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EXISTENCE OF NORMAL MEROMORPHIC FUNCTIONS

WITH A PERFECT SET AS THE SET

OF ESSENTIAL SINGULARITIES

TOSHIKO KUROKAWA

§ 1. Introduction

1. We are interested in whether there is a Cantor set E admitting no

exceptionally ramified or normal meromorphic functions with E as the set

of essential singularities. As for an exceptionally ramified meromorphic

function, we [2] have recently given the following result.

THEOREM A. Let E be a Cantor set with successive ratios ξn satisfying

the condition

then the domain complementary to E admits no exceptionally ramified

meromorphic functions with E as the set of essential singularities.

However, for a normal meromorphic function, S. Toppila [4] proved

that if the set F is an infinite closed set, there exists a normal meromor-

phic function in the domain Fc complementary to F with at least one

essential singularity in F. In [4], he gave a normal meromorphic function

in Fc with one essential singularity in F.

In this paper, using the analogous method in S. Toppila [4], we shall

give a normal meromorphic function with a Cantor set as the set of

essential singularities.

Our result is stated as follows:

THEOREM. Let E be a Cantor set with successive ratios ξn such that

( 1 ) lim£n = 0
n — co

and

( 2 ) fn + l

Received June 20, 1984.

29

https://doi.org/10.1017/S0027763000000568 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000000568


30 TOSHIKO KUROKAWA

Then there exists a normal meromorphic function in the domain comple-

mentary to E with E as the set of essential singularities.

Thus it follows from Theorem that the conclusion of Theorem A is

false if we assume that a function is normal, instead of exceptionally

ramified.

§ 2. Proof of Theorem

2. We form a Cantor set with successive ratios f n, 0 < ξn < 2/3, in

the usual manner. We remove first an open interval of length (1 — ξ^

from the interval 70>1: [— 1/2, 1/2], so that on both sides there remains a

closed interval of length ξJ2 = tx. The remained intervals are denoted by 7M

and 71)2. Inductively we remove an open interval of length (1 — 2ηn) YllZiTjp,

with ξp/2 ΞΞ ηp, p = 1, 2, 3, , from each 7n_1|fc, k = 1, 2, , 2n~\ so that

on both sides there remains a closed interval of length FI^i3?? = n̂ The

remaining intervals are denoted by Jn,2*-i and JΛ|2Λ. By repeating this

procedure endlessly, we obtain an infinite sequence of closed intervals

{In,*}n=oli,2,...,*=i,2,...f2». T h e s e t g i v e n b y

is said to be the Cantor set in the interval 70)1 with successive ratios ξn.

Denoting by zn^ the midpoint of IntΊe and setting anjlc = zni1c + i£J2,

we shall give an infinite product

f(2) π π * - ««>«

Obviously this function / has the set E as the set of essential singularities.

In order to prove Theorem it is enough to show that / is normal in the

domain Ω complementary to E.

The proof of this is based on the following result due to 0. Lehto

and K. I. Virtanen [3].

THEOREM B. A function f meromorphic in a domain G of hyperbolic

type, is normal in G if and only if there exists a finite constant C so that

for every z eG

where dσG(z) denotes the hyperbolic element of length of G.
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In order to estimate \dz\jdσΩ(z), we need the following

LEMMA. Let D be the domain complementary to the set {0, 1, oo}. Then

\w\) \dw\ 2

(see C. Constantίnescu [1]).

3. We first discuss \dz\jdσΩ(z). By Lemma, there exists a positive

number δ0, 1/8 > d0 > 0, such that

( 3 ) UUJ\ < 4 [ n ; l l o g — in w e {w\ 0 < \w\ < 4δ0] = RQ.

Applying the linear transformations w = 1 — ζ and M; = 1/ζ to (3), we

have

( 4 ) - J M - < 41«; - 11 log --A—

in w e {w\ 0 < \w - 1| < 4<50} =

and

( 5 ) l ^ L < 4 | ^ l l o g l ^ l in w;e{α;| l/4ί0 < \w\ < oo}

r e s p e c t i v e l y . S i n c e t h e s e t RΞΞ {w\ \w\^ δj4, \w - 1\> δJ4, \w\

is compact, there exists a positive number Cx such that

(6) J * ? i _ < C 1 in weR.
dσD(w)

We now set

fn,k = {z\ \z - zn,k\ = £jδ0],

ΓnΛ = {z\ \z - zn,k\ = V ί T C

and

for 7i - 1, 2, 3, , k = 1, 2, , 2re. We denote by Sn,fc (resp. Tn,k) the

closed ring domain bounded by fnΛ (resp. fn>fc) and ΓW|Jfc. The triply con-

nected closed domain bounded by Γn,fc, Γn+h2k-i and Γn + l ! 2 f c (resp. fMϊΛ,

fn+i,2*_i and fn+1>2Λ) is denoted by Λ ) fc (resp. J^ ϊfc), where JO ι l denotes the
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closed ring domain bounded by Γuι and Γu2 in the extended complex

plane C. Immediately we have

Ω = *-iy..2»4 ' f c*

Denoting by an>k (resp. 6n,fc) the left (resp. right) endpoint of JΛιJfc, we

write

the domain complementary to the set [anyk, bUfk, 1},

if A = 1,2, .. ,2»"1,

the domain complementary to the set {0, antk, &n,J,

if k = 2n~ι + 1, 2n~ι + 2, ,2n .

We take the conformal mapping w = φn,k(
z) from Dntk onto Z) such that

Φn,k(an,k) ~ 0 , Φn,k(t>n,k) = 1

and

= 00, if k = 2n~ι + 1, 2n~ι + 2, ., 2n .

From (1), there is a positive integer iV, N ^ 2,

(7) f n < « / 2 , f o r n ^ i V .

We denote by β0 the closed domain bounded by the circles {ΓNΛ}k=ί^...y2N

in C. For every z e Ω — Ωo, we choose the integers n and k such that

z e ΔnΛ. Since dσΩ(z) ^ dσDnJc(z) and since the hyperbolic element of length

is conformally invariant, we have for ze AUik

\dz\ < |d^| = |cb| _ \dw\ < Qβ \dw\
dσΩ{z) = dσDnk(z) \dw\ dσD(w) n dσD{w)

where w = φn>k{z).

By elementary computations, we have

: M < 4 S 0 } ,

and

ΦUhJ a {w\ l/4δo<\w\<4lδo}y

in view of (7). Thus
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Ro ,

C

and

n,k(Λn,k)

Hence applying (3), (4), (5) and (6) to the image of Jnι fc under M; = φn,k(z),

we deduce from (8) that

for

( 9 ) {
dσΩ{z)

C3\z - 6n,Jlog

dσΩ(z)

\dz\
dσΩ(z)

where C, are constant.

for zeSn+h2k,

for ^ e Γ M ,

for ^e Ji f f c,

4. We next discuss the spherical derivative p(f(z)) = \f'(z)\l(l +

of /. We have for z e dntk, n^> N,

2 h_1f-
i

 2m \ z _ , i i .

(m,h)φ(n'k)

\f{z)\h

4- — y
^, Λ — JL, <J, , ^

ΞΞ I + II + III.

The second term II is simply estimated as follows:

We have

Π < π z — an
36

z — a.m,h

for z e UnΛ = {z\ \z - an,t\ £ SJ6],
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z -
Z — am,h

(m,h)Φ(.n,k)

for

36
\Z — «„

= {z\ \z - άn

and

Π <
2\z - antk\\z - antk\

< 18/4 ,

for z e Δ'n,k - (Untk U U'ntk),

so that

(10) I K 36/4, forzeJ; , , .

For zeSn+u2k_ί U Sn + U2k U Tnyk we have immediately

(ID Π <
\z - an,k\\z - άn, fc |

In order to estimate I and III, we take roughly a lower bound of

|3 — αm,ft| or 12 — αTOίft|, (m, h)φ(n, k). We may without loss of generality

suppose that k = 1, i.e. 2 e Jw>1.

( i ) If <xmΛ e (Γp>2), p = 1, 2, 3, , n, we have

(12) \z - α j n t f t | ^ d(Γn ι l, ΓPt2) ^ d(ΓPfl, ΓPi2) ^ £PJ3 ,

where d(ΓPyq, Γr>s) denotes the distance between Γp,q and Γr,s.

(ii) If αOT)Λ e (Γ n + M ) , j = 1, 2, we have

(13) ί '* ~ αm>ftl ~ ( ^ θ ) ~ (£J2) > ^' f ° r Z β TnΛ '

ll« - "m,Λ| ^ c?(A+i,, , ^ , J ^ V4I.T7/3, for « e J n i l - Γ n t l .

(iii) For the others, i.e. altl,a2,i, ,αn-i,i> w e have

(14) |« - α m ι l | ^ d(Γ n ι l , αTO|1) ^ d ( Γ w + l i I , amΛ) ^ 4 / 3 ,
for m — 1, 2, , n — 1. Here we may substitute amyh for amth in (12),

(13) and (14). We need also

(15) 4 / 4 = VpVp_r .Vq+1 < (1/3)'-« (p > g).

Using (12) and (14) we deduce

j __
2 ^•1 ϊ * I* -
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12: — <XmΛ\Z — an

2 p=i
Σ

\z —

Also in view of (15) we have

(16) I <

Similarly we deduce from (12) and (13)

I Π < Σ 9 2w-n-1-%-

X

m< i

X {1 + 1^^ + 2^^^- + + 2*

for ^ e r n f l ,

-1 vn </n + i

for z e ΔnΛ - TnΛ ,

and so we have

(17)
for z e 4,,, - Γn>1,

in view of (2) and (15).

Thus summing (10), (11), (16) and (17), we have

p(f{z))

(18)

2\z - antk\\z - an,k\ '
Z 6 >-»+!,2*-l U

2\z - an,k\\z - an,
- , for z 6 Tntte,

l

for z e Δ' *.

Hence combining (9) and (18), we deduce that
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P(f(z))

\dz\

dσΩ(z)

( s c 9 + _ *£ Γ )
\ 2\z- antk\\z- otn%k\t

c 2 ( s c

X \z -
34

log for 2 e
\z —

(3C9 + _ ^ f ΛC3 (3C

l o g .

σa(z) \ £1 +
2\z

X
2\z-anJ

for z e Sn+h2k,

an,k\\z - άn,k\)

for zeTn,k

and

dσΩ(z)

Using the simple inequalities:

0<xlog—

<C,C n,

— cin

US 9

and

T

4

9

'z-

: * -
z —

z —

an

0Cn

an

,k

,k

,k

4 :

4,

for 0 < x < 1 ,

for z e S n + l t 2 Λ . 1 ,

for 2 € Sn+1,2k,

for ^ e Sn+li2k^ U S Λ + l ϊ 2 Λ ,

for z e Sn + 1 > 2 Λ_1 U S n + 1 ) 2 f c ,

for 2 e Tntk,

for 2 e TnΛ

1_

4
for z e T

n y k ,

we are able to prove that p(f(z))(\dz\jdσΩ{z)) is bounded in Ω — Ωo. Fur-

ther, since p(f(z))(\dz\/dσΩ(z)) is also bounded in a compact set β0, it is

bounded in Ω. Thus by Theorem B, we deduce that / is normal in Ω.

This completes the proof of Theorem.
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