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PRINCIPAL INDECOMPOSABLE MODULES
FOR SOME THREE-DIMENSIONAL
SPECIAL LINEAR GROUPS

JAMES ARCHER

Let k be a finite field of characteristic 2 , and let G be
the three dimensional special linear group over k . The
principal indecomposable modules of G over k are constructed
from tensor products of the irreducible modules, and formulae for

their dimensions are given.

Let G be a finite group and k a field, and let kG be the group
algebra. The right regular module, also denoted by kG , has a finite
number of isomorphism types of indecomposable direct summands
Pl’ cees Pr . These are the Principal Indecomposable Modules: they are
precisely the indecomposable projective kG-modules and the projective

covers of the irreducible kG-modules.

The aim of this paper is to construct the principal indecomposables

over a field of characteristic 2 for the 3-dimensional special linear
groups SL(3, 2n) . This is a natural sequel to work of Alperin [2] on the

principal indecomposables for SL(2, 2n] , and uses similar methods. The
idea is to start with the Steinberg module S . Since S is projective,
so is S® U for any irreducible U (indeed for any module U [5,
Example 62.2]) and each principal indecomposable occurs as a direct summand

of one of these [1]. Finding these direct summands is reduced to counting
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how many times S appears in the tensor product of two irreducibles. In
Theorem 1 the principal indecomposables are displayed as tensor products or
differences of tensor products of certain modules. The dimensions of the
principal indecomposables can then be calculated and are given in Theorem
2.

This paper is based on the author's Oxford University D.Phil Thesis
(1979).

1. Preliminaries
Assume k 1is a splitting field for G and let Vl’ cees V? be all

the different isomorphism types of irreducible kG-modules. The principal

indecomposables are in one-to-one correspondence Pi ++-V£ with the

irreducibles and there is the decomposition

kG =~ (aim v,)2,

S

7

(where for n €Z , nM denotes n copies of the module M ). Pi is

called the projective cover of Vi and has Vi both as its unique bottom

factor (minimal submodule) and unique top factor (irreducible quotient) [5,
§§5L, 58]. We also denote the projective cover of an irreducible U by
P(U)

For two kG-modules V and W let (V, W) be the dimension of the

k-vector space Hom V, W) . By Schur's lemma

kG(

(2. Vj) = (v, Vj) =8

The next two easy lemmas give a method for finding the direct summands
of a projective module.

LEMMA 1.1. If k <is a splitting field for G and V,, ..., V. are

the non-isomorphic irreducible kG-modules then for any projective
kG-module P ,

P~ i@ (P, Vi]P(Vi) .
=1
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Proof. Since any projective module is a direct sum of principal

indecomposables, this is immediate from the remarks above. //

Also by general properties of projective modules, for any module ¥ ,
(Pi’ hﬂ is the number of composition factors of W isomorphic to Vi

For a module M , M* denotes the dual module Homk(M, 1) where 1
is the trivial module.

LEMMA 1.2. PFor any three kG-modules, A, B and C ,

(A®B, C)y=(4, B*®C)
Proof. We have the usual isomorphism of vector spaces

(*) i : Hom (A ®B, C) > Homk(A, Hom, (B, C)) .

Homk(B, C) 1is made into a kG-module by defining

(fg)(p) = f(bg-l]g for f € Homk(B, ¢), be€B, ge€aG.

If both sides of (*) are made into kG-modules in the same way, then % is

a kG-isomorphism. Since Homk(B, C) ~B*® C the result follows. //

2. The irreducible modules

Henceforth k is the field of 2° elements and G is SL(3, k) .

Let Vb be the standard 3-dimensional module for G ; that is, the row

vectors of length 3 . If o0 1is the Galois automorphism of k , then o

acts on g ¢ G Dby acting on its entries. Vi , the Zth Galois conjugate
of VO , is defined as follows: Vi consists of the row vectors of length

3 and for v € V{ , g €G,

7
g
veg = v(g )
taking the usual VO action on the right. This gives 7n - 1 new modules

Vis wees V, 1 - Let N = {0, 1, ..., n-1} . Where necessary regard N as

Z/nZ so that for 7 € N, 7 + 1 always makes sense. For a subset K of

N we let K denote the complement of X in N . For I < N we define
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We also have the duals V. and V% o~ ] | vE .
7 I ;g 2

Since VS is afforded by the column vectors ¢ of length 3 on

which g € G acts by ¢ » g ‘¢, VE®V, is afforded by the 3 X 3

matrices X on which g actsby X - g_ng , and so VS ® VO ~T® WO

where T consists of the scalar matrices and WO those of trace zero. T

is the trivial module while WO is easily seen to be irreducible of

dimension 8 and self-dual. Let Wi be the <th Galois conjugate of WO

and let WI = I Wi . By a theorem of Brauer [3, 83.5], SL(3, 2”] has
1€T
%
0’ Vo and
WO are the U4 irreducibles for SL(3, 2) and so by Steinberg's tensor

product theorem [4] the modules Mb ® Ml ® ... @)Mh—l where Mi ~ 1, Vi’

hn absolutely irreducible modules in characteristic 2 . 1, V

V; or Wi are the absolute irreducibles for SL(3, Zn) . We call Mi

the <Zth tensor factor of the irreducible. Note that since all the
absolute irreducibles can be written over k , k is a splitting field so

Lemma 1.1 applies.

We shall also use a more convenient notation. For an ordered triple
(I, J, XK) of pairwise disjoint subsets of N , let
wWI, J, K) = VI(8 Vj(g WK . Then the irreducibles are indexed by all such

triples. Let P(I, J, K) be the projective cover of V(I, J, K) . The

module WN of dimension 87 is the Steinberg module [5] and henceforth we

denote it by S . It is the reduction modulo 2 of an ordinary
irreducible and so by a theorem of Brauer and Nesbitt [3, 86.3] it is a

principal indecomposable and is projective.

We now obtain some information about the tensor product of two

irreducibles.
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LEMMA 2.1. V. ®V

o o has a unique composition series

V0®VODX3Y3{O}
~ * o~ .
where (VO®VO]/X_VO_Y and X/Y =V,

Proof. V. .Q®V

o o is afforded by the 3 X 3 matrices M over k , and

g €G acts by M- gtMg , Where gt is the transpose of g . X consists

of the symmetric matrices and Y those with zeros on the leading diagonal.
LEMMA 2.2. Assume n = 2. s ® W, is indecomposable with
composition factors (counting multiplicities):

V., V¥, V

* *
o, l’ O’ VO ® Vl, V b V

o
Yo 18 the unique top and the unique boitom factor. Vo ® W,y has a

submodule and a quotient isomorphic to Vs ® Va .

Proof. VO®VO has composition factors V#*, V. Vé so V(’;@Vé has

0’ 1’

'y Iy * * 3 .
composition factors VO’ Vl, Vo , and VO ® VO ® Vo has composition
factors

% * *
Vs Vi Voo VE® Ty, Voo VE, T,

% ~ s
But VO ® V0 ® VO o VO ® (VO ® WO) so the composition factors are as

claimed. To find the top factor it is easily checked using Lemma 1.2, that

(Vo ® WO, U) is zero for each composition factor U , except that it is 1

for U =7V, . Similarly check (v, Vo ® WO) to find the bottom factor.

Now VO ® V0 has submodules X and Y with X DY and
~ V* ~
(Vy®V)/x = VEixy.

So VO ® V0 ® Vé has submodules X ® V(’)‘ and Y ® Vé such that
% 1) A U4 A %
(VO®VO®VO)/(X® Vi) =~ VERVE=Y®VE .
Also

% =
VO®VO®VO cC®D
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where

CxVy, DV, QW .

Let T be the projection onto D . Since Y ® Vs is indecomposable,
C = ker T is not a submodule of Y® V* , and so T maps Y ® Vg
monomorphically into VO ® WO and V0 & WO has a submodule isomorphic to
* *
VO ® Vo .
Again

£) ~ V* %

(c@®D)/(x®VE) ~Vi® V]
is indecomposable. Since C( 1is irreducible, (C+X ® VS)/(X ® VS) is
either 0 or irreducible, and so in either case must be contained in
(D+x ® VS)/(X ® V(’;) . Hence

VEQ VA~ (D+x®VY)/(X®VE) ~D/(D n (x ® v3))
% % 4 ; ~

and V0 ® VO is a quotient of D =~ VO ® WO . //

COROLLARY 2.3. For n =2, (VO ® Wy, Vog®H) 23 .

Proof. Let o, B be the endomorphisms mapping VO ® WO to its
submodules VS and V(’)‘ ® W(’; respectively, which exist by Lemma 2.2. Then
a, B and-the identity are linearly independent. //

LEMMA 2.4. Assume n = 2. Then

WO®W0':2WO@AO

where AO 18 a self-dual indecomposable module with composition factors
(counting multiplicities)

1,1,1, 1, V0®V,V0®V

* * * *
1 VE®VE, VE®VE W .

1 is the unique top factor and the unique bottom factor of AO .

Proof. The composition factors of VO ® Vo 02 VS ® VS are found from

those of VO ® Vo and VS ® VS . But this module is 1 &® ZWO @ WO W, ,
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giving the composition factors of WO ® WO . Now, by Lemma 1.2,

(Wo®w, 1@w0] Wy ® Wy V0®V8)

(W, ® Vys Wy ® V) 23

by Corollary 2.3. Since [WO W, , l) =1, [WO ®W., WO) = 2 . Thus

Wy ® W, has a submodule R such that (WO ® WO) /R ~ 2W By self-

0 "
duality W0®WO also has a submodule & 1isomorphic to 2WO . Since Wo

only appears twice as a composition factor of WO ® W, , it follows that

0
Q@ n R =10}, so Wy ® Wy ~Q @ R and we have the decompositon claimed.

Clearly A is self-dual since WO ® WO and W_ are. Finally the top

0 0

and bottom factors of AO are found using Lemms 1.2. //

Lemmas 2.2-2.4 fail for 7 = 1 because the modules given as
composition factors are no longer irreducible. However one can immediately

deduce the corresponding result.

LEMMA 2.5. For n=1,

_ - 3
Vo ® Wy = woep(vo) , VE®W, = WO@P(VSJ

and
= *
Wy ® Wy = 3W, @ p(vo) ® p(VOJ ® P(1) .
Proof. From Lemma 2.2 we deduce that the composition factors of
VO ® WO are
VO’ Vs, Vo, 1, WO’ VS, VO .

For n=1, W is projective and so VO ® WO = WO ® @ . Using Lemma

=
N
—~
e
-
O<
—
[}

1, while (@, U) = 0 for all other irreducibles. Hence

Q= P(VO) . The other equations follow similarly. //
3. The principal indecomposable modules

In this section we decompose the projective modules S® U , for U

irreducible, to find the principal indecomposables. By Lemma 1.1,
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s@U~Y (s®U, VPV

summing over the irreducibles V . But, by Lemma 1.2,
(5®U, V)=(5,U*Q V)
The next few lemmas are devoted to calculating this.

DEFINITION 3.1. Let U = Yy ® Uy ®...0 u,, and

X = XO ® Xl ®...0 Xn—l be irreducibles where each Ui and X'zl is 1,
% = oo ) - 2
Vi , Vi or Wi . Then Y YO ® Yl ® ® Yn-l is a cross-section of

U® X 1if each Yi is a composition factor of U'zl ® Xi .

LEMMA 3.2, et U and X be irreducibles and let Y be a cross-
section of U® X . If S 1is a composition factor of Y them Y <is
isomorphic to S or to VN ® V;\; .

Proof. By Lemmas 2.1-2.4 each Y’L is isomorphic to one of

*
1,V Wy Vo ® Vs VA® UV, 0y Vs W

or to the dual of one of these. Thus dim Y = 3a8b and since Y has n
tensor factors a = 2(n-b) . If Y is reducible it has a reducible pair

of tensor factors

*
V,®V,, VIRV, V, ®U., W ®W,

or the dual of one of these. Call Y' a standard reduction of ¥ if Y’
is obtained from Y by replacing a reducible pair by one of its

composition factors. Call it type A if V;f ® Vi is replaced by Wi .

If S 1is a composition factor of Y , it is obtained from Y by &
sequence of standard reductions. The only one which increases the power of
8 in the dimension is type A, which decreases the power of 3 by two. If

a reduction increases the power of 3 , then the power of 8 is reduced by

the same amount. Therefore to obtain S , of dimension 8” , by standard
reductions, we must have a = 2(n-b) . But then a = 2(n-b) and

n-b
dim ¥ = 9 8b , and there must be »n -~ b reductions of type A. If b #n

some Yi has dimension 9 , and then so must Yi and Y'zl+ and hence

-1 1
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all the Yi's , and so Y =~ VN @)V; . Otherwise all Yi have dimension 8
and Y~ S . //

DEFINITION 3.3. Let I, J and K be subsets of N . The ordered
triple (I, J, K) is a trio if
(i) {r, J, K} is a partition of W ,
(ii) |k| is even,
(iii) if <, J € T v J then both belong to I or both belong
to J if and only if |{k € K | © < k < j}| 1is even.

Note that (ii) ensures the consistency of (iii) under the obvious
eircular ordering of N . Also given X and < € N\K , 7 may be
assigned either to I or to J and then I and J are determined by
(iii), so each K # N with |K| even determines a unique pair of trios
(I, J, K) and (J, I, K) . (P, @, N) 1is a trio if and only if n is

even.
LEMMA 3.4, Let U and V(I, J, K) be irreducibles such that
U® V(I, J, K) has a cross-section Y <isomorphic to S or to Vy ® VA,; .
() If TVJUK#N then Y=~8 and U=~V(J, I, L) where
TVvJUKUL=WN.

(i) Let TVJUK=N. If Y>85 then U=~V(J, I, L) where
LEK; if Y=V, ®VE then U VX, Y, Tud u Z) where {X, Y, 2}

is a partition of K and (I U X, Ju Y, 2) is a trio.

Proof. Let the <th tensor factor of V(I, J, K) be Xi .

In case (i) we have Yi o Ui for some % § I uJ u K and so for this

7, Yi o Wi and consequently Y o~ S . Then

U.®X. ~ . * . . .
71@ ; one of V1,®V1, W1, or W1,®W7,
for each 7 , so U has the form claimed.
In case (%) first suppose Y =~ § . 1If Yi o~ Wi for all < , then

for all 7 , and then

U~V(J, I, L) with Lc K . Otherwise Y.~ ¥.
— 7 1+1

both irreducibles must be isomorphic to S .
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- % co .
Now suppose Y =~ VIV ® VIV . Each ‘Y'zl is isomorphic to Vi ® Vi+l or

VrevV. or the dual of one of these. Define
7 i+l

E

|2 en IY'*V2®Vi+l} .

I ~ *
F=1{i€n Iy'*Vi®Vi+1} ,

and

H=1{i €n |7, ~v, ®V,

* *
“_lorVi@V }

i+l

Then (E, F, H) 1is a trio. Also

1 € E implies Ui ® Xi o Vi ® Wi .
. AN o Uk

1 € F implies Ui ® Xi o~ Vi ® W'zl .
i € H implies Ui ® Xi >~ Wi ® Wi .

by Lemmas 2.2 and 2.4. Thus Ui is never trivial and Ui o Wi for
7T €T VdJ .
Define a partition {X, Y, 2} of K by
V., for 1 € X,
A
U, ~4V*% for 7 €Y,

W. for 1 €2 .

Then U~ V(X, Y, TudJ v Z) . Also
E=1TvX, F=JuY, H=172Z.
So (rvx,JuY, Z) is a trio, and the proof is complete. //

PROPOSITION 3.5, rLet U and V(I, J, K} be irreducibles and

suppose the dimension
(s, y® ¥(I, J, K)) #0 .
(t) If TVJUK#N then U=V(J, I, L) where TuJuKuL=N
and the dimension is 2|KnL| .

(i2) If IuvdJ Vv K=N then either U~ V(J, I, L) for some LCK

and the dimension is 2IL| ,or U~V(X, Y, Tud u?2Z) where {Xx, Y, Z}
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18 a partition of K and (I u X,.J uY, Z) is a trio, and the dimension
is 2IZl » except that

'+ if n 1is odd,
(5, s®8) =

3.2 + 1 if n 1is even.
Proof. This dimension is the number of times that S appears as a
composition factor of U® WI, J, K) . Since each composition factor

occurs in some cross-section, by Lemma 3.2 this is the number of cross-

sections Y isomorphic to S or to VIV® VI’.; . By Lemma 3.4, U has one
of the stated forms.

In case (2), Y ~S5 by Lemma 3.4% (Z). There is a unique choice for
each Yi except for 7 € K n I when there are two, since Wi ® Wi has

n
two composition factors Wi and so the dimension is 2|K Ll .

In case (Z%1) first note that by Lemma 3.4 (ZZ) it is impossible to
both choose Y =~ S and Y =~ VIV ® VITI except when T u J = @ , both
irreducibles are S ,and (P, @, N) is a trio so #n is even. There are

n
2" cross-sections Y of S®S with each Yi ~ W. , and one with each

7

Y, o wi+l . VWhen 7 1is even there are also 2.2 with each

Y. >V, . v * . i i i i

2 ] ® Vz+1 or Vz ® V‘L+l This gives the stated dimensions for

(5, §®5)

Otherwise at least one of U and V(I, J, X) is not isomorphic to
S, 1f UV, I, L} with LS K then (by Lemma 3.4 (%)) Yi must be

chosen isomorphic to Wi for all 2 . For % € I there are 2 choices

for Yi (as a composition factor of Ui ® Wi ~ Wi ® Wi ], and otherwise

only one choice. This gives 2|L| choices for Y .

If U~V(X, Y, I vud uZ) then Y must be chosen isomorphic to
VIV ® VI’;, . For © €X,Y, I or J there is a unique choice for Yi

’

. . * * ;

isomorphic to one of V} ® Vi+l and V. ® Vi+l . For 7 € 2, Y must be
; * * . .

chosen compatibly as Vi ® Vi+l or Vi ® Vi+1 from Wi ® Wi . This gives
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2]Z| choices for Y . The proof is complete. //

We can now decompose the modules S ® U . For a subset XK of N let

X be the complement of XK in N . Then from Lemma 2.l

Knl|
(3.6) S@W, = Z@ .2l W, ® A=
L yir=n K=K

where AR = I [ Ar' On the other hand from Lemmas 1.1 and 1.2 and
reR
Proposition 3.5, for L # N we have

(3.7) sew, = 30 2%l )
KuL=N

So, for K# ¢ ,
(3.8) P(w,) = Wy ® Az .

NOTATION 3.9. Let B denote VR®W , for RC N .

R

PROPOSITION 3.10. Let I, J and K be pairwise disjoint subsets of
N with K# @ . Let L=Ivud uK. Then

= *
P(r, J, K) BI®BJ®WK®AL.
Proof. Since

By ®B;®W, ®A; =V, ®@Vi®P(W,,, ]

it is projective. We show that V(I, J, X) 1is the only top factor. Now

because W ® 4

TUTUK is a direct summand of S ® ¥

L L
BI ® B; ® WK ® AL is a direct summand of S ® W(I, J, L) . Consider, for

it follows that

an irreducible U ,

(s®v(r, J, L), U) = (5, V(J, I, L) ® U)

Since K# 8, I udJulL#N so by Proposition 3.5 if this space is non-
zero then U=~ V(I, J, XK u 2) with Zc L . Hence these U's are the
only candidates for top factors of BI ® B; ® WK ® AL . However

B,®8,®%, ®A4,, V(I,J, Kuz)) = (#-® 4., VE® UV, ®V(I, J, K1),

and
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*

V@V, ®WI, J, Ku2) = YU ®H, B, ,
Xcar
=

which is a direct sum of irreducibles. Since, by (3.8),

Wy ® 4y = Plig) = Pl ;)

the dimension is non-zero only if Z = @ and then it is one. This proves

the proposition. //

An expression for P(1l) comes from decomposing S ®S . Let T %be
the set of trios »not including (@, @, N) . Using C to mean proper
inclusion, from Lemma 1.1 and Proposition 3.5 we have

S®Ss =Y elLlp(WL)@ ¥ lKl P(I, J, K) ®@m'S
LW (I,J,K)€T

where

2?4+ 1 if n is odd, and
m' =

3.2” + 1 if n 1is even.

From (3.6) on the other hand

5@ olK|

S®S = 2I W, ® A=

ko KK
; o &l P
=2,0 YT W, ® Az ® 25

PrKN

Using (3.8) then we have

Ay =PQ1) @ Ze 2|K|P(I, J, k) ® (m'-2")s .
(I,J,K) €T

Recall that (@, §, ¥) is a trio if and only if 7n is even. Hence we may

rewrite this as
(3.11) P(1) = 4y - ZQ 2|K|P(I, Jy, K) - mS ,

where

1 if n 1is odd, and

n . .
2 +1 if n 1is even,
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and the sum is now over all trios (I, J, X) .

PROPOSITION 3.12. If I uJd #@ and K=1I ud then

B_.®B*®4, =PI, d, ¢)®Z@2|ZIP(X, Y, TuduiZ)
1°%9 YK 7

where the sum is over partitions {X, Y, 2} of K such that
(rvx, JuY, 2) 4is a trio.

Proof. Since
(B, ®BX@W,, U) = (s, V(J, I, ) ®V) ,

using Proposition 3.5 and Lemma 1.1 as before in the proof of Proposition

3.10, we have

B,®BIQW, ®W, = 5@ olBlpr, 7. 1) @f’zmp(x, Y, Tud uZ)
Jree Z

where the second sum is over the partitions stated. On the other hand from

Lemma 2.5 we have

% . |Z] X
BI®BJ®WK®WK gz BI®BJ®WL®AK_L.

Since by Proposition 3.10,

4 =
B, ®BY®W ®A, =PI, J, L)

for L # # , the result follows. //

In stating Theorem 1 we use the notation that 4 = B - ( means
B~A®C.

THEOREM 1. For an irreducible V(I, J, K) let L=TudJd uK . Let

B, be the modules defined in (3.6) and Notation 3.9 respectively.

AR’ R

(1) If K+ @ then

(I, J, K) =BI®33®WK®AL.

(i) If K=@, I ud¢@ then

= * _ IZI *
P(I,J, #) =B, ®Bi®A, 7;2 By ® By ® Wr\r7

where the sum rums over partitions {X, Y, 2} of L such that
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(Tvx, JuvY, Z2) is a trio.
_ |z]
(i21) P(1) = AIV - fB 2 BX®B;,® WZ - dS , where
-1 if n 18 odd, and

n . ,
2" -1 2f n is even,

and the sum runs over all trics (X, Y, Z) .

Proof. (%) and (ZZ) are from Propositions 3.10 and 3.12. (4i%)
follows from (3.11) and Proposition 3.10, with the observation that by

(z2), P(N, ¢, @) = BN - S, and similarly for its dual. //

To give the dimensions of the principal indecomposables we need the

following notion.

DEFINITION. Let I and J be disjoint subsets of ¥ and let the

elements of I ud be 72, < i, < ...<1Z_ . Let
1 2 r
k.={k €NV | Z. <k < 1.
s leewa, aall
under the circular ordering of N , and for § =1, ..., r let
1 if both ij and ij+l belong to I or both belong to J , and
e. =
J

~1 otherwise
for § =1, ..., r . Then the type of {I, J} is the sequence
[el, kiseg kys vony e, kr)
THEOREM 2. (Z) If K # @ then

dim P(I, 7, k) = 8% 371Kl gn-|Twuk]

(i1) If T udJd ¢ @ Let the type of {I, J} be
(el, kl, cevs € kr) . Then

r k.
aim P(T, 7, ) = 87|37.6"7_(1/2") [5 Ite )
J=1 d
(14i) dim P(1) = §*(6"-5")

Proof. (Z) is immediate from Theorem 1 (Z). For (ii) let the
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elements of I udJ be il < ... < ir and let

Kj={k€lvlij<k<ij+1}

so that kj = IKjl . From Theorem 1 (Z%) we have to sum the dimensions of

% %
the summands BX ® BY ® WIUJUZ of BI ® BJ ® AL . Suppose we have subsets
L E Kj s j =1,

(rvux, JulY, Z) . By the definition of a trio Ile must be even if

., r , such that if 2 = U Lj then there is a trio

e. =1 and odd if ej = -1 , and provided these conditions are fulfiiled a

trio exists. Now let Zj = ILjI . The corresponding principal

. % . .
indecomposable BX ® BY ® WIUJUZ has dimension

k.-1. k-1 k -1
2
gt3t 1322 3T
IZI Zl+Z2+...+Z
and occurs 2 =2 times, so the total dimension of these
summands is
g" 221 37‘1'11 ezr 3kr'zz=

The sum of the dimensions of all the summands corresponding to trios
(Fruvx, JuY, Z2) is

k A k. -1 k A k -1
8”2[1121.311 Zl”)z”ﬁrr
A r

1 r

where the sum is over Zj odd or Zj even according as ej is -1 or

1l . By the binomial theorem this is
g" [5k1+e ]/2 e [Skp+e ]/2
1 r
Since |[IuJd| =r ,
dim B, ® B4 ® 4, = 8".37.6"7"
giving the result.

For (Z71) note that dim AN = 86" ana
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2| _n-|2z
dim 2|Z|BX®B;®WZ= o121 -2l gn

For each ZC N with |Z]| even there are two trios so

[11

(2]
(3]

[4]

[5]

dim P(1)

g6 -2 . Y 2|Z'.3”'|Z|-d]
/sil
|Z| even
n|mn L
8" 6" +1-2 . kg ()
=0
k even

8" (6M+1-2. ((5"+1) /2))
8n (67'1_57‘1) . //

2k3n—k
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