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Jategaonkar (5) has constructed a class of rings which can be used to provide 
counterexamples to problems concerning unique factorization in non-commu­
tative domains, the left-right symmetry of the global dimension for a right-
Noetherian ring and the transhnite powers of the Jacobson radical of a right-
Noetherian ring. These rings have the following property: 

(W) Every non-empty family of right ideals of the ring R contains exactly 
one maximal element. 

In the present paper we wish to consider rings, with unit element, which 
satisfy property (W). This property means that the right ideals are inverse 
well-ordered by inclusion, and it is our aim to describe these rings by their 
order type. Rings of this kind appear as a generalization of discrete valuation 
rings in R; see (1; 2). 

In the following, R will always denote a ring with unit element satisfying (W). 
To prove the main result, we need two preliminary lemmas. 

LEMMA 1. Every right ideal of R is a two-sided ideal and a principal right ideal. 

Proof. Let 0 ^ / be any right ideal of R and Io the maximal element in the 
family of those right ideals which are properly contained in / . Then if a is an 
element in / not contained in 70, it follows that J = aR. To prove that all 
right ideals are two-sided, let atR be a maximal right ideal with the following 
property: it is not a left ideal. Then there exists an element r in R with 

(i) rat = ak, 
where ak is not contained in atR. Hence akR Z) atR (D denotes strict contain­
ment) and 

(ii) akr\ = at for an element Y\ in R with Y\R ^ R. 
I t follows from (i) and (ii) that for some element r' in R, 

ak = rat = rakn = akr'rY 

since akR is a two-sided ideal. If Y'Y\ is a unit in R, then Y'Y\Y2 = 1 for some 
Y2 in R, and therefore r' {r^ry' — 1) = 0 . However, rir2r

f is not a unit since 
riR 9e R, hence Y\Y2Y' — 1 is a unit since R is local. Therefore rr = 0, which 
implies that ak = 0, a contradiction to akR Z) UiR> If Y'Y\ is not a unit in R, 
then 1 — fVi is a unit since R is local; therefore ak(l — Y'Y\) = 0 implies 
ak — 0, which is again a contradiction. 

The above lemma shows that the rings considered here are all subcommuta-
tive rings. In the following, this fact will be used frequently. Further, there is 

Received July 10, 1968. 

1404 

https://doi.org/10.4153/CJM-1969-154-x Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1969-154-x


GENERALIZED VALUATION RINGS 1405 

no distinction between right and left units. For, if uu' = 1 for u, u' in R, it 
follows that ufû = 1 for some û in R so that u = uu'û = û, which shows that 
u'u = 1. 

LEMMA 2. Let cR be any right ideal in R and let a and b be elements in R with 
ab in cR, b not in cR. Then an is contained in cRfor some integer n. 

Proof. Assume that no power an of a is contained in cR. Then we obtain an 
ascending chain of right ideals Bn with Bn = {r Ç R; anr G cR} and hence 
Bn = Bn+i for some n (Lemma 1). Next, let anr = bs be an element in 
anR C\ bR, where r, s £ R. Then an+1r is an element in cR, and therefore r is in 
Bn+1 = Bn, and anR HbRQ cR. However, anR C\bR = anR or anR C\bR = bR 
by the linear ordering of the right ideals of R\ and since neither of these ideals 
is contained in cR, we have a contradiction. 

To every ring R with property (W) there belongs the order type T of the 
chain of right ideals: 

R = AoDA1D...DAaD Aa+1 D . . . D AT = 0 T = T + 1. 

Further, the order type T can be expanded in the form 

( + ) T = œTlni + œl2n2 + . . . + (anh-i + nh + 1 

in powers of co with non-negative integers nt and exponents 

h> I2> > 1 > 0 

which are ordinal numbers; see (4, p. 68). Using this expansion of T, we prove 
the following result. 

THEOREM. Let R be a ring with property (W) and with the order type T. 
Then there exists a family {pj} of elements pj in R, where j runs through all 
ordinal numbers ^ / i , with the following properties: 

(1) The pjR are prime ideals for all j and ptR C pjR if and only if i ^ j . 
In particular, the pjR are the only proper prime ideals in R; 

(2) / / i < 7, there exists a unit eitj in R with pip j — pj€itj; 
(3) Every element 0 ^ a in R has a representation a = pnpi2 . . • pine, where 

e is a unit and i\ ^ i2 ^ in. This representation is unique up to e; 
(4) R has no proper zero divisors if and only if T — coTl + 1. In this case, we 

have plx = 0 but pt ^ Ofor all i < I\. In all the other cases, the pi are all non-zero 
but pixlPi%1'1 • • • p\h~1P*h = 0 if T has the form ( + ) given above. 

Proof. We first define the elements pt in R. Let po be a generator of the 
maximal right ideal of R. If i is a limit number, take pt in R such that 
ptR = C]j<i PjR, and if i is not a limit number, choose ^ to be a generator of 
C\n = ipni-iR = piR. Every pi is therefore uniquely determined up to right 
factors which are units. 

Now we prove (2) and the first part of (1). These are clearly true for j = 0. 
Thus we may assume that (2) and the first part of (1) have been proved for 
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j < X. If X is not a limit number, then there exists X — 1. Assuming, as we may, 
that pt-i 7^ 0 for all positive integers n, we can prove that 

oo 

D = n PUR = pxR 

is a prime ideal. Let cR and dR be two right ideals in R with cR D D C di? and 
cJ?di? Ç D. It follows that ci? £ £x-i^ 2 <£K for some ». Hence 

/>x!LiJ îC c iM2ÎÇ^+ 1
1 i î ; 

then p\Li(l — p\-\r) = 0 for some r in i? and p\Li = 0, which is a contra­
diction. If X is a limit number, we can assume that pjR ^ 0 for all j < X and 
we prove again that D = Hj<\ PjR = p\R is a prime ideal. For, let cR and dR 
be two right ideals of R, not contained in D but cRdR C Z>. Then for some 
K À we have cR D ^ i ? C dR and for i = k + 1 < X we obtain by (2): 
pt2R^PiRQ PicRpicR Q D C £,2i?. Hence ^,(1 - £,r) = 0 for some r m R 
and pi = 0 which is again a contradiction. 

To prove (2) it suffices to show that pipjR = pjR for i < j = X and £;- ^ 0. 
If X is not a limit number, we have p\R = f|» = i P\-\R and since i < X we 
obtain Dn = ipinR 3 £xi?. From this it follows that £/*i? D £xi? 2 />*£x# for 
every positive integer » and by Lemma 2 and pip\R ÇH pipxR that £ x ^ ^ ptp\R. 
The reverse relation is obvious so that finally £\i^ = pip\R. The same result 
follows if X is a limit number, and this can be easily shown by using Lemma 2 
again. 

Now we determine all right ideals in R. Consider the following descending 
chain of right ideals: 

oo 

R = Do D PoR = Dx D p0
2R = D2 D . . . D p0

nR = Dn D . . . D n £o"Z? 
71=0 

= A, = piR D PiPoR = A,+i D . . . D Da D Da+1, 
where 

Î Pl £># for a limit number a, 

Da^poR otherwise. 
I t is obvious that these are all the right ideals of R and that Aa = Da for all 
a < T. 

We complete the proof of the Theorem by showing that 

Aa = PnmiPi2m2 • • • pi^-'po^R for a = co^wi + co'2ra2 + . . . + coms_! + ms 

with integers mt ^ 0 and ordinal numbers i\ > i2 > . . . > 1 > 0. Transfinite 
induction on a is used in the proof. I t is enough to show that 

( + + ) D = H apik
nR = apik+1R 

w = l 

for a = pi^pi^ . . . pTkZ\ with ix > i2 > . . . > 4_x > ik and a£,A
ni? ^ 0 

for all n, and to prove the similar equation ( + + + ) below. 
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First it is clear by our previous results that D = Autk+i is a, prime ideal if 
both a = 1 and D = 0. This means that R is a ring without proper zero divisors 
and with the order type T = o)ik+1 + 1. Otherwise, 

oo oo 

Pi p,*R = pik+iR and D = n apt*R 3 aph+1R. 
n=l n=l 

To prove the reverse relation we note that an element d in D has the form 
d = apikrx = apik

2r2 = = apik
nrn = . . . for some elements rn in R. 

If we now can prove that ar = 0 is possible only for elements r in Hn = i PikR, 
then, since a(pikri — pik

nrn) = 0 for all n, it follows that pikf\ is contained in 
pik+iR, so that d is an element in apik+1R. Thus, let ar = 0, and assume that 
r is not contained in pik+1R. Then rR ID £ * / ^ for some integer w. Hence 
0 = arR Z) apik

nR ^ 0, a contradiction. 
Similarly, we may prove that 

( + + + ) D = Pi a£ji£ = apiR for a limit number i. 
3<i 

Here we have a = Pnnipi2
n2 . . . £*/** with ix> i2> . . . > ik ^ i and 

a ^ ^ ^ 0 for all j < i. If both a = 1 and D = 0, it follows as before that Z2 is 
a prime ideal and hence R is a ring with order type coz" + 1 and without proper 
zero divisors. Otherwise, using (2) of the Theorem, we obtain 

apiR C n ^ ^ . 

Finally, an argument similar to the one used in the proof of ( + + ) shows that 
apiR = Dj<i apjR. This proves the Theorem. 

The following result follows immediately from the Theorem. 

COROLLARY 1. To every element a ^ 0 in R there can be assigned an ordinal 
number v(a) = a with aR = Aa such that 

v(a + b) ^ min (y (a), v(b)) and v(ab) = v(a) + v(b). 

An element a 9^ 0 in R generates a prime ideal aR ^ R if and only if v(a) = œ* 
for some power of co and an element e in R is a unit if and only if v(e) = 0. 

The following corollary shows, in particular, that in the commutative case, 
or more generally if all left ideals are two-sided, only the order types T S co + 1 
can appear. 

COROLLARY 2. If Ris a ring having property (W) and with maximal condition 
for principal left ideals, then T ^ œ + 1. 

Proof. Assume that T > œ + 1. Then there exists the prime ideal p±R 9e 0, 
andpopi = ^îeo.ifor aunit eo.iini^. But then 

O C ^ i C Rpieo.r1 C Rpieo.i-* C . . . C Rpieo,rn C Rpieo.1*-1 C . • . 

is a strictly ascending chain of principal left ideals. 
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COROLLARY 3. An integral domain R has property (W) if and only if R is a 
right hereditary local right Ore domain. 

Proof. If R is a local ring, all projective right ideals are free, and since R is a 
right Ore domain, all the right ideals are principal. Let poR be the maximal 
ideal of R] then the transfinite powers of poR are all the right ideals in R and 
this proves property (W). 

In particular, we know that the projective right global dimension of R is 
at most 1. 

The projective left global dimension of an integral domain R having 
property (W) may be approximated by using the same arguments as in (5). 
Thus, let T = c/+ 1 + 1 be the order type of R, where I = ccn is the first 
ordinal number of cardinality Kw and consider the chain 

Rpi C Rpieoj'1 C Rpiti,!-1 C . . . C Rpiea.r1 C Rpi^+^r1 C . . . . 

Using a theorem of Osofsky (6, p. 146), it follows that projective dimension 
(U«<7 Rpita,rl) = n + 1, hence left global dimension R ^ n + 2. 

In conclusion we construct a ring R having property (W) and order type 
T = co2 + 1. Let K = k(h, h, . . .) be the quotient field of the commutative 
polynomial ring k[h, t2, . . .] over a commutative field k in infinitely many 
indeterminates tn. The localization A at y of the commutative polynomial 
ring K[y] in one indeterminate y over K is a ring having property (W) of order 
type T = co + 1. Now consider the twisted power series ring R = A[[x, a]] 
with elements 

oo 

r = XI xlai> at £ 4̂> 

and the obvious addition. Let a be the monomorphism of A defined by 
qff = q for q in ky y

a = h and tf = ti+i for i = 1, 2, . . . . If we define multi­
plication in R by ax = xaa, then R is a ring having property (W) and order 
type T = co2 + 1; see (3, p. 598). 
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