simple and completely simple
semigroups, then

ocos(n =0¢p(n—1)+1,0¢c5(n)=0¢gy(n).

1980 Mathematics subject classification (1985 Revision): 20M 10

It has been known for some time [6] that every finite semigroup can be embedded in
a finite semigroup generated by idempotents—i.e. in a finite semiband, to use the
terminology of Benzaken and Mayr [1] and Pastijn [12]. The question of how
efficiently (in an arithmetical sense) this can be done was raised and partly answered in
[8]. The purpose of this note is to extend and develop some of the ideas in that paper.

The first stage, of course, is to make the question more precise. We borrow from [8]
the definition that if n>2 is an integer and C is a class of semigroups then the integer k
izn) is a C-semiband-cover of n if every semigroup of order n in the class C can be
embedded in a semiband of order not greater than k. Then oc(n) is defined as the
smallest C-semiband cover of n.

In this paper we shall be interested in the classes Sg (semigroups), Gp (groups), Nilp
(nilpotent groups, Ab (abelian groups), EAb (elementary abelian groups), CS (completely
simple semigroups), 0Gp (0-groups) and COS (completely 0-simple semigroups).
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Financial assistance from the British Council, the Universidade Nova and the Instituto Nacional de
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1. Preliminaries
If S is a finite semigroup then as usual we define r(S), the rank of S, by
nS)=min{|4|: A<S,{4)>=S5}.
The rank of the trivial semigroup with just one element is defined to be 0. We shall be
interested also in the smallest possible number of non-idempotents in a generating set of
S: if E is the set of idempotents of § then
g(S)=min {|A\E|: A<S, (A)=S5}.

The numbers r(S) and g(S) may well be different: for example, if S is a semiband then
g(S) =0, while n(S) may be quite large. (See, for example, [5], [9].) However, we do have:

Lemma 1. If S has a single idempotent, then g(S)=r(S).

Proof. From the definition it is clear that g(S) <r(S) for every finite semigroup. To
show this opposite inequality, let S be a semigroup with a single idempotent element e.
If (S)=0 (so that S={e}) or if r(S)=1 (so that S=<(a), a®#a) then the result is trivial.
Suppose that n(S)=2 and let A={g,,...,g,.} be a generating set for S, with k=>r(S)=>2.
At most one of gy,...,g, is idempotent. If (say) g, =e then g, is superfluous within the
generating set A, since some power of g, (being idempotent) must equal e. Thus
{g2,...,8:} generates S in this case and so |[A\E|=k—12r(S).

In particular, g(S)=r(S) if S is a group

If C is a class of semigroups we may define
pc(n)=max{r(S):SeC,|S|=n}
and
ye(n)=max{g(S):SeC,|S|=n}.
It is a consequence of Lemma 1 that for every class C of groups

Ye(n) = pe(n). (1

In the study of the function o(n) (for various classes C of semigroups) in [8] both
pc(n) and the arithmetical function

g(n)=min {(r+1)(s+1):rs=n} 2

were found to play an important part, but it was not fully realised how intimately the
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behaviour of o(n) is bound up with the behaviour of these two functions and of the

function yc(n). In [2], by a method suggested in a letter from Professor Norman R.
Reilly, it was shown that for every class of semigroups

oc(n) =(n+ 1)g(yc(n)). )
If C is a class of monoids this upper bound can be improved:

oc(n) £nqlyc(n). 4)

2. Groups

In the case where C is a class of groups we can in fact specify the function o¢
completely in terms of the functions g and p¢:

Theorem 1. If C is a class of groups then for all n>2
oc(n)=nq(pc(n)).

Proof. We begin with a lemma.

Lemma 2. If G is a subgroup of a finite group H then

|G|a(r(G)) < |H|q(r(H)).

Proof. The result is immediate if G=H. Suppose that G< H. By the definition (2) of
the function gq.

q(r(H))=(u+1)(v+1),

where uv>r(H). So

L Q(r(H))=L}ﬂ(u+1)(v+1)

|G| |G|
=(u'+1)(v+1), &)
where
_|H]
W= (u+1)—1.
6|
Now
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ool (H]
uv—IG uv+ |G| 1

>Ui uv, since I|—g|I;2.

=|G

H
215 )

Now, from [8, p. 327], we have that
|H|r(H) 2|G|r(G);

hence u'v=r(G) and so from (5)

%IJ! q(r(H)) 2 9(r(G)),

as required.

To prove the theorem, consider a finite group G and suppose that it is embedded in a
finite semiband B. By the argument in (8, p. 330] we may assume that B is simple or 0-
simple and that G is contained in a single s#-class of B. Thus B=M[H; I,A; P] or
M°[H; I,A; P] with GZ H. Again by the argument in [8, p. 330] we have

1 - 1Al - Dz r(H);
hence

(Bl 2 | 1 A2 |Hlgtr(H) 2] GlarG).

If we now choose G to be a group in C of order n and of greatest possible rank p¢(n)
we get

B2 ng(pc(n)),
giving
oc(n) 2 nq(pc(n)
as required.

This is not the end of the story, of course, for the functions ¢ and pc are not
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elementary, and there is obviously some interest in estimating them in terms of more
familiar functions. The study of q was begun in [8], where it was shown that

m+2\/m+ 1 §q(m)§m+3\/m+1
for all m=1. The lower bound is best possible, being attained (for example) whenever m

is a square. The upper bound was much less satisfactory, and has been substantially
improved in [10], where it is shown that

g(m) <m+2./m+2m'/*
for all but 4 values (namely m=73, 601, 1261 and 4063) of m.

As for the function p., we can find bounds in terms of the arithmetical functions 4, p
defined as follows. If

n=py'psy...p. (6)
where p,,..., p, are distinct primes and r,,...,r, 21, let
An)=ri+-+r, p(ny=max{r,,...,r}.

Then we have:

Theorem 2. Let C be a class of groups and let n=2. Then pc(n) £ A(n). If C contains
the class EAb of elementary abelian groups, then pc(n) = u(n).

Proof. Both of these inequalities are fairly easy exercises in group theory and are
probably well-known. A precise reference is, however, somewhat elusive. Suppose that G
is a group of order n given by (6), and let {g,,...,g,} be a generating set for G, where
r=r(G). In the sequence ,

{1}=G, =G, - =G,=QG,

where G;=(g,,...,£>, all inclusions are proper, and so

n=J_|_G’ qullall

[N

is a product of r non-trivial factors. Hence r<r, +r,+ -+ r,=A(r).
Suppose now that C>EAb. Then among the groups of order n in C is the abelian

group

A=A, x - x A,.
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where A; is the direct product of r; cyclic groups of order p; Thus r(4;)=r; and the
required inequality now follows from the following lemma, easily proved by methods to
be found in [11]:

Lemma 3. Let A,B be finite groups such that |A|,
max {r(4), /(B)}.

B| are coprime. Then r(A x B)=

Examples.
1(6) =1,p5,(6) = 4(6) = 2;
#(8)=A8)=pg,(8) =3;
u(15)=pg,(15) =1, A(15)=2;
u(105)=1, pg,(105)=2, A(15)=3.

Next, we have:

Theorem 3. Let C be a class of groups such that

EAb< C = Nilp.

Then pc(n)=u(n) for all n=2.

Proof. Let GeC be of order n, given by (6). Then G, being nilpotent, is a direct
product of its Sylow subgroups:

G=P xPyxxP,
where P; is a pi-group of order p. By Theorem 2 we have
n(P) 2 A(py)=r;
and by Lemma 3 it follows that
HG)<max{r;: 1< j<k}=pu(n).
Thus pc(n) < u(n) and the result now follows from Theorem 2.
The result does not extend to soluble groups. S;, the symmetric group on 3 symbols,

provides an example.
From Theorems 1 and 3 we now have:

Corollary. If C is a class of groups such that EAb<= C = Nilp, then o(n)=ng(u(n)).
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3. Completely 0-simple semigroups

Theorem 2 gives a useful upper bound for pc(n) when C is a class of groups. For the
class Sg of all semigroups it is not possible to assert anything stronger than the trivial
remark that

pSg(n)én’
for it is perfectly possible for a semigroup of order n to have rank n. As remarked in

[4], however, if S is such a semigroup then S must consist entirely of idempotents and
so g(S)=0. Accordingly we can say that

y(m=n—1.
This bound cannot be improved, since, for example, a null semigroup S=
{0,x,,...,x,—,} of order n has g(S)=n—1. Semigroups for which r(S)=n—1 have been
extensively studied in [4] and [3].
As a consequence, the upper bound given by (3) is less effective when applied to a
class C not contained in Gp. However, in view of the fairly good information we have

obtained for og,, it is reasonable to seek results expressing o (for suitably restricted
class C) in terms of gg,. The main theorem of this section is:

Theorem 4. Let COS be the class of completely O-simple semigroups. Then for all n23
Ucos(n) = O'Gp(n— 1) + 1
Proof. We show first that

Ocos(MZ oG (n—1)+1,

and we do this by means of a lemma.
Lemma 1. Let 0Gp be the class of 0-groups. Then, for all n22,

aocp(") =0'Gp("_ H+1
Proof. Let G° be a O-group of order n. Then G is a group of order n—1 and is

embeddable in a semiband B of order gg(n—1). Hence G° is embedded in B°, of order
at most ogg,(n—1)+ 1. Hence

Gop(N) Sog(n—1)+ 1.

To prove the opposite inequality, suppose that a 0-group G° is embedded in a
semiband B. The elements of G must lie within a single »#-class H of B and must be
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expressible as products of idempotents from within the #-class J of B containing H.
The order of J must be at least (n—1)q(r(G)), and so must be at least (n—1)q(pg,(n—1))

if we choose G to have maximum possible rank among the groups of order n—1. By
Theorem 1 we thus have that

[J|20o6,(n—1).
Now if e is the identity of G-then ¢>0 in B and so 0¢J. Hence
|B|2og(n—1)+1,

as required.

Since 0Gp < COS it now follows that

Ocos(n) 2 Gogy(n) =0 (n—1)+ 1.
To show the reverse inequality, consider a completely 0-simple semigroup
S=M°[G; ILA; P] 8))

of order n, where |G|=m, |I|=r, |A|=s and mrs=n—1. It is convenient to consider first
the case where m=1 and so G={1}, the trivial group. Let

T=M°[{1}1u{x},Au{l}; Q]
where q,;=p,; for A€ A,iel and where
q1x=q§i=qﬁx=1 (AGA’ lGI)

Certainly T contains S. Moreover T is a semiband, since for all g in Au{£}, j in
I U {x} the element (j, 1, u) is a product

(s 1,E) (x, 1, 1)

of idempotents.
As for the order of T, it is clear that

|T|=1=(+D(s+1)=rs+(r+s)+1

=(n—1)+(r+s)+1S(n—1)+n+1=2n,

since max {r+s:rs=n—1} =n. Certainly
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|T|<og(n—1)+1.

Suppose now that the completely O-simple semigroup given by (1) has the property
that m>1. We may suppose that the sandwich matrix P is normal in the sense of
Tamura (see [13], [8]), which certainly implies that for all iel there exists Ae A such
that p,;=1 (the identity of G) and for all A€ A there exists ie ] such that p,;;=1. There is
in fact no loss of generality in naming I and A so that I n A={1} and so that p,; =1.

We now construct a completely 0-simple semigroup

T=M°[G; J,M; Q].
We suppose without loss of generality that s>r, and we take J>I with |J|=r+u,

M=Au {&} (so that |M|=s+1). The matrix Q =(q,,;) includes the matrix P in the sense
that q,;=p,; for A€ A, iel. The extra entries of Q are defined as follows:

qei=1 (iel);
q,;=1 (jeJ\I);

the entries g,;(z€ M\ {1}, je J\I) form a set of generators for G.

B TS I
[
[=eenn-
I
0= P | *
[
........ | PR
| 1...1 : |
For this to be possible for an arbitrary group of order m we require that
SuZ pgy(m); (1)
so we may take
(s+ 1) (u+1)=q(pgy(m)). 2
The semigroup T is of order
m(s+ 1) (r+u)+1. (3)

It is clear that S T. The next stage in the argument is to prove:
Lemma 2. T is a semiband.

Proof. By Theorem 1 in [7] (and in the notation of that theorem) we must show
that T is connected and that V, ,=G for some x,y in J U M. First, for every j in J and
u in M we have a path
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jE—k—p
(with ke J\I) since q,j, s, g, are all non-zero. Thus T is connected.

To show the other property it is convenient to draw a temporary notational
distinction between 1 as an element of A and 1 as an element of I. Writing 1, and 1,,
we note that for each 1 in A we can by the normal property choose i in I so that g,;=1.
Hence for each k in J\I and each 4 in A we have a path

1,5&—isAsk—1,
with value
‘15-114&(1)._-'1‘1;.1:‘]1_1;1 =1.1.1.q5.1=q4.
The simple path
1, E—k—1,
has value g,.

It follows that V; , contains g, for all 4 in M\ {1} and all k in J\I. Hence V; ;=G
and so T is a semiband.

From (2) and (3) the order of T is
m(s+ 1) [(r— 1)+ @+ 1]+ 1=m(r—1)(s+ 1) +mq(pc,(m)) + 1.
If m=n—1 this reduces to

(n—1Dg(pgn—1)+1=0g,(n—1)+1,

the value we have already obtained for a 0-group.
If m=(n—1)/2 or (n—1)/3 then (r—1)(s+1)=0 and we get a semiband T of order

mq(pgy(m)) + 1.

Since pgy(m) < pgy(n—1) this is certainly less than og,(n—1)+ 1.
Suppose now that 1 <m=<(n—1)/4. Then

|T|—1=m(r—1)(s+ 1) + mq(p¢,(m))
<mrs+mq(pg,(m)) (since (r—1) (s+1) <rs)
=(n—1)+mq(pg,(m))

S(n—1)[1+4449(pgy(m))]
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S(n—1)q(pgy(n—1)).

This completes the proof.
Corollary. acs(n)=0g,(n).
Proof. Since Gp=CS we certainly have ocs(n) 2 0¢,(n).

Conversely, let S=M[G; I, A; P] be a completely simple semigroup of order n. Then
S$°=M"°[G; I,A; P] is a completely O-simple semigroup of order n+ 1, and the matrix P
has no zero entries. By the method of the theorem we embed S° in a semiband
T=M°[G; J,M; Q] of order not greater than gg,(n)+1, and @ has no zero entries.
Then T\ {0} is a semiband of order not exceeding a¢,(n) containing S.

REFERENCES

1. C. Benzaken and H. C. Mayr, Notion de demi-bande: demi-bandes de type deux, Semigroup
Forum 10 (1975), 115-125.

2, EMiLia JoaQuina GIRALDES SOARES, Semigrupos de caracteristica superior (Dissertagdo de
Doutoramente em Matematica, Universidade de Lisboa, 1984).

3. Emiuia GIrALDES, Semigroups of high rank. II. Doubly noble semigroups, Proc. Edinburgh
Math. Soc. 28 (1985), 409-417.

4. EmiLia GiraLpes and Joun M. Howig, Semigroups of high rank, Proc. Edinburgh Math. Soc.
28 (1985), 13-34.

5. Gracinba M. S. Gomes and Joun M. Howie, On the ranks of certam semigroups of
transformations, Math. Proc. Cambridge Philos. Soc. 101 (1987), 395-403.

6. Joun M. Howie, The subsemigroup generated by the idempotents of a full transformation
semigroup, J. London Math. Soc. 41 (1966), 707-716.

7. Joun M. Howig, Idempotents in completely O-simple semigroups, Glasgow Math. J. 19
(1978), 109-113.

8. Joun M. Howie, Embedding semigroups in semibands: some arithmetical results, Quart. J.
Math. Oxford (2) 32 (1981), 323-337.

9. Joun M. Howie and Rosert B. McFabppen, Idempotent rank in finite full transformation
semigroups, Proc. Roy. Soc. Edinburgh A 114 (1990), 161-167.

10. Joun M. Howie and J. L. SELFriDGE, A semigroup embedding problem and an arithmetical
function, Math. Proc. Cambridge Philos. Soc., to appear.

11. [an D. MacDonaLp, The theory of groups (Oxford, 1968).
12. Francis Pastun, Embédding semigroups in semibands, Semigroup Forum 14 (1977),

247-263.

13. T. Tamura, Decompositions of a completely 0-simple semigroup, Osaka J. Math. 12 (1960),
269-275.
Universipape Nova pe Lissoa UNIVERSITY OF ST ANDREWS

https://doi.org/10.1017/50013091500007161 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500007161

