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LIMIT DISTRIBUTIONS FOR SUMS OF WEIGHTED
RANDOM VARIABLES

BY
D. R. BEUERMAN

ABsTRACT. Let Xj, X, X3,... be iid., S, their nth partial
sum with §,=0; Suppose that

E(Xy), 1
X, o> }; o«

(24
B (Sp—nc,)) = Y,(1); ¢, = { 0. a<t

LeMMA. B; (Stu1—[ntle)—Y,(2), a stable process whose one-
dimensional distributions are characterized by Ya(t)-—’? ey, (1).

THEOREM 1. The second characteristic of Y,(t) is A(u)|u|* t with
A(u) linear in sgn(u).

COROLLARY. The second characteristic of Y,(1) is A(u) |u|*; i.e.,
if the Xy, are suitably centered, then so is Y,(1).

THEOREM. Put ¢,=0, ¢, the Cesdro sum of index 1. Then

-1 2, 1
B;'o,—> Y, TTa

(This was obtained in a different fashion than its generalization
in the Note; i.e., a different sort of functional was used.)

Let X;, X, X5, ... be a sequence of independent and identically distributed
random variables which belong to the domain of attraction of a stable law of
exponent a5 1. The purpose of this note is to obtain limit distributions for sums of
the form

6 T, =k21f(n"lk)Xk,

where f is non-negative and continuous on [0, 1]. As a special case, we obtain
limit distributions for Cesaro sums of general index, r. This extends the work of
Beuerman [1], whose notation we follow. In particular, Y,(¢), 0<¢<1, is a stable
process of exponent « whose one-dimensional distributions are characterized
by Y (H)ZV*Y,Q1), Y, (1) being the corresponding stable random variable. Our
main result is the following. Put S,= >7:_; X, So=0.

THEOREM. Let X, X, X3, . . . be a sequence of independent and identically dis-
tributed variables. Suppose there exist norming constants B, and centering constants
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nc, such that

) B;X(S,—nc) %> Y, (1),

a stable random variable of exponent a.#1. If T, is given by (1), with { non-negative
and continuous on [0, 1] then

n 1
3 5 (T—e 3 0m0) & v [ qora).
k=1 0
Proof. From the Lemma of [1] and Theorem 5.1 of Billingsley [2], we have

@ [ a5 = ta1en - f (1) dv.(o).

Now, Stieltjes integration yields

1 n
) |10 d@Satrte) = B2 (Tu=e. S 16070).
From Lemma 1 of Laha and Lukacs [4], the second characteristic of | 3f(t) dY, (1)
is
(6) f y(ui(n) dt,
0

w(u) being the second characteristic of Y,(1). As in [1] we may write w(u) in
the form

@) M) |ul®

where A(u) is linear in sgn(u). Thus, from (6) and (7), the second characteristic
of [3(£) dY,(1) is

fo““) lul GCO)* dt = 4(u) Jul* f (i) dt,

From Theorem 1 of [1], this is the second characteristic of

r.( f Gy a).

Hence, (4), (5) and (6) yield (3). Q.E.D.

An interesting special case of (3) is for the Cesaro sums of index r, C7); cf.
Hobson [3]. Here we may write
) = AP, A9, ap = Lot
Pn+DUC+1)

From Stirling’s approximation, A%,)~n"/I'(r+1), so that here f(n~%k)~(1 —n~'k)"
and (3) becomes

(8) BHCY —(ne,/(r+1)) 2> Y,(1/(147%))
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since 37_y (1—n"%k) ~n|(r+1), {§(1—t)* dt=1/(1+4ra). Theorem 2 of [1] is
(8) for r=1, ¢,=0.
REFERENCES

1. D. R. Beuerman, Some functional stable limit theorems, Canad. Math. Bull. 16 (1973),
pp. 173-177.

2. P. Billingsley, Convergence of Probability Measures, J. Wiley & Sons, New York 1968.

3. E. W. Hobson, The Theory of Functions of a Real Variable, Vol. II, Dover, New York, 1957,
pp- 70-71.

4. R. G. Laha and E. Lukacs, On a property of the Wiener process, Ann. Inst. Stat. Math.
20 (1968), pp. 383-389.

https://doi.org/10.4153/CMB-1975-055-7 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1975-055-7

