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APPROXIMATION OF ENTIRE FUNCTIONS
OVER CARATHEODORY DOMAINS

G.,P. Kapoor AND A, NAauTIYAL

Let D Dbe a domain bounded by a Jordan curve. For 1 =p =,

let IP(D) be the class of all functions f holomorphic in D

1/p
such that ”f”D p - [(l/A) JJ | £(z) |Pdxdy < ®  yhere A is
’ D

the area of D . For f € P(p) , set

(*) E(f) = inf lf-gl, _ ;
n Dsp
gem
n
ﬂn consists of all polynomials of degree at most »n ., Recently,

Andre Giroux (J. Approx. Theory 28 (1980), 45-53) has obtained

necessary and sufficient conditions, in terms of the rate of
decrease of the approximation error Eg(f) , such that

f ¢ P(p) , 2=p = has an analytic continuation as an
entire function having finite order and finite type. In the
present paper we have considered the approximation error (*) on a

Carathéodory domain and have extended the results of Giroux for

the case 1 =p <2 .

1. Introduction

Let B denote a Carathéodory domain, that is, a bounded simply
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connected domain such that the boundary of B coincides with the boundary
of the domain lying in the complement of the closure of B and containing

the point <« ., In particular, a domain bounded by a Jordan curve is a

Carathéodory domain. Let LP(B) , 1 =p = be the class of all
functions f holomorphic on B and satisfying

1/p
Iy, = {[] 1700 Pasy | <=,

where the last inequality is understood to be sup |f(z)] < for p = = .
2€B

Then ”'”B p is called the IP-norm on Lp(B) . For f € Lp(B) , we

define Efz(f) , the error in approximating the function f by polynomials

of degree at most #n in Lp-norm, as

B(f) = E(f, B) = int lf-glly , » 7= 0,1, 20 ooy,
n

where 1Tn consists of all polynomials of degree at most n .

We prove

THEOREM 1. et f€IP(B), 1 spsw. Then f is the

restriction to B of an entire function, if and only if,
1/n
(1.1) lim [Ep(f)] =0,
noeo T

For the case p = « , it is sufficient to assume that f <is continuous on
B .

THEOREM 2. Let f €IP(B), 1<p<o. Then f is the
restriction to B of an entire function of finite order p , if and only

if,

(1.2) lim sup [(n log n)/[—log Eﬁ(f)]] =p

Yoo

and, if p > 0, of nonzero finite type T , if and only <if,
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p/n o
(1.3) lim sup n[Ep(f)] = epd' T
N> n
where d 1is the transfinite diameter of the closure of B . For the case

p = ® , it is enough to assume that f is continuous on B .

REMARKS. (i) Results of the nature of Theorems 1 and 2, in L™ -norm,
have been extensively studied by various workers (for example, Bernstein
(7, p. 1131, [5, pp. 76~781, Varga [10], Shah [8], Kapoor and Nautiyal [4],
Winiarski [17]).

(i1) For p=2 and B = {z : |z] <1} , Theorems 1 and 2 are due to

Reddy [7].

(iii) Theorems 1 and 2 extend and generalize the results of Giroux
[3], obtained for the case 2 <p <o with B as a domain bounded by a

Jordan curve.

2. Proofs of the theorems

Let B* be the component of the complement of B , the closure of

B , that contains the point « . Set B, = {(z:lez)| =7}, r>1,

vhere the function w = ¢(3) maps B* conformally onto |w| > 1 such

that @(®) = © and ¢@'(») >0 .
We need the following lemmas.

LEMMA 1 ([77, Lemma 3.11). The order p of an entire function
f(z) s given by

p = lim sup (log log M(r, f))/(log »)
rroe

and, if O < p<» the type T of flz) is given by

7d° = 1im sup [log M(r, f))/zr'p
1

where d 1is the transfinite diameter of B and

M(r, f) = max |f(3)] .

2 GBP

LEMMA 2. et fF € IP(B) » 1 =p <>,  be the restriction to B of
an entire function and let r’' (> 1) be given. Then, for all »r > 2r'
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and all sufficiently large values of n , we have
E(f) = Ki(r, f)(x'/2)",

where K is a constant independent of n and r .
Proof. Since f{(z) is entire, there exists a sequence of polynomials

{Qn} N Qn being of degree at most n , such that

(r'/r)™1 =

(2.1) |f(z)-Qn(z)| = (3/2)Mr, f) Tlr/my 2 €8,

for all » >r'’ and all sufficiently large values of n ([, p. 114]).

It follows from the definition of EfL (f) , since Q, € M, that

1/p
(2.2) B(f) = -, llp , < 4°'F max If(z)-q,(2) ] ,
2 €B
where A 1is the area of B . The lemma now follows from (2.1) and (2,2),

Proof of Theorem 1. If f € IP(B) , 1 Sp <, is entire, it
]l/n

follows from Lemma 2 that 1lim sup [Eﬁ(f) Sr'/r for all r > 2r’' .

n+o

Letting »r > , we get

1/n
Ky

Lin (B(5)
noeo \ 7
This proves the necessity part of the theorem for 1 =p <« ,

Now, let 2 € B and let R >0 be such that DR = {z ; |a-z

is contained in B . If f €IP(B), 1 <p <=, then f(z) is

holomorphic on DR and has the following Taylor expansion

(o]
(2.3) flz) = T a(e-3.)"
n 0
n=0
in DR , where the an's are given by

nR2(n+l) T an
—g 9, = ”D f‘(z)(z-zo)ndxdy .
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Thus, for any g € nn—l , we have

1THz(m-l)
n+l n

'IID (f(Z)-g(z))E;:;gjzéxdy
R

= F'lif-glly ; -
Now, using HOlder's inequality, the above relation gives that
+2
ils q
< -
i 1o, | = 4%rglly
where A 1is the area of B and q =1 - 1/p . Since the above relation
holds for any g € "n—l , we have
+2
e q
<
(2.4) Ll Ianl =4 Eﬁ_l(f) .

If, for f € P(B) , 1 =p <o equation (1.1) holds, then it follows,
from (2.4), that

Il/n

lim |a =0
n

nre

and so, (2.3) gives that f(2) is an entire function. This proves the

sufficiency part of thé theorem for 1 <p < @ ,

The theorem is thus proved for 1 =p < ® , For the case p = « , the

theorem is essentially due to Winiarski [17].

Proof of Theorem 2. (i) First, let f(2) be an entire function.
Then (L9, p. 2731), for all finite =z ,

{2.5) flz) = Y bp, (z)
n=0

o
vhere {pn}n=0 is a sequence of polynomials, p, being of degree n ,

such that
_ o _
(2.6) JJB pn(z)pm(z)dxdy = Gm , bn = JIB f(z)pniz)dxdy ,
6; =1 for m=n and 6; = 0 otherwise, It is also known [9, p. 272]
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that, given r, > 1 , we have

(2.7) mag_|pn(z)[ st , m=1,2, ...,
z€B

where C is a constant independent of n .

From (2.6) and (2.7), for any g € m n =1 , we obtain

-1
(2.8) 5,1 = ||| gtz sy | < olis-oty -
On applying Holder's inequality, (2.8) gives

b, 177y = callisglly 0 1= <=,

where A 1is the area of B and ¢ =1 - 1/p . Since the above relation

holds for any g € "n-l , we have

n
(2.9) |5, |/7% = CAqE‘Z_l(f) , lsp<w,
Now, using (2.5) and (2.7) and applying Bernstein's inequality [4,

oo
p. 112] to each term of the series ). bnpn(z) , We obtain
n=0

o]
Iftz)] = |b.| +¢ ¥ |b [(zr)", 2z €B .
0 n r
n=1
The above relation, in view of (2.9), gives that

(2.10)  Hir, ) = |by| + P4l T E_ (N, 1=p<=.
n=l

Set fb(z) =y Eg(f)zn , 1 =<p <o, By Theorem 1, fb(z) is an entire
n=0

function. Further, (2.10) gives that

(2.11) Mr, f) < Ibol + CqurrfM[rrE, fp]

In view of Lemma 1, from (2.11) we obtain

(2.12) p < p
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where p is the order of f(z) and pp is the order of fb(z) .

On the other hand, by Lemma 2, we get

(o]

(2.13) M(r/r', fp) < P(r) + KM(r+1, f) Zo (»/(r+1))"
n:

= P(r) + K(r+1)M(r+1, f)
where P(r) is a polynomial. From (2.,13) and Lemma 1, we have

(2.1h4) pp <p.

Combining (2.12) and (2.1k4) we get pp = p . Thus, applying the formula

expressing the order of an entire function in terms of its Taylor
coefficients [2, p. 9] to the function fb(z) , it follows that the order

p of f(z) is given by (1.2).
(ii) 1If, for f €IP(B) , 1 <p < ® , the limit superior on the left

= 0 . Hence,

1/n
hand side of (1.2) is finite, it follows that 1im [E‘Z (f)]

n-ro
by Theorem 1, f(2) is entire. From (i) we now get that the order p of
flz) 1is given by (1.2).

(iii) Let f(2) ©be an entire function of order p , O < p < , and

type T . Then, using (2.11), (2.13) and Lemma 1, we get

2p
7d° < r<Pr
*’p

, T /(»")? = 1d |

p
vhere Zb is the type of the entire function fb(z) . Since r,>1 and
r' > 1 are arbitrary, we get Ib = T . Thus, applying the formula

expressing the type of an entire function in terms of its Taylor
coefficients [2, p. 11] to the function fb(z) , it follows that the type

T of f(z) is given by (1.3).

(iv) If, for f € IP(B) , 1 <p < =, the limit superior on the left

hand side of (1.3) is nonzero finite, it follows that

lim sup [(n log n)/[—log Ei(f)]] =p.

nireo

Hence, by part (ii), f(z) is an entire function of order p . From part
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(iii), we now get that the type T of f(z) is given by (1.3).

For 1 <p < ® , the theorem now follows from parts (i) to (iv) above.

For p = ® , the theorem is essentially due to Winiarski [17],
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