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FACTOR REPRESENTATIONS AND FACTOR STATES 
ON A C*-ALGEBRA 

JAMES A. SCHOEN 

Let A be a C*-algebra and H a Hilbert space of large enough (infinite at 
least) dimension so that every 717, where/ is a factor state on A, can be unitarily 
represented on H. Let Fac (A, H) denote the set of all factor representations of 
A on H. If 7T is in Fac (A, H) we call its essential subspace the smallest, closed, 
vector subspace KoiH such that w (A ) is null on H 0 K. We define Facœ (A, H) 
to be the set of elements in Fac (A, H) whose essential subspace is H. Equip 
Facœ(^4, H) with the topology of strong pointwise convergence, i.e., 7r„ —> 7r if 
\\TV(X) a — 7r(x)a:|| —* 0 for all x in A and a in H. Bichteler [1, p. 90] shows that 
this topology is the same as that of weak convergence. What we show in this 
paper is that there is a continuous open surjection of Facœ(^4, H) with this 
strong topology onto the set of factor states, F {A ), of A with the weak topology. 
It then follows from [3, Proposition 11] that the map ir —* [x] is a continuous 
open surjection of Facœ(A, H) onto the quasi-dual of A. 

Let a be a unit vector in H and F (A) denote the set of factor states on A. 
Define the map wa from Facœ(^4, H) to F (A) by 

(wa(ir))(x) = (ir(x)a,a). 

We note that for each T in Facœ(^4, H), wa(ir) is a state and the representation 
p induced by wa(ir) is unitarily equivalent to -K restricted to cl {TT(X)Û;|X G A}. 
Hence wa{ir) is in F(A) and p f [71-], where [ir] is the quasi-equivalence class 
Of 7T. 

Let I b e a subset of Facœ {A, H). Then X~ will denote 

{PG Facœ ( ,4 , t f ) |p£ [TTLTTÇ X}. 

Let F be a subset of F (A). Then Y~ will denote {g G F(A)\wg G [irf],f G Y}. 
The following lemma is clear. 

LEMMA 1. Let B be a subset of Facœ(^4, H) and a and 13 unit vectors in H. 
(a) wa{B)~ = wa(B~). 
(b) IfB= B~,wa(B) = wp(B). 

Let 7T be in Facœ(^4, H) and hi = a, where a is fixed unit vector. We define 
7Ti = ir\Hi, where Hi = cl {ir(x)hi\x G A}. Assume that for all ordinal numbers 
v < v' we have defined hv such that hv G H © cl U #M, n < v, where H^ = 
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cl {T(x)hfi\x G A} ; Hv = cl {w(x)hv\x £ A}; and TV = ir\Hv. If cl U Hv, v < v , 
is not H, pick /&„/ in H Q cl U # » , v < v'. Let wv> = T\HV', where Hv> = 

cl {ir(x)hv>\x £ A}. Then, by transfinite induction, we may write T = 2 © wv, 
H = cl (S © i7„), and for each v} Hv = cl {TT(X)/^|X £ A}. 

LEMMA 2. Using the notation above, sets of the form 

n n {P | ||p(^ii)A^- - *•(*<*)**,• 11 < ej 
i 3 

is a neighborhood system for T. 

Proof. I t is sufficient to show tha t contained in a set of the form 

{p\ \\p(x)h — ir(x)h\\ < e} 

is a set of the form Pu{p| \\p(Xi)hvi — 7r(x{)hvi\\ < 5}. We may assume x ^ 0 
and we can find a vector (3 = ]£*7r(x *)/&„,- such tha t \\h — /3|| < e/(3 \\x\\). 
Then, by the triangle inequality, we have tha t 

\\p(x)h - w(x)h\\ < 2e/3 + ||p(*)/3 - T(X)0\\. 

Since fl"yi is orthogonal to Hvj, for i ^ j , we can find a <5 > 0 such tha t 

t e O Z I P I \\p(Xi)h9i 

— Tr(Xi)hvi\\ < ô\ H Hi{p| ||p(ff*i)A„t- — 7r(xx*) /^ | | < 5} 

implies tha t | | / (x)a — 7r(x)a|| < e. 

LEMMA 3. Let T be in Facœ(^4, H) and 

o = n n {P| \Wid)hvi - T(xtJ)hwi\\ < e} 
i J 

where the hvi
Js satisfy the conditions of 2. Then 

wa(0) = H ?*>« ( O {p| | | P 0 ^ ) / ^ - 7r(x^)/*„.|| < e}) . 

Proof. The left side is obviously contained in the right. Let 

/ £ C\wa yd {p\ \\p(xtj)hvi - Tr{Xij)hVi\\ < e}j . 

This means tha t for each i = 1, 2, . . . , N, there is a px such tha t 

\\Pi(%ij)hvi — v(xtj)hvi\\ < e 

for j = 1, 2, . . . , M and wa(pi) = / . We may assume Ayi = JU. Let i£* be the 
finite dimensional Hilbert space generated by 

W(pctj)h9i\j = 1,2, ...,M] \J{hVl). 

Then the i £ / s are mutual ly orthogonal. Let HN be the direct sum of N copies 
of H. T h e subspace 

HN 0 (Ki © K2 © . . . © i ^ ) 
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has dimension equal to t ha t of HN and so there is an isometric isomorphism 
of HN © (K1 © K2 © . . . 0 KN) onto H 0 (K1 © K2 © . . . © KN). T h u s 
there is an isometric isomorphism U of HN onto H such t h a t 

U&u É2, • • • , UN) = Éi + h + • • • + ÏN for (£lf £2, . . . , ^ ) in 2 0 X , 

Let p be the representation [7(2 0 pt) U~l on if. Then p is in 0 and wa(p) = / . 

The next lemma is a result t h a t was pointed out to me by Herber t Halpern . 

LEMMA 4. Let H be a Hilbert space, let «i , a2, . . . , an 6e vectors in H, and let 
e > 0 be given. There is a 8 > 0 swcfe that for any vectors /3i, /32, . . . , fin in H with 

| |a i | | = HftH and |(j8„ 0,) - ( a „ a , ) | < 5, 

//££re is a unitary operator U on H with 

Ufa = a i and | | [ / /3, - at\\ < e. 

Proof. For n = 1, there is a uni tary £/ with £//3i = «i . Now suppose t ha t for 

any set {j3M, j32f«, • • • , /3n,«} of vectors in H, with 

lift,«II = | |a i | | = 1 and (f}iti, pjti) —> (auaj) as <5 —> 0, 

the relation 

lim inf (||E70M - a i | | + . . . + | | I / /3n , , - a n | | ) = 0, 
5^0 C7(/3i,5,ai) 

where U((3it§, ct\) is the set of uni tary operators on i f with Ufiit6 = «i, holds. 

Let {j3ifa, /32,5, • • • , jSn+i.s} D e vectors in 77 with 

| | / 3 M | | = Haxll = 1 and (/3M , £,,«) - » ( a , , ^ ) for 1 ^ i ^ n + 1. 

We may find C/s in U(Pit&, a i ) such t ha t 

l|tf«0M " « i l l + • • • + ||Z7«j8»,« - a J I - > 0 a s o - > 0 . 

Let if ' be the space generated by «i , a2, . . . , an, let i f" = i f 0 if', let P' be 
the projection onto Hf, and P " the projection onto H". For 1 ^ z ^ w, we 
have t ha t 

| (P'an+1 - P'Utfn+iti, at)\ - * 0 as Ô - * 0. 

Thus , P ' UsPn+i.B —• P ' «n+i m ^ ' since if ' is finite dimensional. Also, 

||£/Ô/U1(5||2= | | /U M | | 2 -* |k + 1 | | 2 . 

Thus , 

| | P " t / a / ? n + M | | 2 = | | / 3 „ + M I I 2 - | | P ' f / A + 1 , { | | 2 

converges to 

lk+ 1 | |2 - ||P'«„+1||
2 = ll^"«»+i||2. 
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Then there is a uni tary operator Vs on H such tha t V& is the identi ty on H' and 

V8P
f,U8pn+1,s->P"an+1. 

Thus , for 1 ^ i S n, 

\\P"Utft.8\\-+\\P"at\\ = 0 

and so 

\\ViUtfiti - Utfi§s\\->0. 

This means tha t || VsU^ij — &i\\ converges to zero. A\SO,VBUS^I,5 = V^OLI = a\. 
Furthermore , 

WViUtfn+u - an+1\\> = | |P '£ / 5 /3 w + M - P ' a n + i | | 2 + \\VèP"Uôpn+hs 

- P " a n + i | | 2 - > 0 a s«5 ->0 . 
Hence, our result follows. 

We are now ready for our major result. 

T H E O R E M 5. Let A be a C*-algebra, H be a Hilbert space of large enough 
dimension {at least infinite) so that each factor representation induced by a factor 
state on A can be unitarily represented on H, and a be a fixed unit vector in H. 
Then the map, wa, is a continuous open surfection from Facœ(^4, H) onto F (A). 

Proof. We first show tha t wa is onto. Let / be in F (A), irf be the factor 
representation defined by / on the Hilbert space Hf, and hf be in Hf such tha t 
f(x) = (iTf(x)hf, hf). Let N be the cardinality of a maximal set of orthonormal 
vectors in H. We form the Hilbert space K by taking the direct sum of Hf 

with itself N times. Let {fiv) „6 7 (resp. {7,,} „e 7) be a maximal set of orthonormal 
vectors in K (resp. H) such t h a t j3i = hf © 0 © 0 © . . . (resp. 71 = a). We 
define an isometric isomorphism U of K onto H by U fiv = yv for each v £ I. 
Let 7r' be the representation of A on K formed by taking 2 © 717. Let -K = 
U-K'U~1. Then TT is in Fac œ 04 , H) and wa(Tr) = f. Hence wa is onto. 

L e t / o G F (A) and 7r0 £ Facœ(A, H) such tha t wa(To) = / 0 . Then 

wa-i({fe F(A)\\f(x) -fQ(x)\ < e}) 

= {7r| \(ir(x)a,a) — (To(x)a,a)\ < e}. 
Hence, wa is continuous. 

Our final task is to show wa is open. By 2 and 3, we need only show tha t sets 
of the form 

Wa(D {p\ \\p(xt)a - Tr(Xi)a\\ < e}) 

and of the form 

Wa(n {p\ ||p(*<)0 - *(Xi)P\\ < «}), 

where a is orthogonal to cl {ir(x)P\x £ A], are open in F(A). We t rea t the 
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latter case first. Let 

o = n {p\ \\p(xt)p - T(xt)p\\ < €}, P e o, 
a n d / Ç 7X^4) such that 717 is quasi-equivalent to p. Let p0 = 717 © p on 77/ © 77. 
Then there is an isometric isomorphism U from 72/ © 77 onto 77 such that 
U{hf ®0)=a and U(0 0 0) = 0. Then C/pot/"1 G 0 and wa{Up,U~l) = f. 
Hence, wa(0) is saturated. By 1, wa(0) = wa{CT) = Wp(0~). By [1, Proposition 
4] and [3, Proposition 11], it now follows that wa(0) is open in F (A). (We now 
assume 

0 = H {p\ \\p(Xi)a - 7r(Xi)a\\ < e} 

and observe that it is sufficient to replace 0 by an open set 0' containing w, 
such that wa(0') = wa(0' H 0) . We construct 0' . By 4, there is a <5 > 0 and a 
unitary operator U on 77 such that Ua = a and if £ is in 

0 ' = ( n { p | | (p(*0<*,a)- (*(*,)«,«)! < 5}j C\ ( f i H {p| |(p(*,* 

- (TKX/^KÛOI < 5}j , 

then UtU~l is in O. Thus, O may be replaced by O' and wa(O
f) is open in F (A). 

Our result then follows. 

COROLLARY 6. Let A be a C*-algebra. Then the map ir —> [71-] of Facœ(^4, 77) 
onto the quasi-dual of A is continuous and open. 

Proof. This map is the composition of the maps defined in 5 and [3, Proposi­
tion 11]. 

REFERENCES 

1. K. Bichteler, A generalization to the non-separable case of Takesaki s duality theorem for 
C*-algebras, Invent. Math. 9 (1969), 89-98. 

2. J. Dixmier, Les C*-algebres et leurs representations, Cahiers Scientifiques, fasc. 29 (Gauthier 
Villars, Paris, 1969). 

3. H. Halpern, Open projections and Borel structures for C*-algebras, Pacific J. Math. SO (1974), 
81-98. 

University of Wisconsin, 
La Crosse, Wisconsin 

https://doi.org/10.4153/CJM-1976-015-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1976-015-5

