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EXISTENCE OF NORMAL MEROMORPHIC FUNCTIONS
WITH A PERFECT SET AS THE SET
OF ESSENTIAL SINGULARITIES

TOSHIKO KUROKAWA

§1. Introduction

1. We are interested in whether there is a Cantor set E admitting no
exceptionally ramified or normal meromorphic functions with E as the set
of essential singularities. As for an exceptionally ramified meromorphic
function, we [2] have recently given the following result.

THEOREM A. Let E be a Cantor set with successive ratios &, satisfying
the condition

En+1 = O(Ei) ’

then the domain complementary to E admits no exceptionally ramified
meromorphic functions with E as the set of essential singularities.

However, for a normal meromorphic function, S. Toppila [4] proved
that if the set F is an infinite closed set, there exists a normal meromor-
phic function in the domain F° complementary to F with at least one
essential singularity in F. In [4], he gave a normal meromorphic function
in F° with one essential singularity in F.

In this paper, using the analogous method in S. Toppila [4], we shall
give a normal meromorphic function with a Cantor set as the set of
essential singularities.

Our result is stated as follows:

THEOREM. Let E be a Cantor set with successive ratios &, such that

(1) limé, =0
and

(2) $n+1 = O(Eu)'
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Then there exists a normal meromorphic function in the domain comple-
mentary to E with E as the set of essential singularities.

Thus it follows from Theorem that the conclusion of Theorem A is

false if we assume that a function is normal, instead of exceptionally
ramified.

§2. Proof of Theorem

2. We form a Cantor set with successive ratios &,, 0 < &, < 2/3, in
the usual manner. We remove first an open interval of length (1 — &)
from the interval I,,: [— 1/2, 1/2], so that on both sides there remains a
closed interval of length &,/2 = ¢,. The remained intervals are denoted by I, ,
and I,,. Inductively we remove an open interval of length (1 — 27,) [[3217,
with ¢,/2=9, p=1,2,83,.--, from each I,_,,, k=12, .-.,2""" so that
on both sides there remains a closed interval of length [[z.,7, = ¢,. The
remaining intervals are denoted by I,.,._, and I,,. By repeating this
procedure endlessly, we obtain an infinite sequence of closed intervals
{Li}n0,1,2,0n, k=1,2,-..,0n«  The set given by

o 2n
E= N U In,k
n=0 k=1

is said to be the Cantor set in the interval I,, with successive ratios &,.
Denoting by z,, the midpoint of I, , and setting «, , = 2, , + i4,/2,
we shall give an infinite product
oo 27

fz) =] [] Z=G%nx

n=1k=1 2 — Oy

Obviously this function f has the set E as the set of essential singularities.
In order to prove Theorem it is enough to show that f is normal in the
domain 2 complementary to E.

The proof of this is based on the following result due to O. Lehto
and K. I. Virtanen [3].

THEOREM B. A function f meromorphic in a domain G of hyperbolic
type, is normal in G if and only if there exists a finite constant C so that
for every ze G

@ g do
Ozl < Cdta),

where doy(2) denotes the hyperbolic element of length of G.
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In order to estimate |dz|/ds,(2), we need the following

LemMmA. Let D be the domain complementary to the set {0,1, o). Then

lim ([w]logl_) ng(w) = l
w=0 |w| |dw| 2

(see C. Constantinescu [1]).

3. We first discuss |dz|/do,(z). By Lemma, there exists a positive
number §,, 1/8 > 5, > 0, such that

(3) dLiL(‘g;)<4|w’10g.l_i_l inwe{w] 0 <|w|<44,} =R,.

Applying the linear transformations w =1 —{¢ and w = 1/¢ to (3), we

have
dw| 1
4 AWl gl — 1j10g - L
(4) do () lw — 1 oglw Y
in wew] 0< |w— 1| < 45} = R,
and
(5) < yjwloglw]  in we{w| 1/48, < |w| < oo} = R..,
do(w)

respectively. Since the set R = {w| |w| = /4, |w — 1| = d,/4, |w| < 4/d4}
is compact, there exists a positive number C, such that

dw| .
6 _ l,.u < C1 R.
(6) do(w) in we

We now set
fn,k = {Zl IZ - zn,kl = 50gn-1},
fn,k = {2[ [Z - zn,k! = gn/ao} )
Fn,k = {z[ lz — zn,kl = */Z;Z;:l}
and
(Fn,k) = {Z[ IZ - zn,k[ < \/Zn_gzi;} )
for n=1,23,---, k=1,2,..-,2. We denote by S, . (resp. T,,) the
closed ring domain bounded by 7, , (resp. ¥,,) and I',,. The triply con-

nected closed domain bounded by I',., [niim-2 and [, . (resp. 7.
Fusrono1 and 7., ) is denoted by 4, (resp. 4,,), where 4,, denotes the
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closed ring domain bounded by I',, and I',, in the extended complex
plane €. Immediately we have

Q= U 4,,.
k

ees,2m
yees

=12,
=0,1,2

1
n=0,
Denoting by a,, (resp. b,,) the left (resp. right) endpoint of I,,, we

write

the domain complementary to the set {a, ., b.. 1},
D,, = ifk=1,2 ...,2,
the domain complementary to the set {0, a,,, b,.},
ifk=2""141 20" 42 ...,2",
We take the conformal mapping w = ¢, (2) from D, , onto D such that

$ril@n) =0,  $ou(by0) =1
and
{qﬁn_k(l):oo, if k=12 ... 2",
Go0) =co, ifk=2"'41 27142 ... 2",
From (1), there is a positive integer N, N > 2,
(7) &, < a2, for n>=N.

We denote by £, the closed domain bounded by the circles {I'y }io1,,...0v
in €. For every ze 2 — 9, we choose the integers n and %k such that
zed,, Since doy(2) = do,, (2) and since the hyperbolic element of length
is conformally invariant, we have for ze 4, ,

|dz| _|d=| _ |dz|  |dw| |dw]
(8) doy(2) = do,, (2) l[dw| doy(w) <94 do(w) ’

where w = ¢, ,(2).
By elementary computations, we have

¢n,k(fn+l,2k—1) c {wl 50/4 < |wt < 450} >

¢n,k(fn+l,2k) C {w] 6,/4 <|w — 1| < 48}
and

¢n,k(fn,k) C {w| 1/450 < ]wl < 4/50} ’

in view of (7). Thus
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¢n,k(Sn+l,2k—-1) C RO b
¢7L,k(Sn+1,2k) c Rl ’
$ulTi) C R,

and
$ui(dr) C R.

Hence applying (3), (4), (56) and (6) to the image of 4, , under w = ¢, ,(2),
we deduce from (8) that

|de] 34,

<Clz—ayllog 2 | for 2eSum,

doys) ~ T R g TR B

92| <z —b,,|log. 3% for z€ S, u,
dﬂf)(z) lz — b, kl '

)1 g 202 — a,,|
T < C4  Wn,x l o '*":”"n‘k* ’ n,k 3

do( 2 — a,,|log . for ze T,,
ldzl o /
do,(2) /. for ze 4, ,,

where C; are constant.

4. We next discuss the spherical derivative o(f(2)) = |f'(2)|/(1 + |f(2)])
of f. We have for ze 4, ,, n = N,

ey < M@ sl

T LHIf@F p1iie 12— anallz — @l

2
1,2,3,¢-¢
4n

d=bo |z—am th 6\’m n]
(m h)s&(n k)

. If@l

<1l
-2

A+ f@P|z — aullz — @,
Zm

1
2 m; +ln+2 (Z U, h”z — Uy, hl

=14+ 1+ IIL

+

The second term II is simply estimated as follows:
We have

m< b Z—un | by 36

|2 — @,,,F emy, k)‘ 2 — Omn |z — @, .} 2,
for ze U, , = {z| |2 — a,,| < ¢./6},
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<L <36

n< 6, /{iz - anl
12 = anl (m,h)];[(n,k) |z — a,,.f £,

for ze U;zk = {Z‘ |2 - &n,k| = ﬁn/G}

2 — Up,p

and
12
I < < 18/¢,,
2|1z — a, ]|z — @l
for z e A;,k — (Un,k U U1/1,k) ’
so that
(10) I < 36/4,, for ze 4] ..

For ze S, -1 U Spi12e U T, we have immediately

a1 I < 4

212 — apl|Z2 — @url

In order to estimate I and III, we take roughly a lower bound of

|2 — ap | OF |2 — @ponl, (M, B)#(n, k). We may without loss of generality
suppose that k=1, i.e. ze 4, .

(i) fapnelpo), p=1,23,---,n, we have
(12) B Iz - am,h] ; d(Pﬁ,I’ Fp.z) g d([’p,h Fp,Z) g Zp—1/3 ’
where d(I",,, I',,,) denotes the distance between I',, and I, ..

(1) If anne€rir,y), J =1,2, we have

13) {lz — | = (4,]6) — (£,]2) > Zi,_f for zeT,,,
12— tnn| Z AL nirsy @nn) 2V lnloif3,  for zed,, —T,,.
@iii) For the others, ie. a,,, a2y, -+ -, ,_1, We have
(14 12 — apl = Ay @) = A sy W) = 403,
for m=1,2,---,n —1. Here we may substitute @, , for a,, in (12),

(13) and (14). We need also

(15) Zp/gq = 77.177717—1' * '7]q+1 < (1/3)p—q (p > q) .
Using (12) and (14) we deduce

- 2 2(.z : )

, 2 - 12 = al|Z — ]
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1 1
(.2 ) )
P=1 \am,2€(Ip,2) |2 — U p||2 — B, 1] |2 — apillZz — Wl
b, 1
22
Y o an e |2 — annllZ2 — @, )
12

e R R
e ]

n-2

(@)

Also in view of (15) we have
(16) I< CS/gn-l = Svn/gn .

Similarly we deduce from (12) and (13)

Mm< 3 9.gnn=tfn

m=n+1 /4

5+ () ~2() ()
X = N w2 4 ()Y
{9 ) rel) e . }

for zeT,,,

M< 3 g.gnn-t_fn

m=n+1 E Zﬂ+1
4,6 0,4
>< {1 + n+l +2 n+l + 272—1'_11 n+1}’
e, TteL, TR T
for zed,, — T,

n,1

and so we have

an I < Cpp,/4.,, for ze T, ,,
I < Gye,, for zed,, — T,,,
in view of (2) and (15).
Thus summing (10), (11), (16) and (17), we have

o(f(2) < G + 4 — , for ze Spioe-1 U Spirare s
I 2|1z — ayil|2 — @il
as - o(f(2) < Co 7. + b , forzeT,,,
£, 212 — 412 — @l
o(f(2) < Cyle.,, for ze d,,.

Hence combining (9) and (18), we deduce that
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|dz]| ( 36 )
z < C,(3C
@) oy < 0 T 5 el =
% ‘I"z”’:;;:n’kl lOg lz Eg‘:mk[ s for ze Sn+1,2k-l’
|dz]| ( 36 )
2)) - < C,(3C
&) Gy < OB g ez =
|2 — b, ..l ] 34, £ S
X g log b’ or €S, 10,
[dzl (Clolz—an klz Iz"“an klz )
2)) — < C, (2 Zmkl g+ :
olr¢ ) doy(2) ) 2 ? 2|z — a, ||z — @,
gn 2]2 — @, k‘
X —t log T __Tmkl for ze T, ,
2[2 - an,kl n
and
of@) 1%L <cc,, forzed,.
doy(2) '
Using the simple inequalities:
0 < xlog L <1/, for 0< x<1,
x
{2 - an,k]/gn <1, for ze Sn+1,2lc—1 ’
|z — b, .06, <1, for ze€ 8,10
iz - an,kl > Zn/3 ’ fOI' Z2€ Sn+l,2lc-—1 U Sn+l,2k ]
|2 — @] > 4,13, for ze Sn+1,2k—l U Sn+1,2lc s
1 :z"a"i <4, for zeT,,,,
4 B Oy
1 2=l oy, for ze T,
4 2 — Oy
and
2 — 4 1
2 <t <l gorzer,,,
gV S e S frEehe

we are able to prove that o(f(2))(|dz|/do,(2)) is bounded in 2 — 2, Fur-
ther, since p(f(2))(dz|/do,(2)) is also bounded in a compact set 2, it is
bounded in 2. Thus by Theorem B, we deduce that f is normal in 0.
This completes the proof of Theorem.
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