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On the representation of

metric spaces

G.J. Logan

A closure algebra is a set X with a closure operator (
defined on it. It is possible to construct a topology T on

MX , the family of maximal, proper, closed subsets of X , and

then to examine the relationship between the algebraic structure
of (X, €) and the topological structure of the dual space

(MX, T] . This paper describes the algebraic conditions which

are necessary and sufficient for the dual space to be separable

metric and metric respectively.

In Logan [3] a method was given for representing any Tl—space as a

particular kind of dual space of a closure algebra. The present paper
improves the manner in which the closure algebra is constructed, and
specializes the result to separable metric spaces and to metric spaces in

general.

The results seem to be of some interest because they offer a
characterization of metric and separable metric spaces which to my

knowledge is completely new.

The notation, results, and references in Logan [3], (4] are

presupposed: in particular if (X, C) is a closure algebra, then M, is

X
the family of maximal consistent sets; S : P(X) > P(MX) , defined by
S(4) = {8 €My : A B} will satisfy A< B = S(B) C S(4) , and
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Fo) VIR | ) = N S(4,) for each {4} < P(X) ; and
L k XK k k'kex

B = {S(AfJ : Af c X, Af finite] will be the base for a topology T on the
dual space OMX, T) . In addition the closure algebra will be said to be

countable precisely when X 1is a countable set.
The following definitions will be required.

(i) Let (X, C) %ve a closure algebra, A a maximal consistent
subset of X , and & a family of maximal consistent subsets; A is said
to be separated from §&§ if A has some fixed finite subset that is
inconsistent with some finite subset of each member of ¢ (A is said to
be inconsistent with B if and only if ({4 uB) = X ). If from the
members of & together there are only finitely many finite subsets that
are consistent with some fixed finite subset of A then A 1is said to be
strongly separated from § .

(ii) The closure algebra is said to be separated (strongly separated)

if for each maximal consistent set A and each Af a finite subset of

A, A 1is separated (strongly separated) from the family of maximal

consistent sets that do not contain Af (from now on I use Af’ Ag’ Ah, Ak
to denote finite subsets of X ).

In order to indicate that the terminology is not misleading I now show
that every strongly separated closure algebra is separated. Suppose that
Af.E.A € M, and that (X, C) 1is strongly separated. There is some

Ag C A and the family

: C(Ag vud, ) # X, A E-AO for some AO with Af'i-AO}

h) h
is finite. If Af.é_Al and Al has more than a finite number of finite
subsets then there is some finite subset of Al that is not a member of T
and so 1s inconsistent with Ag and thus is also inconsistent with

Af §] Ag ~ On the other hand if Al has only a finite number of finite
subsets then Al is finite. Since Af.é_Al s Af U Ag é_Al , and so

C((Af v Ag) v Al) =X (otherwise the maximality of Al is contradicted].
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In either case Af u Ag is a finite subset of A that is inconsistent
with some finite subset of each Al that satisfies Af.i_Al ; that is,
(X, C) is separated.

THEOREM 1. If (X, C) is a countable, separated closure algebra,

then the dual space [MX, 1) is a separable metric space.

Proof. On account of Urysohn's Theorem (see Kelley [2], p. 125) it is
only necessary to show that (MX’ T) is a regular Zi—space with a

countable base. That (MX’ T) is 71 is proved in Logan [3], and it is
clear that the base B = {S(AfJ : Af.E.X} is countable since the family of
finite subsets of the countable set X 1is countable.

To see that (MX’ T) is regular, suppose that & is a closed subset

of M, and 4 € MX\Q . Then there is some S(4.) € B with A € 5(a

x 7 7
and S(AfJ NQ=9¢ . Let k € K index the members of § ; then Af c A
and Af'é-Ak for each k € K . Since (X, C) is separated we may choose
Ag C A, so that for each k € K there is some Ay S b, with

C(Ag U Ak) =X . But now, for each k € K |,

S(Ag) n 5(4,)

and so

5(4) n ktik s{a,) =9

Since each Ak € @ satisfies Ak € S(Ak) , we have that @< U S(A
k€K

which is open in MX . On the other hand A ¢ S(Ag) , which is open in

J

MX , Sso that P%X’ T) is regular. //

The question arises naturally as to whether every separable metric
space may be considered to be the dual space of a suitable closure algebra.
Theorem 2 shows that every separable metric space may be represented as the
dual space of a closure algebra satisfying the conditions given in Theorem

1.
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THEOREM 2. BEvery separable metric space is homeomorphic to the dual

space of a countable, separated closure algebra,

Proof. Let Y be a separable metric space; then by Urysohn's

Theorem Y is a regular Tl—space with a countable base, and consequently
a space with a countable subbase. Let this countable subbase be X and

define a function C : P(X) =+ P(X) by ¢(4) = {u €X: N v gu} . It
vEAd

is easily verified that (X, ¢} 1is a closure algebra. For each y €Y

define I'y ={u €X:y €u} ; then I‘y is closed with respect to C ,

since if u €C([') then u> N v>{y},andso u €T
Y vEI‘y

Furthermore, each Fy is consistent. For if we choose Yy €Y, Y, Yy
then there is some member of the base that contains ¥y and not y (Y is
Tl) , and so there is some u € X with ¥y €u and y ¢u . Since

u f Ty = C(Fy) we have that C(Fy) +# X .

We also have that each I"y is maximal consistent. For if u. € X\Fy

1
then y ¢ u; , and for each y, €u, there is some v € X with y €v ,
Yy tv (¥ is Tl] . We may infer that each y, € u; is not a member of
n o (since y € v implies v €T ) and that u; n n v»=¢g . But
ver Y vel
Y Y
now

C(l‘y u {ul}) ={u:nfv:ve r, v {u 1} < u}

={u:uln n vgu}

ver
={u : pcul
=X,
so that I’y v {ul} is inconsistent and I‘y is maximal consistent. This
: c .
shows that {I‘y y € Y} < My

For the opposite inclusion, if A € M

'y then the consistency of A
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ensures that N u # @ . Choose y € U u ; then N uc N u, and
u€h u€h uery u€h

by the definition of C , c(ry) c c(aA) . But r,» & are both closed with
respect to ¢ and so Fy c A . 8ince A is maximal, l"y = A , and so
each maximal consistent set has the form Fy for some y € Y . This shows
that {Fy ty €Y} =M, .
To see that MX and Y are homeomorphic, define 6 : Y -» MX by
8(y) = I‘y , for each y € Y . Clearly 8 1is an onto function, and 8 is

one-to-one since if Y1 # Yy then we may choose u € X such that

yléu, y2¢u,and s0 uEl"yl, u‘fI‘yz,yleldlngthat

0(y,) # 8(y,)

® is continuous,since if 0 € t then

6‘1[0] = e-l LejF S(Af) , where {S(AfJ }féF is a subfamily

of the base for 1 ,

_ -1
- fléF g [S(Af)]

fEF P
= U o n s
ferP uEAf
= U |n e'l[s(u)]]
4 \
FeF tuch
=U |n e Maenm s uc A}]
FEF ‘ued
f
= U n 9_1{[‘ Ty € u}]
feF tue, ¥
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feF ‘u GAf.
AR

Now for each f € F , Af is finite and each u is a member of the

subbase for Y . Hencé each N u is a member of the base and so

uEAf

8—1[0] is open in Y .

-1 . . . . . .
Furthermore © is continuous, since if P 1is open in Y, then

p= U [ ] u] where each u € X , and for each kX € K , F is finite.

k
143:¢ uGFk
Hence
g(p) = U 6[ n u)
k€K ‘\utfr
k
= U n e(u))
ke€X uGFk
U 0 qr iy eu})
k€K ‘ue€r
k
-u {0 @ ocuer }]
k€K \u€r
k
= U ﬂ{AészuéA})
K€K ‘ut€Fr
k
-u {n s({u})]
kex uEFk
= U (S(Fk])

kex
Since each Fk is finite and Fk € X, we have that S(Fk) is a member of

the base for (M s T) , and so O[P] is open in (MX, T)

This shows that Y is homeomorphic to the dual space of a closure
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algebra (X, ¢) with a countable carrier X . It remains to be shown that
(X, C) is separated. Suppose that Af c A€ MX , and so
A€ S(Af) c MX . Then since (MX, T] is regular, there is some open

neighbourhood O such that A €0 g.a'g_S[AfJ , and hence some S(Ag)

such that A € S(Ag) cs Ag E.S(A Suppose now that A' satisfies

)
Af ¢a'; then &' ¢ S[Af) and so A" § SlAg . Hence there is some
s(Ag') with A' € S(Ag’) and S(Ag) nS(Ag’] = ¢, that is, S(Ag uAg’) = ¢
and so for each y €Y , Ag tlAé ¢ Py . But now for each y €Y ,

y b fu:uc Ag U Aé} ; that is,

N ctu €4 vuad'y =
l{u g 9} o

and

[ "l = : o : € ! = .
(AguAg] fv:voMu:u AguAg}} X

Thus Aé c A' and Ag v Aé is inconsistent. This shows (X, ) to be
separated. //

In order to prove analogues of these theorems for the case of an
arbitrary metric space, we need the following definition and result from

general topology (both given in Archangelski¥ [1]).

DEFINITION. fThe base of a topological space is called regular if, for
each point x and each neighbourhood U of x , there exists a
neighbourhood V of & such that only finitely many members of the base
intersect both V and the complement of U .

ARCHANGELSKIT'S FIRST METRIZATION THEOREM. 4 T,-space is metrizable
if and only if it has a regular base.

THEOREM 3. 1f (X, C) is a strongly separated closure algebra then
the dual space, (MX, 1) is a metric space.

Proof. From Logan (3] we have that (MX, 1) is a T, -space, so that
by ArchangelskiT's Theorem we need only show that the base of (M . T] is

regular. Suppose that A € MX and U 1is a neighbourhood of A :; then
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there is some S(AfJ € B with A€ S(AfJ < U ; that is, with Af.g_A and
MX\S(AfJ EZMX\U . Since (X, C) 1is strongly separated we may choose

Ag C A satisfying the conditions of Definition (I1). Put VvV = S(Ag) H
since Ag c4A, V is a neighbourhood of A , and if S(Ah) € B is such
that S5(4

) oM\ # @, S(A) nV#P, then

n n)
s(a,) o MX\S(Af.) #¢ and 5(4,) n s(Ag) £ ¢
= for some Al . Al € S(Ah) . Al ¢ S(AfJ , and S(Ah V) Ag) #0,

=
for some Al , Ah S_Al , Af.ﬁ_Al , and C[Ah v Ag) # X .

Now since (X, C) is strongly separated there are only finitely many such

sets Ah , and so there are only finitely many members of the base S(Ah)
that intersect both V and MX\U . We may infer that (My’ 1) is
metrizable. //

THEOREM 4. Every metric space is homeomorphic to the dual space of a

strongly separated closure algebra.
Proof. Let Y be a metric space; then Y is a Tl—space with a

regular base. Take X as a subbase for the regular base of the topology
on Y , and notice that in the proof of Theorem 2 the only property
required to construct (X, C) and OWX, 1) so that (MX’ 1) is

homeomorphic to Y , is that Y be T1 . If these constructions are made

then the only other requirement is to show that (X, C) 1is strongly
separated. Suppose that A € M, and Af.E_A ; then A € S(AfJ and

S(AfJ € B is a neighbourhood of A . Since the base is regular there is

some neighbourhocod V of A with only finitely many members of B

intersecting both V and MX\S(AfJ . Since V 1is a neighbourhood of A

we may choose some S(Ag] €B with A €S(A) SV, and now there are only

g
finitely many S(4,) € 8 with 5(4) n S(Ag] #9 and
5(4,) n MX\S[Af) #$ ; that is, with S(4, u Ag] # § and with some

A, € My satisfying A, € S(Ah) > 4 ¢ S(AfJ . This being the case there
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are only finitely many sets Ah with C(Ah U Ag] # X and Ah c A for

some Al with Af'i-Al . This shows (X, C) to be strongly separated.
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