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Abstract. Let A be a symmetric, normal sequence space equipped with a k-
symmetric, monotone norm ||.||,. Also, assume that (&, |.||;)is AK-BK. Corresponding
to this sequence space A, we study compactness of the operator ideal K. We proved
compactness, completeness and injectivity of the dual operator ideal K¢. We also
investigate the factorization of these operators.
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1. Introduction. Compactness is a significant topological notion of Banach space
theory. This notion, in general, has been used to bridge the gap while passing from finite
dimensional spaces to infinite dimensional spaces. Grothendieck’s [5] development of
various norms on the tensor product of two Banach (locally convex) spaces is an
important milestone in this direction. It may be noted that this process also developed
certain classes of operators which are known as operator ideals. Some of these operator
ideals are closely related to the operator ideal K of compact operators. Let N (= N;)
denote the operator ideal of nuclear operators, I (= ;) denote the operator ideal of
integral operators and IT (= I1;) denote the operator ideal of absolutely summing
operators. (These ideals were introduced by A. Grothendieck.) Then,

Nmax — I, Kmax — H

™ =TI, N™ =K.

Pietsch [12] and others generalized the notions of nuclear to p-nuclear (NV,), integral
to p-integral (/,) and absolutely summing to p-absolutely summing (I1,,) operators for
1 < p < oo. In particular, they established the following relations:

N;lax — Ip» (N;i)max — I;,
and
I;nj — Hp, (Ij)sur — H;I

However, a suitable extension of compact operators to a p-case (1 < p < oo) remained
missing till 2002. Motivated by Grothendieck’s characterization of a relatively compact
set as one sitting inside convex hull of a vector-valued null sequence, Sinha and Karn
[16] in 2002 introduced the notion of p-compactness (1 < p < co) in Banach spaces.
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They defined a set K in a Banach space X as relatively p-compact if there exists
a sequence X = {x,} € l;,'(X) such that K C {anl Xy i@ € By, 1/p+1/q=1}. An
operator 7 € L(X, Y), X and Y are Banach spaces, is said to be relatively p-compact
operator if 7" maps bounded sets of X to relatively p-compact sets in Y. They proved
the factorization of adjoint of a relatively p-compact operator through a subspace
of /,. They defined a norm on the class of relatively p-compact operators using this
factorization and proved that K,, the class of relatively p-compact operators, is a
Banach operator ideal when equipped with this norm. It is also proved that Kl‘f =N,"
and (K;J )% =TI, cf.[16,17]. See also [1,13] for a different approach to these equalities,
which expresses K, as a surjective hull of a certain well-known operator ideal.

Using the duality theory of sequence spaces, we introduced the notion of A-
compactness in [6], corresponding to an arbitrary Banach sequence space A. In this
paper, we prove that every A-compact operator is compact for a symmetric, normal,
AK-BK sequence space . For a pair of Banach spaces X and Y, the space K (X, Y)
is equipped with the quasi-norm ||.||x, which is defined as ||T||x, = inf ||y||], where
v = {yu} € A°(Y) appears in the definition of A-compact operators. In this paper, we
prove that when A is a symmetric, normal, AK-BK reflexive sequence space, then for
T € K;(X, Y), X and Y Banach spaces, T* factors compactly through a subspace of
A. We define another quasi-norm on K; (X, Y) through this factorization and establish
the equality of the two quasi-norms. We also show that K(X, Y) is topologically

isomorphic to N,”(X, Y) for a symmetric, normal, AK-BK sequence space A which
is equipped with k-symmetric, monotone norm |.||;. In [6], we proved that K, the
collection of all A-compact operators, form a quasi-normed operator ideal. In this
paper, we prove completeness of K¢ under the operator ideal norm. This follows

from the fact that K¢ = Nj\nj as quasi-Banach operator ideals. This paper is in sequel
of [6].

2. Preliminaries. For the rudimentary results and notions of sequence spaces,
we essentially follow [6,7]. Our references for operator ideals, A-summing operators,
A-nuclear, quasi-A-nuclear, A-compact operators are [6,12,14,15].

Let A be an arbitrary sequence space. Then, A is called (i) symmetric if o, = {0y} €
A whenever @ = {¢;} € A and o € I1, where I is the collection of all permutations of the
set of natural numbers N, (ii) normal or solid if 8 = {8;} € A whenever |;| < |a;|,i > 1
for some & = {o;} € A and (iii) monotone provided X contains canonical preimages of
all its stepspaces.

A sequence space A is said to be perfect if A = A = (A*)*, where A* is the
Ko6the-dual of A.

A Banach sequence space (4, ||.]|;) is called a BK-space provided each of the
projection maps P; : A — K, P{(@) = «; is continuous, for i > 1, where K is the field of
scalars and @ = {ay, a», ...}. A BK-space (A, ||.||,.) is called an AK-space if @™ — &,

foreacha € A.

For a BK-space (4, ||.]|1), the dual-norm on A* is defined as follows:

IBllxx = supl) _leillBil = @ € &, llall, < 1.

i>1
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The space (1™, ||.|[»x) becomes a BK-space provided 0 < sup, |le"[|, < co. If (A, |.]1,)
is also an AK-space, then (A, ||.|lxx) is topologically isomorphic to its topological
dual (A%, ||.|I), where [/ = sup{[f(@)| : & € 4, [lall, < 1}.

The norm ||.||;, is said to be (i) k-symmetric if ||&||; = ||@; |, for all o € IT and (ii)
monotone if |@||; < |||, for &, B in A with |a;| < |Bi|, Vi > 1.

The space (1, ||.]l;) is said to have the norm iteration property if for cach sequence
{@"} in A, @ ={o].af ), ...} €A for each i = 1 and [[{ll@":}nllx = I{ll@llx}il2,
cf.[14].

Corresponding to a sequence space A and a Banach space X with its topological
dual X* equipped with the operator norm topology generated by ||.||, the vector-valued
sequence spaces A°(X) and A*(X) are defined as

VX)) ={x={x) CX: {lIxull} € A}
and
VX)) ={x={x}CX: {f(x)}er, VfeX}

If A is equipped with a monotone norm ||.||;, the space A*(X) becomes a normed linear
space with respect to the norm defined as

IX15 = b5 = IKlxull} 5, X = {xa} € A°(X).

However, for ¥ € A (X), the norm on A*(X) is defined as

1% = [Hxa Iy = sup{I{f ()}, /€ X7 1 < 1)

The symbol L(X, Y) is used for the set of bounded linear operators between
any two Banach spaces X and Y; whereas £ denotes the collection of all bounded
operators between any pair of Banach spaces.

An operator T € L(X, Y) is said to be

(i) absolutely A-summing [15]if for each X = {x;} € A" (X), the sequence {7 x;} is in
A (Y);

(i1) A-nuclear [14] if T has the representation

Tx =) fulxX)ym;

n>1

where {f,} € X* with {f,} € A*(X™), y = {ya} € @W)"(Y);
(iii) quasi-A-nuclear [14] if there exists {f,} € X™* such that /' = {f,} € A*(X™*) and
ITx] < [I{/u(x)}I5, for each x € X
(iv) A-compact [6] if there exists ¥ = {y,} € A°(Y) such that T(By) C A — co{y,} =
{D =1 Qnn 1@ € Byx}.
The symbols IT, (X, Y), N, (X, Y), ON,(X, Y) and K, (X, Y) denote respectively the
collection of all A-summing, A-nuclear, quasi-A-nuclear and A-compact operators from
X to Y. Quasi-norms on IT, (X, Y), N, (X, Y), ON, (X, Y) and K, (X, Y) are defined as
() I1TNln, = nf{C > 0 : [{Tx}I; < Cl{x}IY, for {x;} € A" (X)}, T € Ii(X, Y);
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1) 17N, = inf [[{F}H15 1{ya 7, where {£,} € A*(X™) and {y,} € (A*)"(Y) appears
in the definition of N, (X, Y);
(i) | Tllon, = inf [{f,}lI5, where ({f,} € A°(X*) appears in the definition of
(iv) IT|lk, = inf |[{ya}ll, where {y,} € A°(Y) appears in the definition of A-compact
operators.
Itis known that (IT,,, ||.|Ir, ), (N, [l 13, ), (ONy, Il ow, ) are quasi-Banach operator ideals
and (K, ||.l«, ) is a quasi-normed operator ideal for suitable sequence spaces A [6,14,15].

Let A be an operator ideal. For Banach spaces X and Y, recall the following
classes of operators:

() AYX, Y)=(T € L(X,Y): T* € A(Y*, X*)},

(i) A(X, Y)={T € L(X, Y): TQx € A(/(Byx), Y)}; where the canonical ope-
rator Qy : [}(By) — X is defined as Qx({&x}xep,) = erBx &cX;
(iii) AM(X, Y)={T € L(X,Y) : JyT € A(X, l(By+))}, where the canonical ope-
rator Jy : ¥ — [o(By~) is defined as Jy(y) = {g(¥)}geBys
(iv) AMNX, Y)={T € L(X,Y): T = RT,S, for some S € F(X, Xy), Ty € A(Xo,
Yo), R € §(Yo, Y)}, where § is the operator ideal of approximable operators;
(v) AMX(X, Y) ={T € L(X, Y): RTS € A(X,, Yp), for any S € F(Xo, X), Re
§(Y, Yo)}.
Then A9, A%, A A™Mn and A™2 equipped with corresponding norms are quasi-
Banach operator ideals if A is so, cf.[12, Chapter §].

An operator ideal A is said to be surjective if A = A%, injective if A4 = A™,
maximal if A = A™** and minimal if A = A™",

An operator ideal (A, ||.||4) is said to have the /.-extension property if for a
Banach space X, a set I and an operator T € A(X, [(I")), there is an operator 7 €
A(lso(By+), Is(T)) such that T = T o iy, with || T||4 = || T||4, Where iy : X < [o(By+)
is the Alaoglu embedding.

Regarding the injective hull of composition of two quasi-normed operator ideals,
Karn and Sinha [8] proved.

LEMMA 2.1. Let Ay and Ay be two operator ideals. If A has the [y -extension
property, or if A is injective, then

(Al OAz)inj :Alinj O.Azinj.

3. A-compact operators. Throughout this section, we consider that A is a
symmetric, normal sequence space equipped with a k-symmetric, monotone norm
II.1ls such that (1, |.]|,) is an AK-BK space. As the norm ||.||; is k-symmetric, we have
le"llx = lletllx, Y o € ITand so 0 < sup,, ||€"|, < oo.

Regarding A-compact operators, we prove.

PROPOSITION 3.1. Let (A, ||.|l;) be a symmetric, normal, AK-BK space with a k-
symmetric, monotone norm. Then, every A-compact operator is compact.

Proof. Let T € K, (X, Y). We can find y = {y,} € A*(Y) such that T(By) C
{anl Uy . o€ B)LX}.
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As (A, |I.1I,) is co-invariant [19, Theorem 1], there exist Z = {z,} € co(Y) and g =
{B,} € A such that y,, = B,z,. This would imply

T(Bx) S{)_ valllBl:za) : 7 € By} = colllBlliza}-

n>1
Thus, by Grothendieck’s characterization of compactness, we have T € K(X, Y). [

Now, we prove that the quasi-norm || - ||, is in fact a factorization norm which
follows from the following natural factorizations of A-compact operators. Though the
result is not needed in the sequel, it is important on its own.

LEMMA 3.2. Let (A, ||.|l,) be as in Proposition 3.1 and reflexive. Let T € L(X, Y).
Then, the following statements are equivalent:
(i) T is A-compact operator.
(ii) There arey = {y,} € A*(Y) and Sy € L(R(Y), X*) such that T* = Sy o E.
(iii) There are y € B vy, ¥ = {yu} € A and Sy € L(R(D), X*) such that T* = Sy o
M) o E:.
(iv) There are 'y € Be(y), B =1{Bu} € A and Sy € L(R(Y), X*) such that T* = Sy o
M o E;.
Here, R(y) = {{f(yn)} : f € Y*}, By : M — Y givenby Ey(@) = Y, . owyn, My = o —
A defined as M(@) = {yqa,}, and M; = M5/R().

The proof is omitted since this is on the same line as given in [16, pp. 20-21].
PROPOSITION 3.3. Let (A, ||.|l5) be as in Lemma 3.2 and T € L(X, Y). Define k;(.)
on K, (X, Y)as
k(T) = mf{IS5YI5 : T = Syo E; as in Lemma 3.2(ii)}.
Then, for T € K, (X, Y), we have

ITllk, = ka(T).

Proof. Though the argument is same as given in [3, Proposition 3.15], we sketch
a proof of a one-sided ineqality for the sake of completeness. Let T € K, (X, Y).
Given ¢ > 0, we can find ¥ = {y,} € A*(Y) such that T(By) € {>_,- n : & € Byx}
and [[FII < I Tk, + & As (A, |I.]1) is reflexive, {3, @nyn : @ € Byx} is norm-closed.
Thus, [T/l < [{f(va)} 5. Hence,

ISyl = sup T/l < 1.
I Gl <t

So we have &, (T) < |[II5, < ITllk, + &. O

As a consequence of [18, page 13, Condition(S)] and the definition of A-compact
operators, we have the following proposition.

PROPOSITION 3.4. Let (A, |.11,) be as in Proposition 3.1. Then, K, = K;*" as quasi-
normed operator ideals.

Applying the above result, we prove.
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PROPOSITION 3.5. Let (A, ||.I,.) be as in Proposition 3.1. Then, Kf is injective operator
ideal and 1Tl = ||T||(k;\i)mj,_f0” T € K,{l(X, Y).

Proof. As K is a surjective operator ideal, Kf becomes an injective operator ideal,
cf[12, 4.7.18, Proposition 2], that is, K{(X, Y) = (K{)™(X, Y). B

Let T € K/(X, Y). Since K{(X, Y) C (KH)N(X, Y), we have T e (K{)™(X, Y).
Then,

IT gy = NT*Ty) N < NI MT Nk, = NT* Nk, = 1T Nz

Now we want to show || Tl < || T|gaywi, for T € KX, Y) = (K)M(X, Y). For
¢ > 0, we can find f = {f;,} € A*(X*) such that

T*(Jy) (B(yiniy) € Yoy tufn © @ € Bax} with I[f1I5 < I T*(Jy)* [k, + &.

As Jy 1 (Y™)* — Y* is a metric surjection, J transforms the open unit ball of
(Y™)* onto the open unit ball of Y*. So we have

T*(By) S{)_enfn: @ € Byx).

n>1

This implies || 7* (|, < /15 < I1T*(Jy)*llx, + &
As e > 0is arbitrary, letting e — 0, we have || T'|| = T”(k;\l)inj. This completes the
proof. O

The main result of this section is the following theorem.

THEOREM 3.6. Let (A, ||.]1;) be as in Proposition 3.1. Then, Kf = Ninj as quasi-
Banach operator ideals.

To prove Theorem 3.6, we need the following lemma, which is essentially [14,
Theorem 7]. We provide a proof for the sake of completeness.

LEMMA 3.7. Let (A, ||.11,.) be as in Proposition 3.1. Then, QN; = N,i\nj as quasi-Banach
operator ideals.

Proof. Tt is well known that for any Banach space Z, the map J : Z — ZM is
an isometry. Hence, ON, = QN‘;nj . Also, Z™ has [..-extension property. Thus, as a
consequence of [14, Theorem 9] and injectivity of the operator ideal QN;, we have
ON, (X, Y) = N,”(X, Y) for any pair of Banach spaces X and Y.

For proving | Tllon, = [Tl ymi, T € ON,(X, Y), we consider S € N, (X, Y). For
given ¢ > 0, there exists {f,} € AS(/}X’*) and {y,} € (A*)”(Y) such that

Sx =" fulX)yn, for x € X with [{£} 15 1{ya} I} < IS]y, +&.

n>1
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For g € By+, we have

8(S)] < Y ()18l

n>1

B ()]
= {0 21: TN lg(n)l

= GBI I
< B I < ISTN, + e

This would imply

I1Sx]l = sup 1g(Sx)| < I{fuCOMIx a3

gEByx*

Thus, [Sllon, < GBI < IISlly, + €. As e > 0 is arbitrary, letting e — 0, we
have ||Sllon, < IIS]lw,-

As Ni(X, Y) € ON, (X, Y), we have N\ (X, Y) € ONIM(X, Y) = ON, (X, Y) and
SO

[Tl gym = Iy Tlion, = Iy Tlln, = IT Il -

For the other inequality, that is, | 7| ym < I T |lon,, let T € QN (X, Y). For given

e >0, we can find f: {fu} € A°(X*) such that || Tx| < |[{f,(x)}Ix with [[{f}I5 <
ITllon, + ¢, for every x € X. We definea map Ty : X — X as

To(x) = (D)} = ) _ fulx)e"
n>1
for x € X. As {f,} € 2°(X™) and {¢"} € (A*)" (1), To € N,(X, 1). Also, | Tx|| < | Tox]|.
Thus, T € N,”(X, Y) and 17|y < 1 Tolln, by [12, Proposition 8.4.4]. As

I Tollv, < I IR I I < a5 < I T Mo, + &,

we have | Tl yw < [ Tllgn, + €. As e > 0is arbitrary, letting ¢ — 0, we have || T'|| \m <
I Tl on, - This completes the proof. ]

Proof of Theorem 3.6 Since N, (X, Y) C Kf(X, Y), cf[6, Theorem 4.1], we have
NY(X, Y) € (KX, Y) = K{(X, Y).

For showing K/(X, Y) € N,"(X, Y), weconsider T € K{(X, Y). Then, there exists
{fu} € A°(X*) such that T*(By+) S {) . aufu : @ € Bix}.

If Tx =0 for x € X, we have 0 = || Tx| < [[{f,()}ll.. If Tx # 0, we have 0 #
| 7x|l = supgcp,. 18(Tx)|. For g € By, we have

8(Tx)] = |T*g(x)| = | Y _ anfu(x)], for some @ € By

n>1
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This would imply
8T =1 anfu(x)|
n>1
- ()]
||{fn(x)}||x;| e
< M@l
< 1M

Hence, | 7x] < [(fu(x)}llx- So T € ON;(X, ¥) = NU(X, ¥) and so K{(X,Y)<S
NY(X, Y).

For proving the equality of the norms ||. ||z« and ||.|| yui, we consider T" € Kf (X, 7).
For ¢ > 0, there exists f = {f;;} € A*(X*) such that
T*(By:) S{Y_anfy: @ € By} and |IF]5 < I T" Ik, + &

n>1
For g € By+, we have

lg(Tx)| < Z |ty |fu(x)], for some @ € B;x.

n>1
This implies
1g(TX)| < I{fu(x)}H5-

Thus, [ Tx| < [{/x()H, for every x e X. Hence, |Tllon, = ITllym < IfII} <
I T*||x, + €. As & > 0 is arbitrary, letting ¢ — 0, we have ”T”N;Lnj ST M, = 1T M-

For the other inequality, let 7 € N,”(X, Y). This would imply Jy T € N, (X, Y™).
Thus, JyT € K/(X, Y™). Now we want to prove |[JyT|w < |JyT|y,, that is,
||T||(k;\/)inj <7 N For proving this ineqality, let S € N, (X, f’). Given ¢ > 0, there
exists {f,} € A*(X*) and {y,} € (W*)*(Y) such that

Sx =" fux)ya and [{FIE 11 < 11y, + &

n>1

For g € By and x € X, we have

(S*@)x = g(Sx) = Y _ fu(0)gn) = O gu)fi)x.

n>1 n>1

Since {H g(),‘,‘)u } € By~, we have S*(By+) € A — co{|{yu}I\sfn}. So

ISk = 18"k, < IV < ISy, +e.
Thus, ||S||k;1 < [|S|ly, ase — 0.
Hence, for T € N\™(X, Y) we have T € (K)™(X, Y) and so

Iy Tlige < 1y Tlln, = 1Tl -

Applying Proposition 3.5, we get ITNe = Nl i
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Since (V,, ||.llnv,) is a quasi-Banach operator ideal, its injective hull (K;’ L k;x)
would be a quasi-Banach operator ideal, cf.[12, Theorem 8.4.2].

This completes the proof. ]

REMARK: As (Kf » IIllz) is an injective quasi-Banach operator ideal, we see that

(de o -1l is a surjective quasi-Banach operator ideal. Recall that (K, |.];) is a
surjective quasi-normed operator ideal. Though, we have not be able to show its
completeness, we believe it to be true. We may observe that K, C K,{"’ ,for (A, |.]I) asin
Proposition 3.1. In fact, K; € ON¢ = K%, We expect that K, = K¢ as quasi-Banach
operator ideals.

Regarding the factorization of A-compact operators, we prove the following.

PROPOSITION 3.8. Let (A, ||.|I,) be as in Proposition 3.1. Then,

Ko (K" oF C K C Ko(K)™ oK.

For proving the proposition we need the following

LEMMA 3.9. Let (A, ||.1l,) be as in Proposition 3.1. Then, N, is a minimal operator
ideal.

Proof. Let T € N,(X, Y). Then, there exists {f,} € A*(X*) and {y,} € (A*)*(Y)
such that Tx = ), _, fu(X)yn, for x € X. As A is co-invariant, we can find {e,} € ¢y and
{B.} € A such that ||f;|| = a,B,. We define {y,} € co, where y, = («,)!/>. The operator
T € N,(X, Y) can be factorized as T = Q10,DP,P;, where P) € L(X, ), P> €
Lo, ls), D € L(l, 1), Q2 € L(A, 1), O1(%, Y) are defined as Pi(x) = {(fu/ l/nID)x},
PZ({nn}) = {Vuu}, D({";:n}) = {Vn_2”ﬁ1”%_n}s QZ({Sn}) = {Vubn}, Ql({ﬂn}) = anl MnYns

respectively. Since /,, and A have approximation property, we know that the operators
PP € §(X,ly) and 010, € F(A, Y). As the operator D € (I, A) is a diagonal
operator, we have D € N, (I, ). Therefore, T € FoN,oF(X,Y)= Ninm(X, Y).
Thus, N, (X, Y) = N™(X, Y). O

Proof of Proposition 3.8. As N, is a minimal operator ideal, applying [12,
Proposition 8.7.15] we have

(N;naX)min — § o N}r\nax o § — N)rhnin — NA-

Since K is injective as well as enjoys /,,-extension property [9] (see also [20, Theorem
4.2]), using Lemma 2.1, we get

K =N C Fo Ny o)™
C (K o N o k)
= K o (NM#yinj 5 g
= Ko(N")y™ o K
= Ko (K™ o K.
For the reverse inclusion, we have

K =N =Fo NP o)™ = K o (N™ o F)".
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Since (NM#)ini o F C (N1 o F)M it follows that
Ko (K™ 0F C K o (NP0 F)M = N = K.
This completes the proof. O

As a consequence of this result, we prove the following factorization of K¢.

PROPOSITION 3.10. Let (A, ||.|1,) be as in Proposition 3.1. If A is also perfect and the
norm || || of A has norm iteration property, the following holds

K!C I, oK.

To prove it, we need the following two lemmas.

LEMMA 3.11. Let (A, ||.]1,) be as in Proposition 3.1. Then, T € TI,(X, Y) if and
only if for any x1, X2, X3, ..., X, € X and g1, 2, g3, - - - ., &n € Y™ there exists a constant
C > 0 such that

”{gl(TXI), gZ(Tx2)7 LR gn(Txn)a O’ 07 .. }“)\
< Cl{x1, x2, ...+, X1, 0,0, .. .} sup [lgill.

1<i<n

Proof. Let T € L(X, Y) satisfy the given criterion and x, X3, ..., x, € X. WLOG
we consider Tx; # Ofori =1, 2, ..., n. By the Hann-Banach theorem, foreach 1 < i <
n, we can find g; € Y* with ||g;|| = 1 such that || Tx;|| = g,(T'x;). For i > n, we consider
g; = 0. Thus, by given hypothesis, we have

Tl 17Xl - 1T, 0,0, . Ml
= ”{gl(Txl)v gz(sz)s e ,gn(Txn)» 07 01 . }||}L
S C”{XI, xZﬂ MRS xnv 07 05 .. }”}Lw lsup ||gl||
<i<n

= C”{xl’ x21 MRS xnv O’ 01 .. '}”;:)'

This would imply 7" € I, (X, Y).
For the converse, let T € I, (X, Y), x1,x2,...,x, € X and g1, 22,...,g, € Y™,
Then, (g;/llg:DTx; < ||Tx;|| for each i=1,2,...,n. Since A is normal and |.|; is

monotone, we have

||{g](TX1), gz(sz), RN gn(Txn)’ 0’ 07 .. }”)L

< g IITx1 1l Mg Tx2ls - - s a1 Txnll, 0,0, .}l
< sup [IGlHITxll 1 T2l - .. 17Xl 0,0, ..}l
1<i<n

As T € I, (X, Y), from the above inequality, we can prove that 7 satisfies the required
criterion. g

LEMMA 3.12. Let (A, ||.11,) be as in Proposition 3.1. Then, T, is a maximal operator
ideal.

Proof. Though the proof'is same as [12, 17.1.3], we prove the maximality of IT; for
the sake of completeness. From the definition of a maximal operator ideal, it is clear that
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I, € I}®*. For the reverse inclusion, let 7" e TI{**(X, Y). Let x1, x5, ..., x, € X and
g1,82,.--,8n € Y*. We define Xy = span{x), x», ..., x,,}. The operator Jfé) Xo—> X
is defined as J))((O(x) = x for x € Xj. Defining the subset Yy = N?_, kerg; of Y, we
consider the quotient space Y/ Yy. We have dim(Y/ Yy) < oo. We consider the quotient
operator ng : Y — Y/ Yy, whichis a metric surjection. Hence, foreachi = 1,2, ..., n,
we can find G; € (Y/ Yo)* such that (Q},)*(G)) = g; and [[(Q})*(G)Il = ligil = IIGill,
cf.[12, Proposition B.3.3, Proposition B.3.10.2]. Since T e I{**(X, Y), applying [12,
Theorem 8.7.5] and Lemma 3.11, we can find a constant C > 0 such that

”{gl(Txl)v gZ(Tx2)9 e gn(TXn), 01 07 .. }”)»
= IHG1(Q}, T, x1). GO}, I x2). ..., Gu(QF, TJ% x4), 0,0, ..}
< Cl{x1, X2, ... X, 0,0, Y sup |Gyl

1<i<n
= Cl{x1, x2, ..., %2, 0,0, .. JIIY 1SUP llgill-
This would imply T € IT, (X, Y) by Lemma 3.11. So IT{**(X, Y) C T, (X, Y). This
completes the result. O

Proof of Proposition 3.10. Since Kf C I1, whenever ||.||; has norm-iteration
property, cf.[6, Proposition 4.3] and IT; is a maximal operator ideal by Lemma 3.12,

we have
K C Ko (K{ymax o K
S (K™ o K
c ()™ oK
= HA O K
Hence, the proof. O]

REMARK: At present, we do not know a sequence space other than /,, for which
I, o K € K¢ holds.
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