
SOME REMARKS ON A P A P E R OF McCARTHY 1 ' 

P . Erdos 

( rece ived March 3, 1958) 

A s usual we denote the number of in tegers not exceeding 
n and re lat ive ly pr ime to n by E u l e r ! s <f> function <f>(n). Lehmer ' 
ca l l s the j> (n) in tegers 

1 = a l < a 2 <• • - < a ^ ( n ) = n - l 

the totat ives of n. 

Denote by ^ (k,/C> n) the number of a*s satisfying 

n / / k < a i < n(/t + l ) / k n > k. 

If n X = 0 (mod k) or n(jt + 1) 3 0 (mod k) then, s ince n > k, 
( n - t / k , n) > 1 and (n(i + l ) / k , n) > 1 r e s p e c t i v e l y . Thus 

d(k, JL,, n) i s the number of totat ives of n sat isfying 

n i / k £ aj 4t n(£+ l ) / k . 

If 

(1) 4> ( k , / , n) = ^ ( n ) / k , / = 0, 1, 2 , . . . , k-1 
Lehmer s a y s that the totat ives are uniformly distributed with 
re spec t to k. To shorten the notation we say that T(n, k) holds 
in this c a s e . Lehmer^) further c a l l s n exceptional with re spec t 
to k if e i ther n i s d iv is ib le by k or n has a pr ime factor of the 
form k x + 1. He shows that for al l exceptional n, T(n, k) ho lds . 

In a recent note McCarthy ' proves that if k i s a pr ime 
then T(n, k) holds if and only if n i s exceptional with respect to 
k. However , if k i s not squarefree there i s an integer n > k 
which i s not exceptional and for which T(n, k) ho lds . He further 
a s k s if the second half of his theorem remains true if k i s not a 
p r i m e but i s squarefree . We are going to prove this in this 
note . 
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It is c lear that if T(n, k) holds then ^ (n ) S 0 (mod k). 
We a re going to show that if k ^ p or k / 2p, p odd, then this 
condition is not sufficient, i . e . there exists an integer n for 
which ^(n) = 0 (mod k) but T(n, k) does not hold. Lehmer^ ' 
observes that n = 2 1 , k = 4 show that é>(n) "^ 0 (mod k) is not 
sufficient that T(n, k) holds. 

It would be of in te res t to determine all the in tegers n for 
which T(n, k) holds but this problem we can solve only for very-
special values of k. 

THEOREM 1. Let k be any integer which is not a p r i m e . 
Then the re a r e infinitely many n which a r e not exceptional and 
for which T(n, k) holds. 

F i r s t a s sume k - «* , oL > 1. Then we can take n = Ap rf + 1 

Assume next k ^ p * . Then k = ab where (a, b) = 1, a > 1, 
b > 1. By the well-known theorem of Dirichlet on p r i m e s in 
ar i thmet ic p rog re s s ions , t he re a r e infinitely many p r imes p and 
q such that 

p « 1 (mod a ) , p S -1 (mod b) ; q H -1 (mod a ) , q s 1 (mod b), 

Clear ly n = pq is not exceptional. Now we show that (1) 
holds . It will be sufficient to show that for every st with 1 &.JL& k 
the number of in tegers m ^ : ^ n - satisfying (m, n) = 1 equals 

(2) t <Mn) = i(p-l)(q-l) . 
k k 

The number of such in tegers c lear ly equals 

(3) 
r — 
l l pq 

k 

- A p 
k k 

where 

I pa « 
k 

i £S 

Â1 
k m 

- i 

l = l(p-P(q-l) - Z1 +£2 +f -€4 

6, = 1 
2 "k H' 

I -fi [<] 
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We must show 

(4) 

When i= 
A s s u m e / 

£ 1 

k , 

< k 

= 

« i • 

£ i -

. Since 

X p q • 
k 

£ 2 " 

£ 2 = 

pq = 

•[4^J 

* 3 

£ 3 

+ £4 

- £ 4 = 

-1 (mod k), we 

1- k -Jt 
k 

= 0. 

0 and 

have 

' S 4 • 

we a re 

I 
k 

done 

or 

s, + e, = i. 

Clearly 0 < £ 2 < 1 and 0 <̂  £3 ^ 1. Hence 0 <• £ 2 + £ 3 < 2 

and -1 < £ x - £ 2 - £3 + £
4 < 1 i but ^ - ^ 2 - £3 + £ 4 is 

the difference of two integers and therefore itself an integer . 
This proves (4) and completes the proof. 

In McCarthy1 s paper the example k = 6, n = 9 is given. 
Here 9 is a power of a p r i m e , it is not exceptional with respect 
to 6, and T(9, 6) holds. We now show that this situation can 
occur if and only if 

(5) k = p * b , p = 1 (mod b), n = p** 1 , I £ i ^ °° 

(i < <* if b = 1). 

Clear ly , if (5) is satisfied then n is not exceptional. 
Fu r the rmore we have in this case that the number of integers 
m ^ i n / k with (m, n) = 1 equals 

f i n i - f j n l = i <£<n) - ^ + 6 2 ( 1 £= X ^ k); 

but <£ (n) S 0 (mod k) implies £ , - £ ? is an integer with 
0 < £x < 1 , 0 < * 2 < l s o t h a t &l - £ 2 = 0. Hence (5) 
a lso implies that T(n, k) holds. 

Suppose conversely that n = pP , T(n, k) holds and n 
is not exceptional with respect to k. Put k = p** b , (p, b) = 1. 
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If b = 1, clearly <* > f/Z (since n is not exceptional). Thus 
we may assume b > 1. Since T(n, k) holds we mas t have 

(j> (n) = p ^ " 1 ( p - l ) s 0 (mod p 0 4 b), 

o r <̂  <L. & and p ~ 1 (mod b) as stated. 

Suppose that k = 2p (p odd), n is not exceptional with respec t 
to k, and T(n, k) holds. F i r s t of all we must have (f> (n) s 0 
(mod 2p). Fu r the rmore n can have no p r ime f a c t o r s 1 (mod p); 
for such a factor would have to be = 1 (mod 2p) and n would be 
exceptional. Thus n = 0 (mod p ). Conversely, if n == 0 (mod 
p ) and n ^ 0 (mod 4) then T(n, k) holds and n is not exceptional. 
Thus if k = 2p, d> (n) = 0 (mod k) is necessa ry and sufficient 
for T(n, k) to hold. Now we prove 

THEOREM 2. If k t p and k i 2p (p odd), then there 
always exists an n for which (f> (n) = 0 (mod k) and T(n, k) does 
not hold. 

If k = 4 we can take n = 21 (this is L e h m e r ' s example). If 
k = 8 we can take n = 35. Every other k can be factored in the 
form 

k = a b , a > 2 , b > 2 . 

It is not difficult to see that for such k there exist infinitely many 
p r imes p and q satisfying 

(6) p == 1 (mod a) , p = l (mod b), pq = -1 (mod k) , 

k LkJ * k UJ 
Put n = pq; clearly © (n) = 0 (mod k) and n is not exceptional. 
Now, as in (3), 

( k ) 1 , n) = (P - D(q - D . E l + ez+ e 3 . £ 4 . 

Since pq = -1 (mod k), £ j + 6 4 < 1 . But by the second line 
of (6), S 2 + & 3 ^ 1 î thus , since ^ \ - ^ 2 " 6 3 + ^ 4 i s a n 

integer , it must be -1 and 

(k. 1, n) = ( P - "I*- l) + 1 . 
k 
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Hence (1) is not satisfied and the proof of Theorem 2 is complete . 

Let k be an integer, n = pq not exceptional with respect to 
k and n ^ -1 (mod k). I conjecture that T(n, k) does not hold, 
but I have not been able to decide this question. 

FOOTNOTES 

1. Amer . Math. Monthly, 64 (1957), 585-586. 

2. Canad. J . of Math. 7(1955), 347-357. 
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