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1. Introduction

The moduli stacks Mg,n parametrize isomorphism classes of stable n-pointed curves of
genus g. The geometry of M g,n is important for understanding the behaviour of families
of curves, and also because our intuition as to how moduli spaces of higher-dimensional
objects should behave is based to some extent on our evolving understanding of these
spaces. A central problem is to describe the morphisms admitted by ./\7lg7n.

There is a well-known family of vector bundles on M, ,,, the so-called vector bundles
of conformal blocks, that arise from conformal field theory. Each is specified by a Lie
algebra g, a positive integer ¢, called the level, and an n-tuple of dominant integral
weights A. These were first constructed in the 1980s by Ueno et al. [33]; more recently,
Fakhruddin [8] observed that they are globally generated on /\;lo,n. Thus, their first
Chern classes ]D)z »» Which we call conformal blocks divisors, are globally generated; it is
natural to explore the morphisms on My, associated with suitably large multiples of
these divisors.

Starting with Fakhruddin’s 2008 preprint, much inquiry has centred on conformal
blocks for sl and level 1, and their associated morphisms, which are now well under-
stood [2,8,10,13,14]. Less is known about the morphisms associated with higher-level
conformal blocks divisors for any g. Fakhruddin relates critical level sly conformal blocks
(those for which > A; = 2¢ 4 2) to the geometric invariant theory (GIT) quotients
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(P')"// SL2, but we know of no other results on the morphisms associated with general
sy conformal blocks.

In this work, we study the higher-level sly conformal blocks divisors DZI(QLMJ) for
1 <4< gon Mgy, where n = 2g + 2, deriving simple formulae for their intersection
with a basis of 1-cycles, as well as formulae for their divisor classes. We show that our
family forms a basis for the S,-invariant Picard group, which implies that it generates a
full-dimensional subcone of semi-ample divisors in the S,,-invariant nef cone of Mo,n- We
prove that divisors in our family lie on the boundary of the S),-invariant nef cone, and
are generally not log canonical. We analyse the morphisms defined by the linear series
|m]D)Z[(21)M1)| for m > 0. We show that all of the associated morphisms are birational
divisorial contractions on MOJL/ Sn, and we use these divisors Dj,{a,---,l) to obtain nef
divisors on Mago.

Note that our family contains all the non-trivial sly divisors with weights A = (1,...,1).
Indeed, Dz[ﬁ‘ is trivial for 2¢ > . \;, by [8], and for odd }_\;, by Proposition 3.4. As
Mo, is a fine moduli space, we hereafter work on the smooth projective variety My,
that represents it.

1.1. Associated morphisms

Fakhruddin proved that the morphisms given by sls conformal blocks divisors factor
through Hassett’s weighted spaces (see [8,21]). We show that those divisors in our family
that span extremal rays of the S,-invariant nef cone define morphisms to varieties that
may be constructed as GIT quotients and have interpretations as moduli spaces (see §6).
For example, the following hold.

) Dif%l,...,l defines a morphism from Z\_lom to Satake’s compactification of A, (see
Theorem 6.2). Its image has Picard rank 1 [2], and can be constructed as a GIT
quotient [13].

° ]D);["El ) is the pullback from the hyperelliptic locus in M,, of 12A—dp, and its image

under the linear system |12\ — §p| is expected to have a modular interpretation.

. ]D);[_z1 (1,..1) defines the morphism from My ,, to the GIT quotient Con(n)//(%c) SL3,
where v = (g —2)/g and ¢ = (1/g,...,1/g). Here, Con(n) is the space of n-pointed

conics in P? [15].

e The divisor DZEsz,l defines the morphism from Mo,n to the GIT quotient
(P1)"// SLy with the symmetric linearization.
We show the surprising fact that, for £ > %n — 1, the divisor ]D)Z,[(Ql,...,l) lies in the
cone generated by conformal blocks divisors that give maps to the GIT quotients
Con(n)//(, ¢ Sks. Giansiracusa [15] has exhibited sl; level 1 conformal blocks divisors
that give rise to maps to the GIT quotients Con(n)//, ) SLs when v = 0. This raises
the following natural question.

Question 1.1. Is there a more general correspondence between higher-level divisors
and these GIT quotients when ~ # 07
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1.2. Outline of the paper

In §2 we give definitions and references for divisors and curves on M, ,. In §3 we give
several fundamental results about sly conformal blocks. In §4, we give the intersection
formulae for the S,,-invariant divisors Dz,[(Ql,.,,,l) with a basis for the 1-cycles on Mo,n /Sn,
our main tool for studying the morphisms associated with the divisors DZ,[(Ql,...,l)' In §4.1
we give formulae for the classes of four of the divisors DZ[(QI,A..,l)’ and in §5 we show
that the divisors DZ,I(QL...J) lie on the boundary of the symmetric nef cone, and that
they reside in the part of the cone that was not previously well understood. In §6, we
study morphisms associated with the divisors ID)Z[(QIWJ). In §7, we explain how conformal
blocks on My, can be used to produce nef divisors on M,,. Finally, in § 8, we prove the
independence of two families of curves on Mo,n-

1.3. Software

A number of results in this paper were first explored through computer calculations.
The third author has written a package, CONFORMALBLOCKS, which can be used to
compute ranks, divisor classes and intersection numbers of conformal block bundles and
divisors in MACAULAY2 (see [20,31]). We also used the software NEFW1Z and POLYMAKE
to explore which of the divisors DZ}EL...,I) are extremal in the symmetric nef cone, and
which of the divisors DZ,[fl,...,1> are log canonical (see [12,18]).

2. Divisors and curves on the moduli stack

2.1. Divisor classes

As is standard in the literature, A denotes the first Chern class of the Hodge bundle. For
1 < ¢ < n, we denote by o; the n sections of the universal family 7: Mg 41 — Mg .
For w,, the rank 1 relative dualizing sheaf, one then has the v-classes ¥; = ¢1(0} (wx)).

We refer to the sum ¥ = > 1; as the total -class. The divisor k = k1 = m,(w2) is

ample.
We write &g for the class of the boundary component Ay, the divisor whose general
element has a single non-separating node. For 0 < i < [%gj, and J C {1,...,n}, let

di,;7 be the class of the boundary divisor A; ;. The general element of A; ; has a single
separating node that breaks the curve into two components, one of which is a curve of
genus ¢ and has |J| + 1 marked points consisting of an attaching point together with
points labelled by the set J. If n = 0, then it is customary to write d; instead of §; p, and
if g = 0, then one must have that 2 < |J| < n—2, and it is customary to write d; rather
than g, ;. By A we mean the sum of all the boundary divisors.

By [28, Theorem 1] the class of the canonical divisor is given by

n/2) . .
i(n —1)
Kigy,, =¥ =24 = _ ((n—l) - 2> B;, where B; = Z ;. (2.1)
i=2 JcA{1,...,n},
[J]=j

In [26, Theorem 1.3], the B; were shown to generate the extremal rays of the cone of
effective divisors of the quotient My ,,/S,.. The set {B; }JLZ/;J is a basis for Pic(Mj,,)%".
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2.2. F-curves on Mo,n

An F-curve on My, is any curve that is numerically equivalent to a one-dimensional
component of the boundary. A point in such a stratum parametrizes a nodal genus 0 curve
that contains a unique P! with four special points (nodes or marked points). By varying
the cross ratio of these four points, we obtain a rational curve inside Mo,n~ Its class
depends only on the partition of the n marked points into four non-empty sets. In order
to intersect F-curves with symmetric divisor classes on My ,,, we need only know the size
of the cells of the partition. In other words, a partition a + b+ ¢+ d = n of the integer n
into four positive integers determines an F-curve class, up to .S, symmetry. We denote
such a curve by Fyp ¢ n—(atbtc)s OF, even more briefly, by F, ;. (see [19, Theorem 2.2,
Figure 2.3)).

We next define three families of independent F-curves on ]\Zfom, used to prove Theo-
rem 4.12.

Theorem 2.1. Let n > 6 and define g by n = 29 + 2 or n = 2g + 3. Each of the
following three sets then consists of independent curves.

(1) ¢a={Fi1,:1<i<g}
(2) ng = {FQ’Q’Z': 1 < ) < g — 1}

<i<k—1} ifg=2k,
<i<k—1} ifg=2k—1.

7

F: i 0<<k‘—2 U{F i :
3) 6 = {{ 3,3,2i+1 i FUL{F1 12641
<i< i

0
{F3,3,2i+11 0 k— 3} @] {F1,1)2i+1: 0
Theorem 2.1, proved in § 8, leads to the following well-known corollary.

Corollary 2.2. %) is a basis for N1(Mo ,,/Sn, Q).

3. sly conformal blocks

The main reference for the construction of vector bundles of conformal blocks is Ueno’s
recent monograph [33] (see also [3,8,27]).

In this section we recall the factorization and fusion rules for sl conformal block
bundles (CB-bundles), used to prove Proposition 3.4. We work with g = sl and an
arbitrary (but fixed) level . In this case, the root system may be identified with Z, and
the dominant integral weights \; of level less than or equal to ¢ are simply the non-
negative integers 0 < A; < L. Let A = (\q,...,A,) be a vector of dominant integral
weights of level £.

Notation. We write
rx = rank V(sly, £, X). (3.1)

The rank of the vector bundle V(sly, £, ) is given by the Verlinde formula [33, Exam-
ple 5.23], but it is often more efficient to compute ranks by using the factorization rules.
These may be stated for any simple Lie algebra g, but we only work with g = sls.
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Proposition 3.1 (propagation for CB-bundAles). Let A = (A,---,\n), and
suppose that \, = 0. Then V(g,¢,\) = ©:V(g,¢,\), where A\ = (\1,...,\,—1) and
T Mg,n — Mg,n,l is the map forgetting the nth marked point. In particular, ry = r5.

Proposition 3.2 (factorization for sl; CB-bundles). Let pUwv be a partition of
the vector A = (A1, ..., \,) into two vectors each of length at least 2. Then,

14

™\ = E TuuaTvua-

a=0

Factorization can be used to compute 7 in terms of ranks of conformal block bundles
on My 3 = pt; these numbers are known as the fusion rules. For g = sl,, these are given
as follows.

Proposition 3.3 (fusion rules for sl, [3, Lemma 4.2, Corollary 4.4]). Let
n = 3. Then,

3 3 3
. 1
— < < )
o) — 1 if E Ai =0 mod 2, E Ai <20 and \; < 5 E iy
1,A2,A3) i=1 i=1 i=1

0 otherwise.

The next proposition contains some easy technical results that are used throughout
the paper.

Proposition 3.4. Let g = sls.
(1) (Odd sum rule.) If >~ | \; is odd, then rx = 0.

(2) (Generalized triangle inequality.) If there exists i € {1,...,n} such that \; >
S 2, then vy = rk(V(sly, £, X)) = 0.

(3) (Some special four-point ranks.)

2 ifpn = p2 and py & {0, £},
1 ifpuy = d p € {0,4},
(V(slo, 0, (1 pa, 1,1))) = 4 0 T Hand i €08, )
1 ifpe = pg £2,
0 otherwise.
(4) (Some special four-point degrees.)
0 ifp#(601,1),
deg V(sly, 0, (i1, 12, 1,1)) = 3.3
BV{ste, £ (i, 2. 1, 1) {1 if = (£,0,1,1). (33)

Proof. The odd sum rule is a special case of the more general fact that ry = 0 if
Yo A is not in the root lattice (see, for example, [11, p. 13]). It can also be proved
using factorization and induction, with n = 3 as the base case.

The generalized triangle inequality can be proved using factorization and induction,
with n = 3 as the base case.
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For (3), we first consider r,. By factorization applied to the partition p = (p1, p2) U
(1,1), we obtain that

14

Tp = Z T(p1,p2,0)T(1,1,0) - (3.4)
a=0

By the fusion rules for sly, we have that r(; 1 ) = 0 unless a € {0, 2}. Thus,

T = T (p1,p2,0)7(1,1,0) T T(p1,p2,2)7(1,1,2) = T(paa,pi2) T (1, p2,2)

By the fusion rules for sls, T(uy,ue) = 0 unless 3 = pg, and then this rank is 1. We
also have that r(,, ., 2) =0 unless po € {1 — 2, 1,1 + 2}. Also, r0,2) =0, and
r,0,2) = 1k(V(sl2, £, (£,£,2))) = 0. The result follows.

Part (4) follows from [8, Proposition 4.2]. O

4. Intersecting the divisors }D)Z[(zl 1) with F-curves

In Theorem 4.2, we give a simple formula for the intersection of the divisors ]D)le1
with a basis of 1-cycles given by the first family of curves defined in Theorem 2.1 (1)
This result is one of our most powerful tools for studying the morphisms associated with

the divisors ]D? (21 -

Definition 4.1. Suppose that n is even. We define
re(j,t) :==rank V(slo, ¢, (1,...,1,%)).
——
J times

Theorem 4.2. We have that DZK(ZL_” 1y Froi—oig=re(8,0)re(n—i—2,0).

Proof. We write P, = {0, 1,...,¢}, and write pu = (11, pa, 13, pta) for elements of P}
We use [8, Proposition 2.7] applied to V(sly, ¢, (1,...,1)) and the symmetric F-curve
F = F} ,.55.54> given by a partition n = ji + ja + j3 + ja.

Using the notation from Definition 4.1, this states that

'S

deg(V(s[g,E,(l, Z degV 2u y K H .]k>/1'k (41)
nep} k=1

The fusion rules for sly imply that r(, ;) = 0 unless a = b, in which case r(, ) = 1. Since
our F-curves have two 1s on the spine, the only non-zero summands in (4.1) occur when
us = pg = 1. By Proposition 3.4, we have that deg V(slo, ¢, u) =0if p # (¢,¢,1,1), and
deg V(sly, £, u) = 1 otherwise. The formula follows. O
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The following example suggests several corollaries to Theorem 4.2. Consider the matrix
of intersection numbers D32

0,(1,...
D2 for D2 : e
¢ 0,(1,000 1)

1 Fn_i—241, for n = 16, where in the matrix we put

slo 10 10 sl sl slo slo
D= D5 D DI DI DY DS

Fii1 1 0 0 0 0 0 0
Fla. 0 32 0 0 0 0 0
Fi13 1 0 55 0 0 0 0
Flaa 0 32 0 40 0 0 0
Fi15 1 0 63 0 19 0 0
Flig 0 32 0 5 0 6 0
Fl., 1 0 6 0 25 0 1

Note that this matrix has full rank. This shows that the divisors are independent. More-
over, since in all of the columns there are curves that intersect the CB divisors in degree 0,
this also shows that the divisors lie on the boundary of the nef cone.

We next give seven corollaries to Theorem 4.2, reflecting that the pattern displayed by
the zero/non-zero entries of the matrix above holds in general.

Corollary 4.3.

(1) Ifi < ¢, then ]D)ZI(QLW,I) “Frni—2410 =0.

(2) Ifi # ¢ mod2, then D33, - Foio2,11 = 0.

(3) Dzl‘(zl 1) intersects at least [(¢ + g —2)/2] independent curves in degree 0.

Proof. For the first statement, use the generalized triangle inequality (see Proposi-
tion 3.4). For the second statement, use the odd sum rule (see Proposition 3.4). For the
third statement, there are £ — 1 curves with ¢ < ¢, and [(g — ¢)/2] curves with ¢ > ¢ and
1% ¢ mod 2. |

Of course, the curve count given in Corollary 4.3 (3) is not always sharp, since there
could be other curves not of the form Fj ; ; that intersect ]D)Z[(Q1 D) in degree 0.

Lemma 4.4.
(1) re(k,k)=1forall 1 <k < L.

(2) re(k,k—2)=k—1forall2<k</{+1.
(3) re(0+2,0) =¢.

(4) re(l+2p,£) A0 forpeZ, p > 0.

Proof. For (1) we use induction on k, with the base case r,(1,1) = 1, which holds
by the fusion rules. Assume that r4(j,j) = 1 for j < k and apply factorization with the
partition 1¥=1|(1, k) to get that

re(k,k) = > relk = 1 )71 -

0<pgel
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The fusion rules give that 7(14,) =0if p <k—1, u>k+1or u==k, and rg ) =1
if u=%k—1orpu=k+ 1. However, if p = k + 1, then r/(k — 1,k + 1) =0 by the
generalized triangle inequality (see Proposition 3.4). So the only non-zero summand in
re(k,k) is re(k — 1,k — 1), which is 1 by the induction hypothesis, and so we are done.

For (2) use induction on k& with the base case 7,(2,0) = rank V(sly, ¢, (1,1,0)) = 1,
which holds by propagation and the fusion rules. Assume that r¢(j,7 —2) = j — 1 for
2 < j < k— 1, and apply factorization to 1¥=1 U (1, k — 2):

T@(k/’, k — 2) = Z T'Z(k — 1, ,LL)T(L]@,Q’M).
ospuse

By the fusion rules, we have that r( ;_2,) if p <k —3, u>k—1o0r p =k —2. Also,
T k-2, = Lif p=Fk—3 or p =k — 1. Thus, there exist only two non-zero summands
inre(k, k—2):

ro(k,k—2)=roy(k—1,k—3)+re(k—1,k—1).
By the induction hypothesis, we have that r¢(k — 1,k — 3) = k — 2, and, by the first
statement of this lemma, we have that r¢(k — 1,k — 1) = 1. Thus, r¢(k,k —2) = k — 1,
as claimed.

For (3) apply factorization using the partition 11 U (1, 4):
re(f+2,0) = Z re(C+ 1 )T e
ogp<e

We argue, as above, that there exists only one non-zero summand, and it occurs for
w=2~—1.Thus, r¢({+2,0) =r¢({+1,£—1), and by (2) this is .

For (4) we use induction on p, with the base case p = 0 given by (1). Consider r,(¢ +
2p, ¢) and apply factorization using the partition 12 U (1¢+2P=2 ¢):

Té(e + 2pa é) = Z ’I"g(2, /J/) rank<5[27£7 (1€+2p—2, Ea :u))

0<pge

When 4 = 0, by the fusion rules, 7,(2, ) = 1. By induction, rank(sly, £, (1¢+2P=2 7, 0))
rank(sly, £, (1°72P=2 ¢)) = ry (¢ 4+ 2p — 2,¢) # 0. Therefore, r,(¢ + 2p, {) # 0.

AN O

Corollary 4.5. DZ[(21 ’’’’’
(g—120)/2.

Proof. By Theorem 4.2, we have that

1) . F1,1,£+2q,n—2—2—2q 7é 0 for 1 < Y4 < qg and q € Z, 0 < q

D5y Fuaeszgn—t—2-2g = re(0 +2q, O)re(n — £ — 2 — 2q,0).

By Lemma 4.4 (iv), we have that r,(¢ 4+ 2¢,£) # 0. Also, since ¢ < (g — £)/2, we have
that n — ¢ — 2 — 2q = £ + 2p for some p > 0. Thus, by Lemma 4.4 (iv), we have that
re(n —£€—2—2q,0) # 0 as well. O
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Corollary 4.6. {]D)Z[(Q1 ) 1 < ¢ < g} is a basis for Pic(My ag12/Sag+2)-

Proof. The matrix of intersection numbers between these divisors and the F-curves
Fy_i—2,1,1 is lower triangular with non-zero entries on the diagonal, and so the divisors
are linearly independent. To see this, note that by the generalized triangle inequality,
Proposition 3.4 (2), one has that r4(i,¢) = 0 if ¢ < I. Thus, the entries above the diagonal
are all zero. By Corollary 4.5, the diagonal entries are non-zero. O

The following lemma is needed to give formulae for intersection numbers of the extremal
DS .
£,(1,...,1)

Lemma 4.7.

(1) Suppose that £ =1. For k € Z, k > 0, we then have that r (2k +1,1) = 1.
(2) Suppose that £ = 2. For k € Z, k > 1, we then have that ro(2k,2) = 281,
(3) Suppose that £ = 2. For k € Z, k > 0, we then have that ro(2k +1,1) = 2F.

Proof. We use induction on k and factorization.
For the first formula, by the fusion rules, r1(1,1) = 1. So, suppose that the formula is
true up to k — 1. Factorization and applying the odd sum lemma yield that

r1(2k +1,1) = r1(2k,0)r1(2,0) + r1(2k, 1)r1(2,1) = (2(k - 1) +1,1) = 1.

For the second two formulae, we may check that r2(2,2) = 1 and r1(1,1) = 1. So, suppose
that these two formulae work up to k— 1. Factorization and applying the odd sum lemma
yields that

2
ro(2k,2) = ra(2k — 1, p)r( o = ra(2k — 1,1) = rp(2(k — 1) +1,1) = 2~
pn=0

and

ra(2k + 1,1) = ra(2(k — 1) + 1, 1)r(1 1,0 + 72(2k, 2)r(1 1,9y = 21 + 2871 = 2k,

Corollary 4.8. We have that

1, abcd odd
]D)5[2 ) Fa o = ) ’ 4.2
1,(1,...,1) \b,e.d {07 abed even. ( )

Proof. If abed is even, then at least one of the four integers, say a, is even. When
we apply (4.1) to compute Dile,...,l - Fop,c,d, to get a non-zero summand, we must have
p1 = 0 to have r¢(a, 1) # 0. (By the odd sum lemma, we need p; even, but P, = {0,1}
since £ = 1.) Since p; = 0, by propagation, we know that V(sly, ¢, u) is a pullback
from My 3 = pt. Hence, deg V(sla, 1, 1) = 0. For abed odd, the only non-zero summand
in (4.1) occurs when g = (1,1,1,1). We can compute degV(slz,1,(1,1,1,1)) = 1, and,
by Lemma 4.7, r1(a, 1)r1(b,1)r1(c, 1)r1(d, 1) = 1. O
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Corollary 4.9. We have that

Deto . o, abed odd, (4.3)
2,(1,...,1) " asbed 2972 gbed even. .

Proof. If abed is odd, then if any p; is even, r4(a, ;) = 0 by the odd sum lemma. We
have that P, = {0, 1, 2} since £ = 2, so we only possibly get a non-zero summand in (4.1)
when p = (1,1,1,1). We can compute degV(sly,2,(1,1,1,1)) = 0, so this summand
is 0. If a and b are even, while ¢ and d are odd, then to get a non-zero summand
in (4.1) we must have pu; and po even and pg and pg odd. However, if p; or ps is 0,
then, by propagation, we know that V(sly, £, pt) is a pullback from ]\_{[0,3 = pt, and hence
deg V(sly, 1, ) = 0. Thus, we only get a non-zero summand in (4.1) when p = (2,2,1,1).
We compute deg V(slo,2,(2,2,1,1)) = 1, and use Lemma 4.7 to show that

7"2((1, 2)7‘2((), 2)7“2(6, Z)Tg(d, 2) — 2(1/2—12b/2—12(c—1)/22(d—1)/2 — 2(a+b+c+d)/2—3 — 99-2

If a, b, c and d are all even, then, as above, we only get a non-zero summand in (4.1)
when p = (2,2,2,2), and then degV(sly,2,(2,2,2,2)) = 2. We use Lemma 4.7 (ii) to
show that

219 (a, 2)ra(b, 2)ra(c, 2)ro(d, 2) = 2 - 20/2719b/2=19¢/2=19d/2=1 _ 99=2

Corollary 4.10. We have that

0 i#£g—1
sl _ ) )
D2y 1y i1 = {g L1 imgei. (4.4)
Proof. If i < g —2, by Corollary 4.3, D?2, | | - Fyj 2411 = 0. For i = g, by
Theorem 4.2,
D;[—zl,(l,...,l) “Fygr1=7g-1(9,9 1) 79-1(g9,9 — 1).

As 2g—11is odd, by Proposition 3.4, r4_1(g,g—1) = 0. To get ¢ = g—1, use Theorem 4.2:

D52 oy Forrg10 =7g-1(9 = 1,g = 1) -rgoa(g + 1,9 — 1).

Lemma 4.4 (1) implies that r4_1(9 — 1,9 — 1) = 1. Lemma 4.4 (3) implies that rq_1(g +
l,g—1)=g—1. |

Corollary 4.11. We have that

0, i<g-1

[ ) =X )

DYty Fmic2inn = {1 iz g (4.5)
Proof. If i < g — 1, Corollary 4.3 implies that D) |- F_j 9,11 = 0. For i = g,

Theorem 4.2 gives ]D);f’flw’l) “Fygg11 = 14(9,9) - 7¢(g9,9). Lemma 4.4 (1) implies that

re(g9,9) = 1. O
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4.1. Classes of extremal divisors in the family

In §5.1 we show that for £ € {1,2,9 — 1, g} the divisors D} [( 1) generate extremal
rays of the symmetric nef cone. These expressions are used in § 5. 2 to show that D; [(21 )
is not log canonical if £ € {1,g — 1, ¢} and n is sufficiently large.

Theorem 4.12. We have that

k(n — k) (k—1)(n—k—1)

D3" = ———B B

1) Z 4n—1) Y Z k>
2<k<g+1,k even 2<k<g+1,k odd

_ kn—k) 1
sl —3.99-1 S S 7
D2,§17~~,1) =32 ( Z (8(n —1) G)Bk
2<k<g+1, k even
Ek—1(n—k—-1
foy Geloikeng)
2<k<g+1, k odd )

Dot 6 —1 9 —9-1\,
g— 1(1...,1)_ Z (n—l) g+1 |»

g+1
s _ 1 (k l)k
Dy 1,y = 2 Z (n—1) Bi.

k=2

Proof. We produce the classes from the intersection numbers {D - F 1;}7_; using
formulae given in [2, Lemma 4.2]. O

5. Position of the divisors De[(21 1) in the nef cone

The D} [(2 D) are semi-ample, and so give rise to morphisms on Mg ,,. Any S,-invariant
divisor lies in the interior of the cone of effective divisors (see [16,26]), and since the
DZI(Ql _____ 1) are symmetric, the morphisms they define are birational. As the divisors are
nef, we can tell more about the morphisms they define by finding their location in the nef
cone. Divisors in the interior of the nef cone are ample, and hence suitably large multiples
of them define embeddings; base-point free divisors on the boundary define contractions.

5.1. The divisors Del(zl deﬁne birational contractions

2

We show that the morph1sms on Mo,n /Sn given by the divisors Dj [(1 .1y are birational
contractions by proving the following.

Theorem 5.1.

(1) The divisors ]D)e i for 1 < ¢ < g, lie on the boundary of Nef(M ,,/Sy). I
particular, the d1v1sors ID) ( for 1 < ¢ < g, define birational contractions on
Mo/ Sn.

(2) For each 1 < £ < g, the divisor ID)Z_[(Ql 1 lies on a face of codimension at least

[(+g-2/2.

(3) For ¢ € {1,2,9 — 1,9}, the divisor Djf(zl 7777 1) Spans an extremal ray of the
S,,-invariant nef cone.
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Proof. By basic linear algebra, a symmetric nef divisor lies on a codimension k face
of the symmetric nef cone if it intersects k& independent symmetric curves in degree 0.
Recall that the space Pic(My ,,/S,) @R is g dimensional. Thus, if a symmetric nef divisor
intersects g — 1 independent symmetric F-curves in degree 0, then it spans an extremal
ray of the symmetric nef cone.

For (1) we note that, by Corollary 4.3, each ]D);[(z1 ) intersects at least one F-curve

in degree 0, and hence lies on the boundary of the symmetric nef cone.
For (2), write n = 2(g + 1), and apply Corollary 4.3 (3).

For (3), for ¢ € {g — 1,9}, Corollary 4.3 (3) states that DZ’K(QL.”,I) intersects g — 1
independent curves in degree 0. This means that these two divisors are extremal in the
symmetric nef cone. To show that Dif?l,.“,l) and D;le,m,l) also generate extremal rays,
we use the two other sets of independent curves %, and %3 from Theorem 2.1. First,
by [8, Proposition 5.2], which we can apply since £ = 1, one has that Dif?l,...,l) “Fobea=0
if abed = 0 mod 2. In particular, ]D)if’z‘l """" - Fy9in—a_ij=0forall 1 <i<g-—1 Since
these are the curves from %5, and since Dile """" 1) is non-trivial, this divisor spans an
extremal ray of the symmetric nef cone. Next, we show that ]D);lew 0 Fopea =0
if abed = 1 mod2. This implies that a, b, ¢, d are all odd. This is proved using [8,
Proposition 2.7]:

D;ffl,,,_,l) “Fuped= Z deg(V(slz, 2, p))r2(a, pu1)ra(b, pa)ra(c, pa)ra(d, pa)-
u={p1,..,pa},
0<pi <2
Since the level is 2, each p; can only be 0, 1 or 2. If u; is even for any ¢, then the
corresponding rank is 0, e.g. if u; is even, then 7,,, = 0. It only remains to consider the
case where p; = 1 for i = 1,...,4. But an explicit calculation using [8, Proposition 4.2]
shows that deg(V(sls,2,(1,1,1,1))) = 0. Thus, there are no non-zero contributions to [8,
(4.1)]. We show in Theorem 2.1(3) that, for ¢ = 2k or ¢ = 2k — 1, the set €5 =
{F332i+1: 0 < i < k—2} U{F112+1:0 <4< k— 1} consists of independent curves.

Therefore, D;f?l,...,l) spans an extremal ray of the symmetric nef cone. ]
5.2. The divisors ]D);[fl ..,1) are not all log canonical

The Ray theorem (see [26, Theorem 1.2]; [9, Theorem 4]) gives us a tool for detecting
nef divisors in what we call the log canonical part of the cone.

Definition 5.2. We say a divisor D on My, is log canonical if D may be expressed
as an effective combination

D = C<K1V_fo,n + ZC[(SI),

where ¢ and the ¢; are any non-negative rational numbers such that 0 < ¢; < 1 for all 1.
(Here, the summation is over the standard set of boundary divisors: 2 < |I] < n/2 and
1elif |I| =n/2.)
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If D is linearly equivalent to a log canonical divisor and intersects every F-curve non-
negatively, then D is nef by the Ray theorem, and is semi-ample by [4].

If D is S,-invariant and linearly equivalent to a log canonical divisor, then, by averaging
its log canonical expression over .S,, we obtain

g+1
D= c(KMM +) biBi>,

i=2
where ¢ > 0 and 0 < b; < 1 for all 5. We call a divisor of this form symmetrically log
canonical.

We interpret the failure of a divisor to be linearly equivalent to a log canonical divisor

to mean that it is outside the part of Nef(Mjy,,) that can be understood combinatorially.
This motivated us to study the geometry behind such divisors in more detail.

Proposition 5.3.
) Di[fl 1 is log canonical for n = 6, 8,10, but not for n > 12.
2) D;lzl 1 is log canonical for all n > 6.

3) D;lzl (1) is log canonical for n = 10,12, 14, but not for n > 16.

(1
(
(
4) Dslz .1 18 log canonical for n = 8,10,12, but not for n > 14.

Proof. By the above remarks, it is enough to test whether these divisors are sym-
metrically log canonical. The claims made for small values of n may be verified by direct
calculation. The following identity shows that D3

2,(1,...,1) is symmetrically log canonical
for all n:

8 sl 2
WDQ’%LWJ) = KMO,n + g Z B’L + Z Bi.

i even i odd

We prove (1) when g is odd; the proofs of the other parts are similar. Suppose, for the
purposes of contradiction, that

g+1
71]1))??1 ..... y = K, + sz‘Bi, (5.1)
=2
with 0 < b; < 1 for all 4. By using (2.1) and the formula for D} ?  from Theorem 4.12

and extracting the coefficients of By and By41 on each side of (5. 13 we obtain the two
equations
_12(n—2) _ —2
4n—1) n-1
lg=Dh-g-1) _g(n—-yg)

= — 24 by,.
¢ 4(n—1) n—1 0

+ ba,

We apply the inequalities by < 1 and by > 0 and substitute n = 2g 4 2 to obtain that

4(g* — 29 — 2) ol 2!

g*—1 g
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But one can easily show that, for g > 5, we have that
4(g? —29—-2) 29-1
s-1 g
Hence, there exists no triple (c, bg, by) making Dif%l,...,l) symmetrically log canonical if
g is odd and g > 5.

(1) for g even and (3) and (4) may be established by similar analyses of the triples
(¢, b2,bg+1), (c,b3,by) and (¢, ba,bg11), respectively. |

6. Morphisms defined by the divisors DZ,[(21,...,1)

We next consider morphisms defined by the extremal divisors ID)ZI(Ql L forle {1,2,9—
1,9}, and relate the divisors D f2 for %n — 1 </ to the GIT quotients of n-pointed

0,(1,..,1)
conics studied in [15].

6.1. Levels 1 and 2 and extended Torelli maps

Let h: ]\_4072(94_1) — ]\7[9 be the morphism defined by taking (C,p) € M072(g+1) to
the stable curve of genus g obtained by taking a double cover of C' branched at the set
marked points p = {p1, ..., pn}. In this section we show that the divisor Dif?l,...,l) defines
a morphism that factors through h.

We use the following formula for the pullback of a divisor on M, along the map h.

Lemma 6.1. Let h: MOyQ(g+1) — Efg C J\Z/g be the isomorphism onto the hyperelliptic
locus in My, and let lo/2]

D=a)— Z bid;
i=0

be a divisor on Mg. Then,

N ak(n —k alk—1)(n—k—-1 b;
B I I M e e e

2<k<[g/2], 2<k<g/2],
k even k odd
Proof. This follows from [5, pp. 468-470 and Proposition 4.7]. |

The classical Torelli map that takes a smooth curve X of genus g to its Jacobian
extends to a regular map t5at: M, — flgat, where Agat is the Satake compactification
of A,. Moreover, A = (t5%)*(0), where O is the ample divisor of weight one modular
forms on A3 [1].

Theorem 6.2. The divisor D:s[% ) defines the composition
; n g B s
M0,2g+2/52g+2 — Mg — Ag .

Proof. To prove this, we use Lemma 6.1 and Theorem 4.12 to show that Di‘%l =
2h*(A). Because A is the semi-ample divisor that defines the morphism

_ ESat

ASat
My — A",

the result follows. O
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slo

The next result shows that, at least for g < 11, the morphism given by D} ke also
factors through the map to the hyperelliptic locus.
Theorem 6.3. We have that
D;[?I 1) %h*(12)\ — 50), where h: M0,2g+2/529+2 — Erg — Mg.
Proof. Use Lemma 6.1 and Theorem 4.12. O

Question 6.4. Is 12\ — &, semi-ample on M, for all g > 47

It is known that 12\ — &y is nef on M, for all g (see [7, Proposition 3.3]). By [25],
12X\ — 09 is semi-ample on Mg when defined over a finite field. Over C, 12\ — Jq is
semi-ample for ¢ = 3 by [29], and for ¢ < 11 by [17]. In these cases, Theorem 6.3
implies that the morphism associated with ID); fl _____ 1 factors through h. Let X denote
the image of the linear system |12\ — 50\ For g = 2, X = MJ}?; this follows from [22,
Propositions 2.7 and 4.2]. But, for 3 < g < 11, we do not know a description for X.
It seems a reasonable guess that there mlght be morphisms from Avor(Q) and ]\_453 to
X that are small modifications. Here M 7 stands for the moduli space of pseudo-stable
curves (see [23,24,30]).

6.2. ]D)Z[(Zl 1 is in the SLg GIT cone if £ > n/3 — 1

1)
In [15], Giansiracusa and Simpbon study the GIT quotients of n-pointed conics. In this
section, we relate the divisors D (1 1 for £ > n/3 — 1 to these quotients.
We recall the notation of [15]. Conics in P? are parametrized by (P?)V. Let Con(n)
be the incidence locus in (P%)Y x []' P2 We consider GIT quotients of the form
Con(n)//, . SLs. Giansiracusa and Simpson construct a morphism

Mo.n — Con(n)// (e SLs

for each linearization (v, c). Moreover, each GIT quotient Con(n)// ., ) SLs has a distin-
guished polarization descending from the linearization.

Definition 6.5. Let GS(v, ¢) denote the divisor on M ,, that is the pullback of the dis-
tinguished line bundle on Con(n)//, . SLs along the Giansiracusa-Simpson morphism
Mo — Con(n)// (e SLs. We refer to these divisors as ‘SLs GIT divisors’.

We next define the divisors R; that, for sn—1 < j, span extremal rays of the symmetric
nef cone.

Definition 6.6. For each j from 1 to [n/2| — 1, let R; be the divisor in Pic (Mg )"
such that
1 ifi=y,
0 ifi#j.
(We avoided using a Kronecker delta in the formula above to avoid confusion with the
divisor class &;; € Pic(Mo,,,).)

R -Fh_j—2,11= {
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Proposition 6.7.
(1) R; = Z;En:/;] by By, where

k— 1)k
L——%ffk+1+j ifj<n/2-1,j<k-1,
—
k— 1)k
b = 4 =Dk ifj<n/2-1,j>k—1,
n—1
(k — 1)k N
a7 fj=n/2—1.
2(n — 1) it =n/

(2) If in—1 < j < §n—1, then R; is a multiple of GS(v,¢), where vy =3 —n/(j + 1),

c=1/(j+1),...,1/(j +1)). Hence, R; is semi-ample.
(3) If j < gn — 1, then R; is not nef.
Proof. For (1) we use the formulae given in [2, Lemma 4.2].

For (2) we use [15, Lemma 5.1], which, after a minor correction, states the following.
Let Fy, 1,.15.1, be an F-curve, and let (v, ¢) be a linearization such that v =3 — Zzzlcp
satisfies 0 < v < 1. Let z; = Zpelqcp. Assufrle that 1 < 72 < z3 < w4. Then,
F1, 1,,15,1, is contracted under the morphism Mo, — Con(n)//, .SLs if and only if
either x1 + x2 + 23 < 1 or x3 > 1. Thus, GS(v,¢) - F1,.1,,1,,1, = 0 if and only if either
1+ x4+ 23 < 1lorzxzy > 1.

Suppose that 4n —1 < j < gn— 1. We set ¢ = (1/(j + 1),...,1/(j + 1)). Then
0 < v < 1, and so we can apply the results of the previous paragraph to compute the
intersection numbers of GS(v, ¢) with F-curves. Specifically, we intersect GS(v, ¢) with
curves of the form Fj,_;_5; 11, which form a basis of HQ(MOJ«“Q)SH. When i < j — 1,
we have that 1 = 29 = 1/(j + 1), z3 = ¢/(j + 1), so 1 + 22 + 23 < 1, and hence
GS(v,¢) - Fr—i—2,,11 = 0. When j = i, we have that 21 + zo+z3=(j+2)/(j+1) > 1
and z3 = j/(j +1) < 1, and hence GS(v,¢) - F—i—241,1 > 0. When ¢ > j + 1, we have
that z3 = i/(j +1) > 1, and hence GS(v,¢) - Fj,_i—2,1,1 = 0. We see that the vector
of intersection numbers of GS(v, ¢) is a multiple of the vector of intersection numbers
defining R;, and hence we conclude that R; is a multiple of GS(v, c).

For (3),if j =1, then Ry - F1 225 = —1. If j > 2, we have that

n—1

—j+1 if j < (nodd)orn_

(n even),

Rj-Fr(n—2j)/21,|(n—24)/2) .55 = .
—n+3j+3 ifj>

-1 (n odd) or - (n even).

O

Proposition 6.8.

(1) The divisor ]D;[Q1 1) Is extremal in the symmetric nef cone and defines mor-
phisms to (P!)"//SLy with the symmetric linearization, or to Con(n)//, .SLs,
wherey=1,¢c¢= (1/(g+1),...,1/(g +1)).
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(2) The divisor H)) 1,(1,...,1) 18 extremal in the symmetric nef cone and defines a mor-
phism to Con( )//A/ CSL3, where v = (g —2)/g and ¢ = (1/g,...,1/g).

(3) If %n —1< /4 < g—1, the divisor D;,[(Ql,...,l) has the following properties:

(a) the divisor D [(2 1) lies on a face of the symmetric nef cone of codimension
at least [({ + g — 2)/ 1,

(b) the divisor DZ,[(21 .... 1) lies in the SLs GIT cone,

(c) the divisor Dy [(21 ____ 1 does not span an extremal ray of the symmetric nef cone.

Proof. For (1) note that ]D)ﬁ[% ) is at the critical level (that is, > A; = 20+ 2),
and, therefore, it follows by [8, Theorem 4. 5] that this divisor defines a morphism to
(PY)™// SLy with symmetric linearization. For £ € {g — 1, g}, matching the images of the
morphism given by D [(2 ) with these SL3 GIT quotients is a consequence of comparing
the intersection numbers of ]D); [(1 ,,,,, 1) - F1,1,; given in Corollaries 4.10 and 4.11 with those
defining R; above, and then applying Proposition 6.7.

Part (3) (a) was observed earlier in Theorem 5.1.

For (3) (b), we apply Corollary 4.3; the only non-zero intersection numbers ]D) 1)
Fy 1, occur when 1 sn —1 < 4, and we can use these numbers to write ID)Z[(Q1 1) as an
effective combination of the divisors R; with % sn —1 < j. But, by Proposmon 6.7, the
divisors R; are multiples of SLs GIT divisors, yleldmg (3) (b).

For (3) (c), we showed in Corollary 4.5 that D} [&“ ) has a positive intersection number
with the F-curves {Fi 1 ¢y2:: £+ 2i < g}. Thus, Dz ) is a positive combination of

the nef divisors {Rsy2;: £ + 2i < g}, and hence ]D)zr(z1 1) does not generate an extremal

ray in the symmetric nef cone. O
Corollary 6.9. The images of the morphisms associated with ]D)g L(11) and
D;[fl 1) are related by a (generalized) flip. The Hassett space My 4, with Weigbts

(l/g7 ...,1/g), lies above both.

Proof. The first statement is a consequence of the theory of variation of GIT [6,32].
That the morphism My, — (P')//SLy factors through My 4 with A = (1/g,...,1/g)
was observed by Hassett in [21]; Giansiracusa and Simpson proved in [15, Theorem 1.4]
that the morphism Mg ,, — Con(n)// SLs with v = (g —2)/g and ¢ = (1/g,...,1/g) also
factors through this ]\_40’ A- O

7. Finding nef divisors on ]\_42(g_|_1) using the flag morphism

As the conformal block vector bundles are globally generated, their first Chern classes D
are semi-ample divisors, and so the linear series |mD|, for m > 0, defines morphisms
on Mom- In contrast, while vector bundles of conformal blocks are defined on the moduli
stacks of higher genus curves, in [8] Fakhruddin showed that these vector bundles are
often not even effective, much less globally generated. However, using our conformal
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blocks divisors on M ,,, together with [19, Theorem 0.3], we produce new nef divisors
on M,,. We do this in Proposition 7.4.

Given any point (E;p) € My 1, let f: My, — M, be the morphism given by taking
(C;p1,...,pn) € Mo, to the curve of genus n obtained by attaching n copies of E to
C by identifying p and p;. We call this the flag morphism. In [19, Theorem 2.2 and
Figure 2.3], five types of F-curves on M, ,, are defined. We refer to these as F-curves
of types (1)—(5). For the reader’s convenience, we state a combinatorial definition of an
F-divisor D on M2(g+1) from [19], which we rewrite slightly to fit our situation exactly.

Theorem 7.1 (Gibney et al. [19, Theorem 2.1]). Let n = 2(g + 1) and consider

the divisor
g+1

D =al— Z bztsl
i=0
on MQ(QH). Then, D is an F-divisor if and only if it satisfies the following inequalities:
(1) a—12bg+ b1 > 0,
(2) b; 20,
(3) 2bp —b; =0,
(4) bz + bj Z bi+j for all Z,] # 0,
(5) bi+bj+bp+by = bigj+biyr+biqe foralli, j, k, ¢ # 0 such that i+j+k+ = 2(g+1).

Each of the inequalities (1)—(5) of Theorem 7.1 is satisfied by a divisor D as long as
D non-negatively intersects the corresponding F-curves of types (1)—(5). In [19, Theo-
rem 4.7] a nef divisor, which we denote by D, is defined with the property that D strictly
positively intersects the F-curves of types (1)—(4), while it intersects the F-curves of
types (5) in degree 0. In particular, it is shown that f*D is trivial. We use this divisor
D in Proposition 7.4, and so, for the reader’s convenience, we recall its definition.

Definition 7.2. On My,1) we consider the divisor

g+1
D=a\— B — Y i(2(g+1) —i)s;.

i=1

Theorem 7.3 (Gibney, Keel and Morrison [19, Theorem 4.7]). Let D be the
divisor from Definition 7.2. For any choice of o and 8 such that o > 123 — (2g + 1), and
26> (g9 +1)?

(1) D is nef,
(2) f*(D) =0 and

(3) D strictly positively intersects all the F-curves of type (1)—(4).
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Proposition 7.4. For ¢ € {1,2,g9 — 1, g}, there exists a positive constant ¢, and a
non-negative constant dy such that

Dy ) = f*(eeDgy + diD),

and c@Dg’b + dyD is a nef divisor on Mg(g_;’_l). Here,
(1) Cchlb,b =a\ — bdy — Z}%zjégiﬂ, where ¢; = 1,b> % and a > 12b— 1;

(2) e2D2, = aX — by — S G — ZlL(:glﬂ)/QJ%szi, where ¢; = 3, b > §

5 and
a>12b—1;

(3) Cg—lDZ,; =aX—boy— Y7 _ji(n—2i+1)8;/(n— 1) — (3g + 2)dg41/(n — 1), where
cg-1=1/(g—1), b > tmax{i(n — 2i +1)/(n — 1)}Y_, and a > 12b— 1;

(4) ¢yD7, = a\ — by — S9Hi(n — 20 + 1)8;/(n — 1), where ¢; = 1, b >
lmaux{z(n —2i+1)/(n— 1)}g+1 and a > 120 — 1.

We may take dy,ds > 0. For ¢ € {g — 1, g}, we may choose any d; such that (csz;b +
d¢D) - C > 0, where C is any F-curve of type (4).

Proof. By [16, Lemma 2.4], the pullback to M, 2(g+1) of D =aX— Z Lb:0; along f

is -
f*D = Z ( — bj>Bj, where B; = > o1,
JC{L,..n}, |J|=5

where n = 2(g + 1). Using this and the fact that f*D = 0, one can check that, for
¢ € {1,2,g — 1,9}, the divisors ¢,D’, + ng on M2(9+1) pull back to De e . So, it
remains to check that, for each ¢ € {1 — 1,9}, the divisor ¢,D!, + dyD'is nef Our
main tool for proving that divisors on M2(9+1) are nef is to check the conditions of
Theorem 7.1 and apply [19, Theorem 0.3]. We first analyse the cases { =1 and £ = 2. It
is easy to check that Theorem 7.1 (1)—(3) hold for DY, for all £ € {1,2}, since we chose a
and b to make this happen. Condition (5) is just the combinatorial formulation that
(ceD%) - Fi%;?,:zl) > 0, where ngg,:rel) on M, is the image of the F-curve F} j ., on My,
under the flag map. In other words, this is equivalent to

F*(ceD%) - Fijpe = D52

2,(1,.. Fig',k:,[ 2 07

which holds since DZ,{(QL---J) is nef. We check (4) for D}lb. Since by only depends on the
parity of k, we need only consider two cases. If + and 7 have the same parity, then the
equality reads 2 > 0. If ¢ and j have opposite parity, then the inequality reads 1 > 1.
So we may conclude that D! ap 18 nef. By [19, Theorem 4.7] D is also nef, and hence,
for any non-negative ¢y, dy, the divisor cha’b + d1D is nef. We next check (4) for D?l .
Note that b; + b; > 2, while b;;; < %, so (4) holds. Thus, D2, is nef, and hence, for
any cg,ds > 0, the divisor 02D37b + doD is nef. Next, we analyse the cases { = g — 1
and ¢ = g. The two divisors ng_l and DY, are not nef by themselves, as (4) does not
always hold. In particular, it is necessary to choose a sufficiently large d,—; and dg. The
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hypotheses on a, b, a and 3 ensure that (1)—(3) are satisfied. Condition (5) follows since
we know that CeDﬁ,b + dpD pulls back to a nef divisor on ]\7[0,”. This leaves (4). We know
that D has positive intersection with F-curves of type (4). Therefore, we simply need
to choose dy sufficiently large that (CgDﬁ,b + d¢D) - C > 0 for all F-curves of type (4).
There are only finitely many such curves to check (or, only finitely many inequalities of
type b; +b; > biyj), so this can be arranged. Then, Cng;’b + dyD is F-nef, and hence nef
by [19, Theorem 0.3]. O

8. Three collections of independent curves

In this section we prove Theorem 2.1. For a proof that the first family %47 is independent,
see [2, Proposition 4.1]. For the families €, and %3, it is convenient to assume that n > 16.
(This is because, for instance, for smaller n, the formulae for R - B; used in the proof
below are slightly different.) We can check the independence of the families > and %
for 6 < n < 15 by direct calculation. The strategy used to prove the independence of %
is completely different from the strategy used to prove the independence %3.

8.1. The family %> is independent

Let n > 16. Suppose that R = Zf;llbiFgg)i is numerically equivalent to 0. To show
that b; = 0 for all 7, we show the following:

(1) b; =0 for i odd,
, -1
(2) b; = —cB for i even, where 0 < ¢ € Q, and B =7, b;.

These two steps together show that b; =0 forall 1 <i << g—1.

We show by induction that b; = 0 for ¢ odd. Since R is equivalent to 0, R-¥ = b; = 0,
and R-Bs = 2b;—bs = 0, so b3 = b; = 0, establishing our base case. Now let any odd index
1 €{5,...,9 — 1} be given, and, for the induction hypothesis, we assume that b;_or = 0
for 1 < k < (i—1)/2. In particular, b;_o = b;—4 = 0. In the case i € {5,...,9—2}, one has
that R- B; = 2b;_o — b; —b;_4 = 0, and so b; = 2b;_s — b;_4 = 0. In the remaining case,
when g — 1 is odd, both g — 3 and g — 5 are odd too, so, by induction, by_3 = by_5 = 0.
Now R - By_1 = 2bg_3 —2by_1 —bg_5 = 0, and so by_1 = by_3 — %bg,5 = 0. The first
claim is proved.

Now we prove the second claim. Set B = Z?;ll bj. We show by induction that for
i€{l,...,[(g —1)/2]} one has by; = —¢B, where c is a positive constant depending on
1, as follows:

(1) bas =—(i+1)B

(a) forn=2(g+1) and 2 < 2i < g—2,
(b) forn=2(g+1)+1land 2<2i<g—1,

(2) bai =—(i+1)B/2 for n =2(g + 1) in the case 2i = g — 1.
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For the base case we show that the assertion holds for 4 = 1 and i = 2. We have that

0=R-By=-2 Y bi—by=-2B-by,

1<igg-1

S0 by = —2B. Also,0 = R-By = —bs+B+2by = —bs+B—4B,so by = —3B. Now let 2 €
{6,...,9—1} be given, and, for induction, assume that by; o = ba;_p) = —(i —k+1)B
for 2 < 2k < 2i — 2. In particular, by;_1) = —iB and by;_2) = —(i — 1)B. In the case
2i € {6,...,9—2},0=R- By = 2b2(i,1) — by; — bg(i,g), S0 by; = 2()2(2-,1) — bg(i,g) =
(=2i+(i—1))B = —(i+1)B, as asserted. This also holds if n = 2(g+1)+1 and 2i = g—1.
Finally, assume that n = 2(g+1),2i = g—1,and use 0 = R-By_1 = 2by_3—2bg_1 —by_s.
By the induction hypothesis,

(o) (5 ()

In other words, by_1 = by; = —(9+1)B/4 = —(i+ 1)/2, proving (2). By summing the b;
and the expressions for the b;, we obtain an equation of the form B = dB, where d > 1.
But then B = 0, and so by; = 0.

8.2. The family %3 is independent

We use techniques introduced in [2].

Lemma 8.1. Let 7;; be the coefficient defined by the equation F3 3211 n—2i—7 =
1P

(1)

—_

ifi =0,
Yijaq2i =3 ifn=29+3, g=2k, i=k—2,

2 otherwise.

(2) Yiaq2p =01ifp>iand4+2p<yg.

Proof. We use formulae for ~; ; and notation for A(a,b,c,d) and B(j,a,b,c,d) as
given in [2, Proposition 4.3], with a = b =3, ¢ =2i+ 1, d = n — 2i — 7. We next
give details for the generic case. Suppose that ¢ > 0 and d > g + 1. We then have that
A(a,b,e,d) = 0. In the formula for B(j,a,b,c,d), we have that f(a) = 3, f(b) = 3,
fle)=2i4+1, fd)=n—d=a+b+c=2i+7, fla+b) =6, fla+¢c) =2i+4 and
fla+d)=n—-d—-3=a+b+c—3=2i+4. If j > 4+ 2i, then the only non-zero
term in B(j,a,b,c,d) is max{f(d) — 1 — 5,0} = 2 when j = 4 + 24, and this term is 0 if
j = 44 2p with p > 4. Thus, v;.442; = 2, and 7; 442, = 0 if p > 4. This takes care of most
cases. When i = 0, we get an extra contribution —1 from —max{a +b—1— j,0}. We
need to check the cases where d < g + 1, involving five curves and six coefficients, which
we compute directly. O
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We now prove that %3 consists of independent curves, whose ith member we denote
by C;. We examine the matrix I" = (v, ), whose ith row is obtained by writing the
curve C; in the basis {Fi 1 jn—j—2}—,. That is, v; ; is defined by

n
Ci = E Vi i F1,1,5,n—j—2-
i=1

The rows of I" that come from the (1, 1)-curves in €3 look like rows of the identity matrix.
In particular, since all the curves F} 1 jn,—j—2 with j odd are in %3, this means that we
can use these rows to echelonize all the columns with odd indices. Thus, it is enough
to show that the submatrix M of I" consisting of rows labelled by the (3, 3)-curves and
columns corresponding to Fi 1 ;n—j—2, with j even, has full rank. Apply Lemma 8.1.
This shows that after dropping the leftmost column of M, corresponding to Fi ;.2 n—4,
we obtain a submatrix N that is lower triangular with non-zero entries on the diagonal.
Thus, N and M have rank k& — 3 if g is odd and k — 2 if g is even, and I" has full
rank.
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