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Combinatorial designs and related computational constructions

PETER ADAMS

A great deal of work has been done on finding edge-disjoint decompositions of
graphs into copies of other graphs. Usually, the graph to be decomposed is the complete
graph on v vertices, K, . A natural question to ask is: given a graph H , for which values
of v is it possible to find a decomposition of K, into edge-disjoint copies of H? This
is commonly called the spectrum problem for H-decompositions. This thesis considers
the spectrum problem for a number of graphs, including i-perfect m-cycles, closed m-
trails, platonic graphs, the Petersen graph, and the Heawood graph. Descriptions are
also given of a computer package which has been designed to find such decompositions.

Chapter 1 contains the definitions and background material which is used in later
chapters.

Next, a number of results are presented for i-perfect m-cycle decompositions. In
Chapter 2, the case i = 2 and m = 5 is considered, and results are given for decom-
positions of the A-fold complete graph into 2-perfect pentagons; see [6]. This extends
existing results for A € {1,2} given in [19] and [18] respectively.

In Chapters 3 and 4, 2-perfect 8-cycles and 3-perfect 9-cycles are considered; see
{1, 3, 5, 8]. In each case, the spectrum problem is completely solved for all A > 1,
except possibly for one unsolved case when i =2 and m = 8.

In Chapter 5, the problem of finding k-perfect 3k-cycle systems is considered for
arbitrary k. Such decompositions are especially interesting because the distance k
graph of a 3k-cycle consists of k edge-disjoint triangles. Thus in a k-perfect 3k-cycle
system of order v, the collection of distance k graphs of the cycles forms a Steiner
triple system of order v. Apart from an isolated exception when k = 5, the spectrum
problem is completely solved for k = 4 and k = 5. A general result is also given for
arbitrary k= 1,5 (mod 6); see [9].

Previously, most spectra results for i-perfect m-cycle systems have been for the
special case i = 2, and for m < 9. In Chapter 6, the problem of finding i-perfect
m-cycle systems is considered for larger values of ¢ and m. All values of 7 (2 <
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1 £ [(m —1)/2]) are considered, for all m < 19. Many new results are presented,
and currently unsolved cases are listed. A section at the end of Chapter 6 gives a
comprehensive summary of all previous results, together with all new results; see [4,
13].

1t is interesting to consider cycle decompositions which exhibit extra properties, as
well as being i-perfect. In Chapter 7, consideration is given to the problem of finding
some perfect cycle systems which are also partitionable; see [7].

In the remaining chapters of the thesis, spectra results are given for problems other
than perfect cycle systems. For many centuries, scholars have been fascinated by the
five regular solids. In Chapter 8, platonic graphs (the graphs corresponding to the
regular solids) are considered. Results are given for decompositions of the complete
graph into dodecahedra and icosahedra, and then cubes and octahedra are studied in
more detail. The graph corresponding to an octahedron is also a Pasch configuration,
which is the unique combination of four triples on six points. These results are given
in [10, 12, 16).

Numerous other graphs have been of great interest. In particular, the Petersen
graph has long been loved by graph-theorists. In Chapter 9, complete solutions are
given to the spectrum problem for the Petersen graph and for the Heawood graph; see
(14, 15).

An m-cycle is a special case of a more generalised configuration called an m-trail,
in which there may be repeated vertices. In the next two chapters, consideration is
given to finding decompositions of graphs into some closed m-trails. In Chapter 10, the
definition of i-perfect is extended to trails, and bowties are considered in detail (where
a bowtie is a closed 6-trail with 5 vertices). The spectrum for 2-perfect bowties was
recently found [17], and these results are extended to the spectrum for A-fold 2-perfect
bowtie decompositions, A > 1; see [2]. Then in Chapter 11, all possible closed m-trails
with 10 or fewer edges are considered, and it is shown that it is possible to find a
cyclically generated closed m-trail system of order 2m + 1 for all such m-trails. These
results also include a summary of cyclically generated i-perfect closed m-trail systems
of order 2m + 1; see [11].

Many of the results in this thesis have been obtained using computational tech-
niques. This has involved implementation and utilisation of a generalised tool for finding
graph decompositions, called autogen, written by the author. In Chapter 12 this tool is
discussed in some detail, with descriptions of how it can be used. There is also discus-
sion of some future developments and enhancements which will be made to subsequent

versions of the program.
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