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Chen Inequalities for Submanifolds of Real
Space Forms with a Semi-Symmetric
Non-Metric Connection

Cihan Ozgiir and Adela Mihai

Abstract. In this paper we prove Chen inequalities for submanifolds of real space forms endowed with
a semi-symmetric non-metric connection, i.e., relations between the mean curvature associated with
a semi-symmetric non-metric connection, scalar and sectional curvatures, Ricci curvatures and the
sectional curvature of the ambient space. The equality cases are considered.

1 Introduction

H. A. Hayden introduced the notion of a semi-symmetric metric connection on a
Riemannian manifold [10]]. K. Yano studied a Riemannian manifold endowed with
a semi-symmetric metric connection [20]. Some properties of a Riemannian man-
ifold and a hypersurface of a Riemannian manifold with a semi-symmetric metric
connection were studied by T. Imai [I1}[12]. Z. Nakao [18] studied submanifolds of
a Riemannian manifold with semi-symmetric metric connections. N. S. Agashe and
M. R. Chafle introduced the notion of a semisymmetric non-metric connection and
studied some of its properties and submanifolds of a Riemannian manifold with a
semi-symmetric non-metric connection [[1,2]].

On the other hand, one of the basic problems in submanifold theory is to find
simple relationships between the extrinsic and intrinsic invariants of a submanifold.
B. Y. Chen [6,7,[9] established inequalities in this respect, called Chen inequalities.
Afterwards, many geometers studied similar problems for different submanifolds in
various ambient spaces; see, for example, [3H5,[13,[14,[19].

Recently, the present authors studied Chen inequalities for submanifolds of real
space forms with a semi-symmetric metric connection and Chen inequalities for
submanifolds of complex space forms and Sasakian space forms endowed with semi-
symmetric metric connections [15}[16]].

In the present paper, we study Chen inequalities for submanifolds of real space
forms with a semi-symmetric non-metric connection. The paper is organized as fol-
lows. In Section[2} we give a brief introduction about a semi-symmetric non-metric
connection, Chen lemma and Ricci curvature. In Section B} for submanifolds of
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real space forms endowed with a semi-symmetric non-metric connection we estab-
lish a Chen first inequality. Section 4 gives a relation between the Ricci curvature
in the direction of a unit tangent vector and the mean curvature. In Section 5] we
state a relationship between the sectional curvature of a submanifold M" of a real
space form N"*?(¢) of constant sectional curvature c endowed with a semi-symmetric
non-metric connection V and the associated squared mean curvature |[H|2. Using
this inequality, we prove a relationship between the k-Ricci curvature of M" and the
squared mean curvature ||H||%.

2 Preliminaries

Let N"*? be an (n+ p)-dimensional Riemannian manifold and V alinear connection
on N"*P_If the torsion tensor T of V, defined by

T(X,Y) = V¥ - VX — [X, Y],
for any vector fields X and Y on N™*P, satisfies JN"()NC7 Y) = ¢(17))~( - ¢()~()? for a
1-form ¢, then the connection V is called a semi-symmetric connection.

Let g be a Riemannian metric on N**P. If eg = 0, then V is called a semi-

symmetric metric connection on NP If Vg # 0, then V is called a semi-symmetric
non-metric connection on N"*P. _
Following [1]], a semi-symmetric non-metric connection V on N"*? is given by

V¥ = V¥ + o(1X,

for any vector fields X and Y on N"*?, where V denotes the Levi-Civita connection
with respect to the Riemannian metric g and ¢ is a 1-form. Denote by P = @, ie.,
the vector field P is defined by g(P, X) = ¢(X), for any vector field X on N"*P.

We will consider a Riemannian manifold N"*# endowed with a semi-symmetric
non-metric connection V and the Levi-Civita connection denoted by V.

Let M" be an n-dimensional submanifold of an (# + p)-dimensional Riemannian
manifold N"*P. On the submanifold M" we consider the induced semi-symmetric
non-metric connection denoted by V and the induced Levi—Civita connection de-
noted by V.

Let R be the curvature tensor of N"*? with respect to V and R the curvature tensor
of N"™*? with respect to V. We also denote by R and R the curvature tensors of V and
V, respectively, on M".

The Gauss formulas with respect to V, respectively V can be written as:

VxY = VyY +h(X,Y), X,Y € x(M"),
VxY = VY + h(X,Y), X,Y € x(M"),

where 1 is the second fundamental form of M" in N**? and h is a (0, 2)-tensor on
M". According to the formula (3.4) in [2],

(2.1) h=h.
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One denotes by H the mean curvature vector of M" in N"*P.
Let N™*?(c) be a real space form of constant sectional curvature ¢ endowed with a
semi-symmetric non-metric connection V.

The curvature tensor R with respect to the Levi—Civita connection V on N™*P (c)
is expressed by

(2.2) R(X,Y,Z,W) = c{g(X, W)g(Y, Z) — g(X, Z)g(Y,W)}.

Then the curvature tensor R with respect to the semi-symmetric non-metric connec-
tion V on N™P?(¢) can be written as [[1]]

(2.3) R(X.Y,Z,W) = R(X,Y,Z,W) + (X, 2)8(Y,W) —s(Y,Z)g(X, W),

for any vector fields X, Y, Z, W € x(M"), where s is a (0, 2)-tensor field defined by

SX,Y) = (Vxd)Y — 6(X)6(Y), VX,Y € x(M").

From (Z2)) and (Z3) it follows that the curvature tensor R can be expressed as

(24) R(X,Y,Z,W) = c{g(X,W)g(Y,Z) — g(X,Z)g(Y,W)}
+5(X,2)g(Y, W) —s(Y,Z)g(X,W).

Denote by A the trace of s. Using (2.I)), the Gauss equation for the submanifold
M" into the real space form N"*?(c) is

R(X,Y,Z,W) = ROX, Y, Z,W) + g(h(X, 2), (Y, W) — g(h(X, W), h(Y, 2)).

Decomposing the vector field P on M uniquely into its tangent and normal compo-
nents PT and P+, respectively, we have P = pT 4+ pt,

Let # C T,M", x € M", be a 2-plane section. Denote by K() the sectional
curvature of M" with respect to the induced semi-symmetric non-metric connection
V. For any orthonormal basis {ej, ..., ey} of the tangent space T,M", the scalar
curvature 7 at x is defined by

7(x) = Z K(e;i Nej).

1<i<j<n

We recall the following algebraic lemma.

Lemma 2.1 ([6]) Letay,ay,...,a,,bbe(n+1)(n > 2)real numbers such that
n 2 n
Zai =(n-1) Za?-&—b .
($20) =0 (Set )
Then 2aya; > b, with equality holding if and only ifay + a = a3 = - - - = a,,.
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Let M" be an n-dimensional Riemannian manifold, L a k-plane section of T,,M",
x € M", and X a unit vector in L. We choose an orthonormal basis {ej, ..., e} of
L such that e; = X. One defines [8] the Ricci curvature (or k-Ricci curvature) of L
at X by Ricz(X) = Kj; + Kj3 + - - - + Ky;, where K;; denotes, as usual, the sectional
curvature of the 2-plane section spanned by e;, e;. For each integer k, 2 < k < n, the
Riemannian invariant ©; on M" is defined by

1

) = —

ey "
1Lp)(fR1cL(X), xeM",

where L runs over all k-plane sections in T,,M" and X runs over all unit vectors in L.

3 Chen First Inequality

Recall that the Chen first invariant is given by
Oy (x) = 7(x) — inf{K(7) | # C T,M",x € M",dim 7 = 2},

(see for example [9]]), where M" is a Riemannian manifold, K(7) is the sectional
curvature of M" associated with a 2-plane section, 7 C T,M",x € M" and 7 is the
scalar curvature at x.

Denote by
(3.1) QX) = s(X, X) + g(P*, h(X, X)),

for a unit vector X tangent to M" at a point x. We remark that {2 does not depend on
X. Detailed explanations will be given in the proof of Theorem[3.1]

For submanifolds of real space forms endowed with a semi-symmetric non-metric
connection we establish the following optimal inequality, which we will call the Chen
first inequality.

Theorem 3.1 Let M", n > 3, be an n-dimensional submanifold of an (n+ p)-dimen-
sional real space form N"*P(c) of constant sectional curvature c, endowed with a semi-

symmetric non-metric connection V. We have

1’12

S (x) < (H(n—z)[m

3 c 1 1,

where T is a 2-plane section of T,M",x € M". Equality holds at a point x € M" if and
only if there exists an orthonormal basis {ey, e,, ..., e,} of TxM" and an orthonormal
basis {€us1, .. ., enip} of To- M" such that the shape operators of M" in N™*P(c) at x
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have the following forms:

a 0 0 0
0 b 0 0
Aen+1 =[0 0 0 , at b= 122

00 0 - pu

mit Ry 0 0

T U SR

€n+i = 0 0 0 0 ) 2 S 1 < p7

0 0 o --- 0

where we define hfj = g(h(e;,ej),e) for1 <i,j<mandn+1<r<n+p.

Proof From [2], the Gauss equation with respect to the semi-symmetric non-metric
connection is

(3.2) R(X,Y,Z,W) = R(X,Y,Z,W) + g(h(X,Z), h(Y,W))
— g(h(Y,Z), h(X,W)) + g(P+, h(Y, 2))g(X, W)
— g(PH h(X, 2))g(Y,W).

Let x € M" and {e,e,,...,e,} and {es1,...,enp} be orthonormal bases of
T,.M" and TjM", respectively. For X = W = ¢,Y = Z = e, i # j, from the
equation (2.4 it follows that

(3.3) R(ei,ej, ej, ei) = c — s(ej, ej).
From and (B.3)) we get
c —s(ej,ej) = R(e;, ej,ej,¢;) + g(hle;, e), h(e;, e;))
— g(h(ei,ei), h(ej, ej)) + d(h(ej, e)).
By summation after 1 < 7, j < n, it follows from the previous relation that
(3.4) (n* —n)c— (n— DX =27+ ||h||* — #?||H||* + (n* — n)p(H),

where we recall that A is the trace of s and denote by

n

1
||h||2 = Zg(h(ei7€j),h(€i,€j))7 H= ;traceh,

ij=1

BH) = 37 6h(ey,e1)) = g(P, ).

j=1
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One takes

(3.5) € =27 — %HHH2 +(n— DA = (n* —n)c+ (n* — n)op(H).

Then from (3.4) and (3.5) we get
(3.6) w|H|* = (n = D(|[h]* +¢).

Letx € M", 7 C T;M", dimm = 2, m = sp{e;, e;}. We define e,; = HTHH’ and
from the relation (3.6]) we obtain

(zn:h?i“) - 1)(26 "ié (i) +€) :
i=1 i,j=1r=n+1
or equivalently, ]
(3.7) (Z ) gy D{ Xn:(h?i“ 23T+ Z f (i +eh.
i=1 i=1 i#j i,j=1r=nt2
By using Lemma 2.1} we have from (B.7)) ? J
20 =Y (D + Z i (h;)* +e.
i#j i,j=1r=n+2

The Gauss equation for X =W =¢,,Y = Z = ¢, gives

p
K(7m) = R(er,e2,2,e1) = c — (e, €2) — §(P*, ez, e2)) + Y [h 15, — (H,)’]

r=n+1
n n+p
> e sle o) — olhler,e) + 5 [ S04 3T S () e
i#j i,j=1r=n+2
n+p n+p
+ Z hglhEZ - Z (h:Z)Z =Cc— 5(62762) - ¢(h(62762))
r=n+2 r=n+1
1 n n+p n+p n+p
+ EZ(h;ﬂjl)z Z > (h; P4t e DMk, = > (k)
i#j i,j=1r=n+2 r=n+2 r=n+1
1 n+p
= c—sez, 2) — g(P* hlex,e)) + 5 3 (h)* + 2 Z > o)y
i#j r=n+21i,j>2
n+p
+ = Z (B, + 5"+ > L) + (B3] + 5
r=n+2 j>2

> c—ses ) — g(PL hies, e2)) + %
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which implies K(7) > ¢ —s(ey, e;) — g(P+, h(ey, 1)) +¢/2. Let {e1, e, ..., e,} bean
orthonormal basis of T,M". If we take m = sp{ej, e, }, the formula (3.0]) implies that
Q(er) = Q(ey). Analogously, for 7/ = sp{e;, e3}, we have Q(e;) = Q(es). Therefore,
Qe) = Qey) = -+ = Qey). Thus Q(X) does not depend on X and denote it
simply by 2. By using we get

n? 5 c] 1 1,
K(m) 2 7=0~(n~2) | 3= |H] +(n+1)ﬂ 3 (= DA+ (=)o (H),

(n

which represents the inequality.
The equality case holds at a point x € M" if and only if it achieves the equality in
all the previous inequalities and we have the equality in the lemma.

hf’j“ =0, Vi#jij>2,
hfj=07Vi7éj7i,j>2,r=n+1,...,n+p,
By +h,=0,Vr=n+2,...,n+p,
h’f}rl :hg;‘ =0,Vj>2,
B = == B

n+1

We may chose {ej, e} such that h}3' = 0 and we denote by a = hi;, b = h},, u =
hitt = ... = W1 Tt follows that the shape operators take the desired forms. ]

4 Ricci Curvature in the Direction of a Unit Tangent Vector

In this section, we establish a sharp relation between the Ricci curvature in the di-
rection of a unit tangent vector X and the mean curvature H with respect to the
semi-symmetric non-metric connection V.

Denote by N(x) = {X € T,M" | h(X,Y) =0, VY € T,M"}.
Theorem 4.1 Let M",n > 3, be an n-dimensional submanifold of an (n+ p)-dimen-

sional real space form N"P(c) of constant sectional curvature ¢ endowed with a semi-
symmetric non-metric connection V.

(1) For each unit vector X in TxM we have

(4.1) |H|? > % Ric(X) — (n— e+ 21
— Ws(xm + %(nz — n)¢>(H)] .

(ii) IfH(x) = 0, then a unit tangent vector X at x satisfies the equality case of (4.1 if
and only if X € N(x).

(iii) The equality case of inequality ([d.1) holds identically for all unit tangent vectors
at x if and only if either x is a totally geodesic point, or n = 2 and x is a totally
umbilical point.
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Proof (i) Let X € T.M be a unit tangent vector at x. We choose an orthonormal
basis e1, es,..., €, €n11,--.,eup such that ej, ey, ..., e, are tangent to M at x, with
e = X.

From (B.4) we obtain n?||H||?> = 27 +||h|]* + (n — 1)A — (n* — n)c+ (n* — n)$(H).
From Gauss equation (3.2) and the formula (3.3), for X = W = ¢, Y = Z = ¢},
i # j, we get

K;; = R(e;,ej,ej,¢) + g(he;, ), hlej,ej)) — g(h(ei ), hlei,€;))
nt+p

=c—sleje)+ [, — ().

r=n+1

By summation and by using formula (3.4)), it follows that

n+p
2
Do Ky=D0 D Ukl =GP+ D (e sleje)]
2<i<j<n r=n+12<i<j<n 2<i<j<n
n+p

D> k= ()7

r=n+12<i<j<n

N (n—2)(n— I)C_ (n—=2)(n—1)

> > s(er, er).
On the other hand,
1 1 n+p
R IHIP =2 SIS Yy = oy = e = )
r=n+1
n+p

=23 > [k — (W] + (n— DA = n(n — De+ (n — n)(H).

r=n+12<i<j<n

Hence, we obtain

n+p

1 . 1 . . )
En2||HH2:2RlC(€1)+2 Z Kij+§ Z(h”—hzz_..._hnn)Z

2<i<j<n r=n+1

n+p
+(n—DA—n(n—De+n’g(H) =2 Y Y [hh; — ()]
r=n+12<i<j<n
=2Ric(e)) +(n—2)(n—1)c— (n—2)(n— 1)s(ey, e1)

n+p

1 r r r
3 Z(hu_hzz_"'_hnn)z

r=n+l

+(n— DX —n(n—1)c+ (n* — n)p(H)
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> 2Ricle;) —2(n—1D)c+(n— DX — (n—2)(n— 1)s(ey, e1)
+ (n* — n)p(H).
Finally,

1 —1 —2)(n—1
Ric(er) < PlH[P+ (n - e — " Loy P22 2D

ser, ) — 3 ("~ mB(H),

2
or, equivalently,
4 -1 -2 —1 1
| > = [ Ric(X) = (n—1)e+ A~ (n=2n—-1 « X)+f(n2—n)¢(H)} ,
n 2 2 2

for every unit vector X € T, M, which represents to inequality to prove.
(ii) Assume H(x) = 0. Equality holds in ([4.1) if and only if

Wy=-o=Hh, =0 K, =Hh,+ +Hh

nn’

re{n+1,...,n+p}.

Thenh}; =Oforall j € {1,...,n},re {n+1,....,n+p}ie, X € N(x).
(iii) The equality case of ([4.I)) holds for all unit tangent vectors at x if and only if

hi; =0, i#jre{n+l,...,n+p},

By +---+h,—2h;=0, ie{l,...,n},re{n+1,...,n+p}.

We distinguish two cases:

* n # 2, then x is a totally geodesic point;
* n = 2, it follows that x is a totally umbilical point.

The converse is trivial. [ |

5 k-Ricci Curvature

We first state a relationship between the sectional curvature of a submanifold M" of
a real space form N"?(c) of constant sectional curvature ¢ endowed with a semi-
symmetric non-metric connection V and the associated squared mean curvature
|H||*. Using this inequality, we prove a relationship between the k-Ricci curvature of
M" (intrinsic invariant) and the squared mean curvature ||H||* (extrinsic invariant),
as another answer of the basic problem in submanifold theory which we mentioned
in the introduction.

Theorem 5.1 Let M" n > 3, be an n-dimensional submanifold of an (n+ p)-dimen-
sional real space form N"*P(c) of constant sectional curvature ¢ endowed with a semi-
symmetric non-metric connection V. Then we have

2T

2

—c+ l)\+<;5(H).
n
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Proof Letx € M" and {e, e, ...,e,} an orthonormal basis of T,M". The relation
(B4) is equivalent to

(5.2) n? |H|* =27 + |h]]> + (n — DX — n(n — 1)+ (1> — n)p(H).

We choose an orthonormal basis {ej, ..., e, en1,...,enp} at x such that e,
is parallel to the mean curvature vector H(x) and ey, ..., e, diagonalize the shape
operator A,, .. Then the shape operators take the forms

ap 0 0

0 a 0
Aenﬂ = : ?

0 0 a,

A, =(h),i,j=1,...,n, r=n+2,....,n+p, traceA, =0.

From (52)), we get
(5.3) #*|H|?*=
n n+p n
204> ai+ Y Y W)+ (n— DA = n(n—1)c+ (n* — n)p(H).
i=1 r=n+2i,j=1

On the other hand, since
0< Z(a,— —aj)?=(n- I)Zaiz - ZZaiaj,
i<j i i<j
we obtain

n?||H|)* = (iaiy = zn:af +2Za,-aj < nzn:af,
i i=1 1

i=1 i= i<j i=
which implies
S>> |,
i=1
We have from (5.3])
W |H|? > 27 +n||H|]* + (n — DX — n(n — 1)c + (n* — n)p(H)
or, equivalently,
2T

n(n—1)
Using Theorem 5.} we obtain the following.

1
|H|)* > —c+ ;A+¢>(H). ]
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Theorem 5.2 Let M",n > 3, be an n-dimensional submanifold of an (n+ p)-dimen-
sional real space form N"P(c) of constant sectional curvature ¢ endowed with a semi-
symmetric non-metric connection V. Then for any integer k, 2 < k < n, and any point
x € M", we have

(5.4) IHI?(p) > O(p) — ¢+ - A+ 6(H).

Proof Let {ej,...,e,} be an orthonormal basis of TyM. Denote by L; ...;, the k-
plane section spanned by ¢;,, . . . , ¢;,. By the definitions, one has

1 .
T(Llllk) = E Z RICL,'I...,'k (ei)7
i€{it,ir}
1
@ = 5 S L)

2 1<ip<<ixg<n
From (5.I) and the above relations, one derives

7(x) > ”(%”@k(p),

which implies (5.4). [ ]
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