INTEGRALS INVOLVING E-FUNCTIONS AND ASSOCIATED
LEGENDRE FUNCTIONS

by T. M. MACROBERT
{Received 2nd September, 1954)

§ 1. Introductory. The formulae to be proved are as follows.
If p=zq¢+1, R()>0, R(e, -l+m +n)> -1, R(a, -l +m -n)>0,r=1,2, ..., p,

fw E{p; a,:q; pe:2/A-1)}A-1)-1(A2 —1)~tmP —-m(A)dA
1
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=I‘(m+n+l)1"(m—n)
[~ gngi-m—n m+n+l,n+1,0y -l+m+n+1, .., a,-l+m+n+l :fetity
cos nw sin ([ —m —n)m m+2,m4+n-1+2 py-l+m+n+l, .., p-l+m+n+l
8 2-n-1zl-m+tn m—n, —n,o—l+m-—n, ...,a,~l+m-n: etz
cosnmsin (l —m +n)n =2, m-n-l+1,py-l+m-n, ..., p,—l+m-n
2i-mgin ([ -m)7w Li-m, o, ..., o, : detiny
sin(l-m+n)wsin(l-m-n)w l-m+n+l,l-m-n,py, ..., pq
........................ (1)
fp=2q+1, R(L+m)>0, R(e, -l -m+n)> -1, B(a, —l-m-n)>0,r=1,2, ..., p,
o0
[TB@; «ra5 per 20 -0)0 10108 - 1)im P )
1
_ 2-m-lgin (m +n)7w gimin g =™ —n—m,a—b~m—n, .. a,-l-m-n : Jetinz
cos nar sin (I +m +n)w “2m,1-l-m-m,pj=l-m-mn,..,p,-l-m—-n
2nsin (m—n)w imonc1
cos nar sin (I +m —n)w
< B n+l,n-m+1l, 0 -l-m+n+1, .. ,a,~l-m+n+l: Jetiny
n+2,2-l-m+n,p-l-m+n+l,..., p,-l-m+n+l
24+m gin [rr sin nar I+m, 1, o, ...,a, : fexiny
+ = - e (2)
sin({+m+n)asin{{+m-n)y7" \I+m+n+1,l+m-n,p, ..., p,

Ifp=q+1, RU)>0, R(L+m)>0, B(e, ~ L —m +m)> -1,

ffE{p; @ ¢ pet 2l(A= D} (A= 1)1 - 1)im @, (3) dA

_ 20 ghtm—n-1 n+l,n-m+l, g -l-m+n+l,..,0,-l-m+n+1: jeting
T Tsin(lem-n)m \2n+2,2-l-m+n, p~l-m4n+l, .., po-l-m+n+l
m2bm-1 L, l4m, oy, . 0y Jexing
—  _F s (3)
sin(l+m-n)r" \l+m+n+l,l+m-n,p, ..., p,

The method of proof is outlined in § 2. Many special cases can be derived from these
formulae. An example is given in § 3.

§ 2. Proofs of the formulae. The formulae can be deduced from the following three
formulae [Q.J.M. XI, 1940, pp. 98, 99].

If R(z)>0, B(l)>0,
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f:’ E{: :2z)A-1)}A-1)1(A2 =1)-im P, —m()) dA

- 2-m gt m+n+1,m—-n,l: 22\ 4
_F(m+%+1)P(7n—n) mal ) (4)

If R(z)>0, R(l +m)>0,

f: E{: :2/A=1)}(A - 1)-1(32 = 1)im P_-m(X)d\

__sm'mr o -n,n+1,l+m:
= -2 E( o 2/2). .............................. (5)
If R(2)>0, R(l +m)>0, B(l)>0,
[T B a0 - 030 - 1708 - 1im @2y
_ & ([sinmmzrE(-n,n+l,l+m:1+m:2) 6
_28in'm11{—2"‘sin (m+n)mE(n-m+1, —n—m,l:l—m:2/z)} """" 6)

On applying the formula, where p=q +1,

P ? -1¢
E(p; a,: q: pg: 2)=nmP01 % {H'sin (ozs—cx,)‘n'} IT sin (py ~ ;)7
t=1

r=1 \s=1

x 2% BT Pl o —pgtl (_‘1)9—0—1/2 .............................. (7)
o=y +1, ok 0 -0+ 1

to the R.H.S.’s of (4), (5) and (6), formulae (1), (2), (3), with p=¢=0 are obtained. The
formulae can then be generalised in the usual way.

§ 3. Integral involving a Product of two Associated Legendre Functions. In (3) take
2=2,p=2,9=1,0,=¢-p, a,=¢+Dp+1, py=q +1, apply the formula

E{g-p,q+p+1:q+1:2/[A-1)}=2T(q-p)[(g+p+1)(A2-1)-4IP ~¢(}), ............ (8)
and so obtain the following result.

IfR(1)>0,R(I+m)>0,R(g+p-m+n-)>-2, R(g-p-m+n-1)> -1, Rm-q)> -

J’w (/\ - 1)t—1(,\2 - 1)—§¢l Pp—a (A) (A2 - 1)}m Qn_m()‘) dx
1
nitm—a-1
Flg-p)T'(g+p+l)sin(l+m-n)n
I, l+m, q—p, g+p+1: etim
E
N l+m+n+l,l4+m-n,q+1 .
_p(rtLaemilg-p-lomintlgtp-l-min+2:ewin | )
n+2,2-l-m+n,g-l-m+n+2
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