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On a Group of Parabolas associated with the Triangle.
By Dr Georce PHILIP,

(Read 12th May 1916. Received 19th May 1916).

§1. The general theorem underlying the subject of this paper
is as follows :—

If through ¢, ¢,, ¢;, ... points on 4B, a side of AABC, rays
be drawn from two vertices O,, 0,, the former meeting AC in
by, bay by, ..., and the latter meeting BC in a,, a., a4, ..., then the
lines a,0,, a,b,, ... envelope a conic touching the sides AC and
BC. This follows since the ranges a,a,a,..., b,0,b; ..., are
homographic.

If 0, and O, are points at infinity in the direction of BC, and in
the direction perpendicular to BC ‘respecti\?ely, a,b,, asb,, ... will
be the diagonals of rectangles inscribed in 4B( and having one
side on BC.

It is clear from the method of generation that in this case the
line at infinity is a tangent to the conic, which accordingly is a
parabola.

The following facts are also to be noted :—

(1) To C, looked on as a point on range AC, corresponds 5 on

range BC ; hence BC is a tangent to the conic at 7.

(2) If a line be drawn through C perpendicular to BC meeting
B4 in P, and a parallel to CB be drawn through P
meeting C4 in X, we find that to C, looked on as a point
on the range BC, corresponds X on AC ; hence the conic
touches C4 at X.

(3) The perpendicular 4D drawn from 4 to BC is a limiting
case of the rectangles, and hence is also a tangent to the

conic.
It is obvious that the set ab,, ..., etc., generate one parabola,
and the set of second diagonals a,c, ... of the same rectangles

generate another parabola.
Consequently, from the three sets of rectangles that can be
inscribed in any triangle, we get six parabolas. There are certain
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other groups of parabolas associated with the triangle, e.g. the
parabolas of Artzt and the parabolas of Brocard, which have had
their properties carefully investigated, but, so far as I know, the
present group has not hitherto been discussed. The conics have
some very interesting and important properties.

§2. From the method of generation we can construct geo-
metrically their chief elements.

We can, for instance, find the direction of the axis of each of
them. Take Parabola I. which touches BC at B, AD, C4, and the
line at infinity (i ). Since we know that B is the point of contact
of BC, we know two consecutive tangents CB, CB, and we now
apply Brianchon’s Theorem to the hexagon

CB, CB, D4, CA, «, .

The point of intersection of the two consecutive tangents ¢_¢_
being the point where the conic touches «_, gives the direction of
axis.

This theorem then gives that

CB) c4d CB\ /1, DA\ (o,
(e2) ()] [(2) ()] [(c) ()]
CB . .
are concurrent where ( ) means intersection of C'B and D4,

DA

t.e. B and point at infinity on C'4,
D and point at infinity on axis, are concurrent.
4 and point at infinity on CB, J

Hence the construction. (Fig. 1.)

F y p
(] 8
B Q 0 cC M
Jfg‘urc /
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Through B draw a parallel to CA. Through 4 draw a parallel
to BC. Let these intersect at #. Then DF is the direction of the
axis.

Algo, since D is the point of intersection of two rectangular
tangents, it must lie on the directrix. Hence a line drawn through
D perpendicular to DF will be the directrix of this parabola.

We can also find the tangent at the vertex, for it is parallel to
the directrix.

Applying Brianchon’s Theorem to «, CB, OB, AD, C4, t, where
t is the unknown tangent, we get the following construction :—

Through 4 draw a line parallel to CB, and through D a line
parallel to direction of tangent, i.e. parallel to the directrix DP,

Let these cut at P. Join BP and let it cut C4 at B. The line
RQ drawn through R parallel to directrix is the tangent at the
vertex.

The point of contact of this tangent can easily be found by
another application of Brianchon’s Theorem. This being con-
structed, the focus can then be found. The coordinates of the
focus are discussed in a later section of this paper.

By drawing a tangent at an angle of 45° to BC, we can solve
the problem of inscribing a square in a given triangle.

§ 3. This construction enables us also to calculate the length
intercepted on the tangent at the vertex by CB and C4.

‘We have LPDC= . ADF =0, say,

and let L PBC = ¢.
Then we have

RQ _BE

PD BP’

csin 4
From A ABR we get BR= ————,
sinC' + ¢

and BP =k, cosec ¢, where 4, is altitude from 4.

Substitution of these values gives us

RQ_csinAsinqS_ csin 4
_sinosinC+¢—Sine (sinCcot ¢ +cosC)’
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B =22
ut tan 0 b, bsinC
h h 1
d t = 2 = L =
and tan ¢ BD+DM h,cot B+h,cot6 cotB+cotf
_ 1 _ asin B
“cosB bsinC acos B+bsinCsin B’
sin B a
sin 4
R@= - ;
sin 6 {sinc acos B+bsinCein B cosc}
asin B
which, after reduction, gives
RO - ac sin 4 sin B _ a’csin B
“sin @ {asin 4 +bsin* Csin B} sin 0 (a®+ b%sin’C)
a
NOW tan 0 = m
1 a?

in? 0= = —
sto 1+cot*d a®+4b%sin’C

RQ =csin Bsin 6.

By carrying out the same geometrical construction with refer-
ence to Parabola II,, i.e. the conic touching BC at C, 4B, 4D, it
is easy to prove that its directrix is inclined to BC at the same
angle as @R, but in the opposite sense. Hence the same is true of
the tangent at the vertex. Now, since these tangents are the
diagonals of inscribed rectangles, it follows that they must be
diagonals of the same rectangle, and therefore equal in length.

The length of the tangents at the vertices of Parabolas III. and
and IV. is

asin C sin &' where tan ¢ = — .
csin A

Similarly, for Parabolas V. and VI, the length of the tangents
at the vertices is

bsin 4 sin 8” where tan 6" =

asin B’
(See page 82.)
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§4. The trilinear equation of these parabolas can be found as
follows :—

A conic touching the sides of the triangle =0, §=0, y=0 can
have its equation in normal coordinates in either of the two
equivalent forms : —

Pal+m? B +n?y’ - 2maf - 2mn By - 2noay=0,
or N/ Vm B+ ~/W=O.
In our case, if we are finding the equation of the parabola

touching BC, AD, CA, we must write for y =0, Scos B~ycosC =0,
which is the equation of 4D. The equation now becomes

Pal+mB+n?(Bcos B-ycosC)-2maf
- 2mn B(Bcos B-ycosC)-2lna(fcos B-ycosC)=0.

We have now to determine the values of [, m, n, or rather their
ratios.

Since the conic touches BC at B, the equation resulting from
substituting o. =0 must give two zero values of y. The equation

giving —@—, when «.=0, is

B%(m - n cos B)* — 2n cos C' (m — n cos B) By + y*n® cos® C' =0.
In order to have two zero values of v, we must have

m-mncos B=0, or —'3 =cos B.

Utilising the fact that the line at infinity e +b6B+¢y=0 is a
tangent to the conic, we can get the value of % . For this purpose
it is convenient to write the equation of the conic in the form
n(Beos B-ycosC)={ - (Nia+ VmB)} =l +mB+2 Vimap.

aa+bf
c

Substituting for y its value y= - , and arranging the

resulting equation, we get

o (an co8 C - lc) + B (na — me) = 2¢ im o3,
or o2 {an cos C - lc)* + B* (na — mc)*
+ 2 af-{(an cos C - lc) (na — me) — 2c®Im} = 0.
Expressing the condition that, in order that aa+58+¢y=0 may
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touch the conic, the quadratic must have equal roots, we get, after
reduction, that

acosC—%c—ccosBcosC=0.

! cosC

n c

(a - ¢ cos B),

and, since a = b cos C' + ¢ cos B, we have that

! bcos?C

n c

.

i
By substituting these values just found for %, o and

rationalising we get as the equation to this conic, which I call

Parabola I.,
(b cos Co. + cy)? = 4bc cos B «f3.
Equation
of
Parabola
II. touching BA, BC at C, 4D is (c cos B o. + b 3)* = 4b¢ cos C ouy.
II1. ” BA at 4, BC, BE ,, (acos C B+cy)=4accos 4 «f.
. AB, AC at C, BE ,, (ccos 4 3+ ao)?=4ac cos C By.
{ V. ” BA at 4, BC, CF ,, (acos By+b By =4abcos 4 ay.
VI. " AB at B, AC, CF ,, (bcos 4y +aa)*=4ab cos B By.

§5. Common Tangents.

This method of generating the conics leads readily to the
investigation of their common tangents.

It is a well-known theorem in Elementary Geometry that the
locus of the centres of the inscribed rectangles whose sides are
parallel and perpendicular to BC is the line joining the mid point
of BC to the mid point of the altitude 4.D.

Let this line 4'X cut AC in V, and B4 in V'. Then obviously
A’V will be the diagonal of one of these inscribed rectangles, and is
therefore a tangent to Parabola I. (See Fig. I1.)

Also 4'V’ will be the diagonal of an inscribed rectangle, and
since it joins a point on BC to a point on B4, it will touch
Parabola II.

Hence this line 4'VV "’ is a common tangent to these two conics.
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Calling B, ¢’ the mid-points of AC and 4B ; and T, Z the
mid-points of the altitudes BE, CF, we get that B'Y is a common
tangent to Parabolas III. and IV., and that C'Z is a common
tangent to Parabolas V. and VI.

Further, we know that these lines 4'X, B'Y, C'Z are concurrent
and meet in K, the symmedian point of the triangle.

The pair of Parabolas I. and II. have thus four common
tangents BC, AD, A'X, and the line at infinity ; and this is the
maximum number they can have.

Similarly for the Parabolas II1. and IV., V. and VI.

We thus have the interesting property that these three pairs of
conics have two sets of common tangents that are concurrent, viz.,
the altitudes 4D, BE, CF, and the lines A’X, B'Y, C'Z, and the
point of concurrency of the latter is the Symmedian point XA.

Common Tangents to Parabolas belonging to different pairs.—
Bearing in mind the locus problem previously quoted regarding the
mid-point of the inscribed rectangle, we see that if two parabolas
belonging to different groups—say Parabolas I. and III....have a
common tangent other than AC, BC, and the line at infinity, that
line must be the common diagonal of two rectangles which have K
for the mid points.

Now it is obvious, if L' have X for its mid point, that we can
draw two rectangles that have L'M for a diagonal—

(1) one with sides parallel and perpendicular to BC ;

(2) one with sides parallel and perpendicular to AC.
Hence L'M is a common tangent to I. and ITI. Also ZN'isa
common diagonal of rectangles with sides parallel and perpendicular
to BC, and parallel and perpendicular to 45 respectively. Hence
LN’ is a common tangent to IT. and V.

Similarly it can be shown that ¥ M’ is a common tangent to
IV. and VI. (See Fig. III.)

Thus the remarkable fact emerges that the three common
tangents to these three pairs of conics are concurrent in the
Symmedian Point.

It may be remarked that the lines L'M, LN', N M, are the
equal antiparallels to the sides of the triangle through X, and that
L L' M, M, N, NV, lie on the Second Lemoine or Cosine Circle with
its centre A.
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Thus (1) Six common tangents are concurrent in A,
(2) Three common tangents are concurrent in 7/, the
orthocentre.
(3) Each side of the triangle is a tangent to four
parabolas.

It can be shown by utilising the locus theorem previously
employed, that these are all the possible pairs of common tangents
other than the sides of the triangle.

We can show, for instance, that III. and VI, cannot have a
common tangent other than AC, and the line at infinity, as
follows :—

III. is the envelope of diagonals, e.g. ab, which have their
extremities on BC and AC, while VI. is the envelope of diagonals,
e.g. be, which have their extremities on AC and 475. The mid
point of the former set of diagonals lies on 'Y, and the mid point
of the latter set on (¢'Z. Hence A must lie on the line bac, and
must be the mid point of ba, and also of be¢, which is impossible.
Hence ITI. and V1. cannot have a common tangent other than AC
and the line at infinity.

The points of contact of the common tangent A'V, A'V' can
very easily be found geometrically by applying Brianchon’s Theorem
to the hexagon

4X, XA', XA, 4B, i, AC.
We find in this way that the line joining X to point at infinity
on OB, 44', and the line drawn from point of contact parallel to AC
are concurrent.

Hence to find the point of contact of 4'V. Draw through X a
line parallel to BC. Let this meet 44’ in 0. The line through O
parallel to AC meets 4’V in its point of contact with Parabola I.

Bearing in mind that X is mid-point of 4D, we have that 7' is
mid-point of A4'V.

Similarly Parabola II. touches A'Z” in its middle point, and so
on for the other pairs.

We proceed now to calculate the coordinates of the points of
contuct of Parabola I. with 4D.

To do this, combine

(beosCo+cy)=4bccos Buf and BceosB—ycosC=0.

We find that these give, by eliminating f3,

(bcos Cu—cy)*=0.
oo beosCu—-cy=0 twice.
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Calling the coordinates of the point of contact o, 8, y:, we
find that

* - :81 — "1 ( A)
ccos B bcos®’C  bcecosBeosC™ T
Similarly if «,, 8., 7., are the coordinates of the point of con-
tact of Parabola II. with 4D, we find that

o B B 7 ®
beosC ccosCoos B —coog B~

From (A) we get that each fraction

_ am+bB+cy,

" accos B+ 82 cos® C +becos C cos B

_ an+bBi+ey __ax+bBi+ey, 24
“accos B+bcos C (beos C+ccosB) a(ccosB+bcosC) o *

2A
Similarly each fraction in B = -

Hence we have the relations

o + 0 _ B+, _ Nnt7e =%
ccos B +bcosC beos?C+ecosCcosB beosBcosC +ecos® B a’

&+ &y =:81 +B: ity 24

= )

a acosC acosB a®

i.e.

The « coordinate of the point midway between these points of
. 2 2A
contact is therefore given by = or a=—,

h
whence o= - -

Thus the point of contact of Parabolas I. and II. with 4D are
symmetrically situated with respect to X, the mid point of 4.D.
A similar result holds for the other pairs TII., IV., V., VI,

§6. Common Chords.

An investigation of the common chords also leads to an im-
portant property of the Symmedian point. A pair of common
chords of Parabolas ITI. and V. is given by

{(a cos C B +cy)* - 4ac cos 4 o8}
—{(acos By +bB) ~4abcos 4y} =0,
which reduces to
—cosd(cB-by){B(acos C+b)+v(c+acos B)+4aa}=0.
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One common chord, therefore, is ¢ 8 - by =0, which shows that
it passes through K.

The line 4a o+ B (a cos C +b) + y (¢ + a cos B) is an ideal common
gecant (using Poncelet’s term), since it may be shown that it
meets the curves in imaginary points.

We can show in the same way that BK is a common chord
of I.and IV, and that CK is a common chord of II. and IV.
Thus we have the additional interesting fact that three common
secants, as well as six common tangents, pass through K.

If 4, B, C, are points of intersection of IIL. V.; I. VI.;
JI. IV.; we have that triangles 4,B,C,, and 4 BC are homologous.
K is the centre of homology, and the axis of homology is a line
whose equation is

(=3a®+b+ ) « (a® - 302+ ¢*)* o (a® +* - 3¢?)?
a(BF+ - ad) b(@ -0 +c) c(@+ b - )

v=0.

§7. Foct.

We have now to consider the foci of these parabolas. Their
coordinates may be calculated by using the fact that the circum-
circle of the triangle formed by any three tangents to a parabola
passes through the focus.

If we wish to calculate the coordinates of S;, the focus of
Parabola I., we must first find equation to circle ADC, and also
equation to circle A’ XD.

The most convenient form of these equations is that which gives

us the Radical Axis of the circles at a glance. We know that if
Bysind +yasin B+aBsinC=0
is equation to circle ABC, the equation of circle ADC can be put
into the shape—
B (xsin 4 + 3 sin B + ysin C)
+k (By sin 4 + yo.sin B+ a8 s8in C)=0,

since 3=0 is the Radical Axis of these circles,

To determine k, we know that this circle passes through D,
te. a=0; Bcos B=ycos C. Now, when a=0, we have

B(BsinB+ysinC)+kPBysind=0.
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Neglecting =0, which gives the other point of intersection C, we

have
BsinB+ysinC+kysind=0,
or gsinB+sinC'+lcsinA=O.
Substituting cos B for B , we find that
cos C v
cos C sin B+cos Bsin C+ksin 4 cos B=0,
or sin 4 + &k sin 4 cos B=0,

The equation to circle

. . . . 1
which, since sin 4 + 0, gives k= - prwn X

ADC, therefore, is
— B cos B(osin 4 + Bsin B +ysin C)
+(By sin 4 + yo. 8in B+ afsin €)=0.

To find equation to circle A'XD, we can write the equation to
any circle in the form—
(loo+mB+ny)(asin 4+ Bsin B+ ysinC)
+k (By sin 4 + yo sin B+ o sin C) =0,

This passes through D, i.e. « =0 and 8 cos B=1ycos C.
B

Substituting these values of o and r we get

(m cos C +n cos B) (cos C sin B+ cos B cos C)
+k cos C'sin 4 cos B=0,

or (m cos C' +ncos B)sin A +kcosC sin 4 cos B=0,
Since sin 4 + 0, we have

mcos C+ncos B+kcosCcos B=0 ............... L
The circle also passes through 4, i.e. =0, and Bsin B=vysinC.
Substituting these values of o« and —f— in the general equation,

we get
(m sin C + n sin B) (2 sin B sin C) + k sin 4 sin Bsin C =0,
Removing the factor 2 gin B sin C' we have

msinC+nsinB+—l:—sinAa0. .................. 11,
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By eliminating m between I. and II. we get
n (sin B cos €' - sin C cos B) + -’;— cos C (sin 4 - 2 cos Bsin C) =0,
which reduces to i
nsinB-C + -% cos Csin B-C=0.
Neglecting the factor sin B— C, we have

n+£cos(]=0

2
n_ cosC
o k2
From the same two equations, by eliminating =n, we get
m _ cosB
E 2

The equation to circle 4’XD may now be written

l cos B cos C . . .
(TOL_T B——-2-—- -y) (o sin 4 + B sin B - y sin 0)

+(Bysind +...)=0.
To determine _IlE-’ we know that the circle passes through X,

whose coordinates are given by
BecosB-yeosC=0

ke, h,a 24 )
and wte _ta 28 axtbftey
2 2a 2a 2a

—aa+bB4cy=0.
For the coordinates of X we now have
o 1 B cosC

v cos B Y cosB’
Substituting the values of i;'—, g in the equation to the circle,

we get

{1 cos Beos C cos ¢ sinA+cosC in B+ sin C
(T cosB 2 cosB 2 ) <cos B oo g SR Lt )
(cos C . sin B 1 cosC

+ (—— sind + .
cos B cos B cos B cos B

sm@=q

7 Vol. 34
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which reduces to

! 1 C) 2 sin A>+cos0sinA
(7 cos B cos < cos B cos B

+sinBcosB+sinCcos C_

cos® B =0.
The last term of the equation can be simplified; for it is
equal to
cos C sin 4 + sin 2B +5in 2C _cosCsin4d _ sin B¥Ccos B-C
cos B 2 cos® BB cos B cos® B

. cos C cos B-C
=sin 4 <(?o_sj?+ cos? B )

in A o
=Z1—)%—1—f (cos C cos B +cos B-C)
_sinA cosC sindcosB-C
" cos B cos® B
o . Lo 1 .
After simplifying it, the equation in 7 can be written as—
I 2 cosB-C
% cosB_' cos C+_cosB =0,
or l_ 2 sin Bsin C' 0
k cos B cos B
l sin Bsin C
or = - — 7

k 2
The equation to circle 4’XD is therefore
( _sin Bsin C cos B cos '

> o= B- 5 7>(onsmA+,38mB+ysmC)

+(Bysind +...)=0.
Hence, by examining the equations to circles 4'XD and 4DC, we
find that their Radical Axis is

_s1nB51nCa_COSBB_°°SCY= ~Bcos B
) 2 2
sin Bsin C

or — o~ Bcos B+ycos C=0.

2

To find now the coordinates of S,, the focus of Parabola 1., we
have to find the coordinates of the points of intersection of the
Radical Axis of circle 4'XD and circle ADC with the circle 4'XD.
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As we already know that D is one of the points of intersection,
we simplify our working by eliminating « between the equation of
the circle 4’XD and the equation to the Radical Axis. By doing

s0, and arranging the resulting equation in terms of E, we get
Y

3 in 4 B
(e ~snBe B+ D)
B rcos BeosCsind . cos B cosC\ cosC
L (REoc8amL 08 B - - =0.
v ( sin Bsin C sin C cos B+sin 4 + sinC sinB/ sinC

2 s B in 4 cos
The coeflicient of ﬁ = cf)q <1 _am - o8 > —-gin B cos B
* sin B sin C

cos B cosdsin B
= — X T
sin B sin C

~sin B cos B

cos 4 —sin B sin C
=cos B ( . )
sin C
cos? Beos C
sin C

The coefficient of —§~

in A _
=c.osC(cos{)’sm —1>—sinCcosB+sin1>’+U+c,OSB.
sin B sinC sin C
_cosCx cosAsinB+sinBcoso+cosB
" sin B sin € sin C
B
=cos C (M +sin B)+cf)s
in C sin C'

cos Bcos’C cosB cos B

sin (' + sin ¢ sin C (cos* G+ 1).

The equation in -’f—:— now becomes

B cosC+1 B cos C

2

y*  cosBeosC y " cos’BcosC =0.

B cosC\ /B 1 _0
(7 cosB)(y cochosB)_'
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B = 0os € . This is point D, as we would expect; and
vy cosB
B 1
y cosCcosB’
Knowing this and the equation to line DS, , we get
o  sinC
y sinBcosC '
The coordinates of S; may therefore be written
@ B 14

sinCcosB sinB sinBcosBecosC '

In the same way by considering the equations of circles ADB
and A'DX and proceeding as above, we get for the coordinates of
8§, the focus of Parabola II.

o B Y
1 1 1

sinCcos A sinB sin Bcos Bcos(C

We therefore have the interesting result that the foci
S, and S, are inverse points with respect to A ABC.
The coordinates of the remaining foci are

S, : * = B - L
® " sin € cos C cos 4 sin 4 sin ¢ sin C
1e. * _ B Y
S T = T = T
\ sin C cos (' cos 4 sin 4 cos ¢ gin ¢
s o _ B -
3 sin 4 sin A cos 4 cos B sin Bsin 4’
{ @ B
S 1 B 1 1
sin 4 sin 4 cos 4 cos B sin Bsin 4

Inverse points with reference to a triangle possess many
interesting properties. From one of these properties they are also
called isogonally conjugate points.

For a discussion of these points see Rouché et Camberousse,
Geométrie, Pt. 1., Sixiéme Edition, pp. 437-439.
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