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REAL HYPERSURFACES IN COMPLEX TWO-PLANE
GRASSMANNIANS WITH PARALLEL SHAPE OPERATOR

YOUuNG JIN SuH

In this paper we show that there do not exist any real hypersurfaces in a complex
two dimensional Grassmannians Gz (C"*’) with parallel shape operator.

1. INTRODUCTION

In the geometry of real hypersurfaces in complex space form M, (c) or in quater-
nionic space forms it can be easily checked that there do not exist any real hypersurfaces
with paralle] shape operator A by virture of the equation of Codazzi.

From this point of a view many differential geometers have considered a much
more weaker notion such as a parallel second fundamental form, that is, VA = 0. In
particular, Kimura and Maeda [5] have proved that a real hypersurface M in a complex
projective space CP™ satisfying V¢A = 0 is locally congruent to a real hypersurface
of type Aj, Aa, that is, a tube over a totally geodesic complex submanifold CP* with
radius 0 < r < m/2. The structure vector field £ mentioned above is defined by
£ = ~JN, where J denotes a Kahler structure of CP™ and N a local unit normal
field of M in CP™. Moreover, in a class of Hopf hypersurfaces Kimura [4] has asserted
that there do not exist any real hypersurfaces with parallel Ricci tensor, that is V.S = 0,
where S denotes the Ricci tensor of a real hypersurface M in CP™.

On the other hand, in a quaternionic projective space @P™ Pérez [6] has considered
the notion of V¢, A =0, i =1,2,3, for real hypersurfaces in QP™ and proved that M
is locally congruent to a hypersurface of A;, A;-type, that is, a tube over QP* with
radius 0 < r < m/4. The almost contact structure vector fields {&;, &2, &3} are defined
by & = —JiN, i =1,2,3, where J; denotes a quaternionic Kahler structure of QP™
and N a unit normal field of M in QP™. Moreover, Pérez and the present author {7]
have considered the notion of V¢, R = 0, 1 = 1,2,3, where R denotes the curvature
tensor of a real hypersurface M in QP™, and proved that M is locally congruent to a
tube of radius 7/4 over QPF. '
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Now let us denote by G2(C™*2) the set of all complex 2-dimensional linear sub-
space of C™*2, Then the situation mentioned above is not so simple if we consider a
real hypersurface in such a 2-dimensional complex Grassmannian G,(C™+2).

In this paper we study the analogous question in the complex Grassmann man-
ifold G2(C™*?) of all two-dimensional linear subspaces in C™*2. This Riemannian
symmetric space has a remarkable geometrical structure. It is the unique compact ir-
reducible Riemannian manifold being equipped with both a Kihler structure J and a
quaternionic Kéhler structure J not containing J. In other words, G2(C™*2) is the
unique compact, irreducible, Kéhler, quaternionic Kidhler manifold which is not a hy-
perkahler manifold. So, in G2(C™*2) we have the two natural geometrical conditions
for real hypersurfaces that [£] = Span{¢} or Dt = Span{&;,£2,£3} is invariant under
the shape operator. From such a view point Berndt and the present author [2] have
proved the following.

THEOREM A. Let M be a connected real hypersurface in G2(C™*?), m > 3.
Then both [£] and D+ are invariant under the shape operator of M if and only if

(1) M is an open part of a tube around a totally geodesic Go(C™*!) in
G2 (Cm+2) , Or

(2) m iseven, say m = 2n, and M is an open part of a tube around a totally
geodesic HP™ in G3(C™*?).

In the proof of Theorem A we have proved that the one-dimensional distribution
[€] is contained in either the 3-dimensional distribution D+ or in the orthogonal com-
plement D such that T, M = D®DL. The case (2) in Theorem A is just the case that
the one dimensional distribution [£] is contained in D+. Of course it is not difficult to
check that the second fundamental form of any real hypersurfaces given in Theorem A is
not parallel. Then it must be natural question to know that whether real hypersurfaces
in G2(C™*+?2) whose second fundamental form is parallel can exist or not?

The main result of this paper is to prove the non-existence of all real hypersurfaces
in G2(C™*?) with parallel second fundamental tensor in the following theorem.

THEOREM. There do not exist any real hypersurface M in G2(C™*?) with par-
allel second fundamental form, that is, VA = 0.

In Section 2 we recall the Riemannian geometry of two dimensional complex Grass-
mannian Ga (C’"+2), and in Section 3 we shall show some fundamental properties of
real hypersurfaces in G2(C™*2). The equation of Codazzi will be proved explicitly in
this section. In Section 4 we will give a complete proof of the main Theorem given in
the introduction.

The proof of our main Theorem also works for the more general case of Codazzi
hypersurfaces, that is, for hypersurfaces whose shape operator is a Codazzi tensor,
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which means that the covariant derivative of the shape operator is symmetric in all its
variables.

2. RIEMANNIAN GEOMETRY OF G2(C™*?)

In this section we summarise basic material about G2 (C™+2), for details we refer
to [1, 2, 3). By G2(C™*2%) we denote the set of all complex two-dimensional linear
subspaces in C™*+2. The special unitary group G = SU(m + 2) acts transitively on
G2(C™+?) with stabiliser isomorphic to K = S(U(2) x U(m)) C G. Then G,(C™*?)
can be identified with the homogeneous space G/K , which we equip with the unique
analytic structure for which the natural action of G on G2(C™*2) becomes analytic.
Denote by g and € the Lie algebra of G and K, respectively, and by m the orthog-
onal complement of € in g with respect to the Cartan-Killing form B of g. Then
g = £®m is an Ad(K)-invariant reductive decomposition of g. We put o = eK
and identify T,G2(C™*?) with m in the usual manner. Since B is negative defi-
nite on g, its negative restricted to m x m yields a positive definite inner product on
m. By Ad(K)-invariance of B this inner product can be extended to a G-invariant
Riemannian metric g on G2(C™+2). In this way G2(C™*2) becomes a Riemannian
homogeneous space, even a Riemannian symmetric space. For computational reasons
we normalise g such that the maximal sectional curvature of (G2(C™*?),g) is eight.
Since G2(C?) is isometric to the three-dimensional complex projective space CP? with
constant holomorphic sectional curvature eight we shall assume m > 2 from now on.
Note that the isomorphism Spin(6) ~ SU(4) yields an isometry between G3(C*) and
the real Grassmann manifold G§ (R®) of oriented two-dimensional linear subspaces of
RS.

The Lie algebra £ has the direct sum decomposition ¢ = su(m) @ su(2) ®R, where
R is the centre of t. Viewing € as the holonomy algebra of G2(C™*?), the centre R
induces a Kahler structure J and the su(2)-part a quaternionic Kahler structure J on
G2 (Cm+2). If J; is any almost Hermitian structure in J, then JJ; = J;J, and JJ, is
a symmetric endomorphism with (JJ;)? = I and tr(JJ;) = 0. This fact will be used
frequently throughout this paper.

A canonical local basis Jq,J2,J3 of J consists of three local almost Hermitian
structures J, in J such that J,J,+1 = Juyo = —Jp+1J,, where the index is taken
module three. Since J is parallel with respect to the Riemannian connection V of
(G2(C™+2),g), there exist for any canonical local basis Jy,Ja,J3 of J three local
one-forms ¢, ¢z, g3 such that

VxJdy = qu42(X) o1 — 41(X) g2

for all vector fields X on G(C™*2). Also this fact will be used frequently.
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Let p € Go(C™*?) and W a subspace of T,G2(C™*?). We say that W is a
quaternionic subspace of T,G2(C™*+2) if JW C W for all J € J,. And we say that W
is a totally complex subspace of T,G2 (C"‘+2) if there exists a one-dimensional subspace
U of Jp such that JW C W forall J €Y and JW LW forall J € U+ C Jp- Here,
the orthogonal complement of U in J, is taken with respect to the bundle metric
and orientation on J for which any local oriented orthonormal frame field of J is a
canonical local basis of J. A quaternionic (respectively, totally complex) submanifold
of G2(C™*?) is a submanifold all of whose tangent spaces are quaternionic (respectively,
totally complex) subspaces of the corresponding tangent spaces of G2 (C’"“) .

The Riemannian curvature tensor R of G2(C™*?) is locally given by

R(X,Y)Z = g(Y, 2)X — g(X, 2)Y + g(JY, Z)JX — g(JX,2Z)JY — 29(JX,Y)JZ

3
+ Y {9(LY, 2)1.X - g(J,X,2)J,Y - 29(J.X,Y)J, Z}

v=1

3
+ > {9(JIY,2)L,IX - g(J,JX,2)],IY},

v=1

where Jy, Ja, J3 is any canonical local basis of J.

3. REAL HYPERSURFACES IN G,(C™*2)

Let M be a real hypersurface of G2(C™+2), that is, a hypersurface of G»(C™+2%)
with real codimension one. The induced Riemannian metric on M will also be denoted
by g, and V denotes the Riemannian connection of (M,g). We denote by § and D
the maximal complex and quaternionic subbundle of the tangent bundle TM of M,
respectively. Let IV be a local unit normal field of M and A the shape operator of
M with respect to N. The Kahler structure J of G2(C™*?) induces on M a local
almost contact metric structure {(¢,£,n,9), where ¢X is the tangential component of
JX, £ = —JN,and n(X) = g(X,€). Furthermore, let Jy, J2,J3 be a canonical local
basis of J. Then each J,, induces a local almost contact metric structure (¢,,€,,7,9)
on M. Locally, $ is the orthogonal complement in TM of the span of £, and D is
the orthogonal complement of D+ = Span{¢;, &;,£3} in TM.

We shall now derive some basic equations involving the elements in these almost
contact metric structures. First of all, from the identity J2 = —I we get forall X € TM

—X = J?X = J(¢X +n(X)N) = J¢X — n(X)€ = 6°X +n(¢X)N — n(X)E .

The tangential and normal component of this equation imply
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LEMMA 3.1. Forall X € TM we have
$*X = -X +n(X)¢ and n(¢X)=0.
Next, we have
JILX = J(¢VX + "TV(X)N) =J¢, X — Tlu(X)é
= ¢p, X + n(¢uX)N - nu(X)§
and
JJX = Ju(¢X + n(X)N) = J,¢X — n(X)&
= ¢, X + 77u(¢X)N - U(X)ﬁu .

The tangential and normal component of the identity JJ, = J,J therefore gives

LEMMA 3.2. Forall X €e TM we have
o0 X — P X = nu(X)£ - T](X){,, and "7u(¢X) = n(¢VX) .

From the second equation in Lemma 3.2 we get

g(q&u{,X) = _g(£’¢UX) = _n(¢VX) = _T’V(¢X) = —g(élh ¢X) = g(¢§llsX) )

and hence we assert

COROLLARY 3.1.

¢ = @&y .

Next, we have

Jodvi1 X = (@41 X + 1 41(X)N)
= ¢u¢u+1X + "7u(¢u+1X)N - 77u+1(X)€u

and

- ,,_,_IJ,,X = - u+1(¢UX + nV(X)N)
= _¢u+1¢uX - 77u+1(¢vX)N + ﬂu(X)£u+1 .

Since
Joy2X = ui2X + 2 X)N

the tangential and normal components of
JVJV+1 = Ju+2 = - u+1Ju

imply the following
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LEMMA 3.3. Forall X € TM we have

¢V¢u+1X - 7],,+1(X)5,, = ¢u+2X = _¢V+1¢VX + nV(X)€V+1

and
77u(¢u+1X) = "7u+2(X) = _77u+1(¢uX) .

Putting X = £, and X = £, into the first equation of Lemma 3.3 yields
COROLLARY 3.2. We have
dv2é = &1 and ¢yp2641 =& .

We now investigate what the Kihler condition VJ = 0 tells us. First, using the
Gauss formula we get

Vx(JY)=JVxY =JVxY +g(AX,Y)JN
=¢VxY +n(VxY)N — g(AX,Y)E .
On the other hand, using the Weingarten formula, we obtain
Vx(JY) = Vx(¢Y) + Vx(n(Y)N)
=Vx(¢Y) — g(¢AX,Y)N + (X - n(Y))N — n(Y)AX .

Comparing the tangential and normal components of the previous two equations leads
to

LEMMA 3.4. Forall X,Y € TM we have
(Vx8)Y =n(Y)AX - g(AX,Y)¢

and
(Vxn)Y =g(¢AX.Y) .

From the second equation in Lemma 3.4 we derive
9(Vx&Y) =X 9(§,Y) - g(§, VxY) = X - n(Y) - n(VxY) = g(¢AX,Y) ,
and hence
COROLLARY 3.3. Forall X € TM we have
Vx€=¢pAX .

In addition to these equalities we have the well-known equations of Gauss and
Codazzi. For us only the Codazzi equation will be relevant. Using the explicit expression
for the Riemannian curvature tensor B of G2(C™*+2) the Codazzi equation takes the
following form.
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LEMMA 3.5. Forall X,Y € TM we have
(VxA)YY — (VyA)X = n(X)eY — n(Y)$X — 29(¢X,Y )¢

3
+3 " {m (XY — m(Y)b X - 29(6u X, Y)E,}

v=1

3
+ 3 {0 (6X)4 Y — n(8Y)$,6X

v=1

+Z{n ) (8Y) — n(Y)m($X)}E, -

4. PROOF OF THE MAIN THEOREM

In this section let us use the same notation as in Section 3. In order to prove our
theorem we shall use some basic formulas derived from the Codazzi equation for a real
hypersurface M in G,(C™+2).

From the expression for the Riemannian curvature tensor R of G2(C™*?) we have
derived the Codazzi equation given in Lemma 3.5. If the shape operator A of M is
parallel, then the equation of Codazzi implies '

0=n(X)pY — n(Y)$X —29(¢X,Y)§

3
+ 3 (W (X)eY —n(Y)o X - 29(6, X, Y)E }

v=1

3
+ 2_{m(8X)$,9Y ~ n(9Y)9u X}

+Z{n )7, (6Y) — 0(Y ) (6X) }E..

Putting X = £, then we have

3 3
42)  0=¢Y +> {n(OdY - m(Y)ht - 20(bE, V)6 + D _m(dY)Es

v=1 v=1

From this, taking an inner product with £, we have

3 217,, ¢,,Y {) + Znu ¢Y)"7u(€) =0.
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This gives

3
(4'3) ZUU(E)UV(¢Y) =0.

v=1

Here let us replace Y by ¢Y in (1.3). Then by Lemma 3.1 we have for any YD

> m(@™n(Y) =0,

where D1 = Span{¢1,£2,£&3}. From this we can consider the following two cases:

If 7(Y)#0 for some Y €D, then 7n,{¢) = 0 for any v = 1,2,3. This gives £€D,
that is, £ is orthogonal to &1,&2,&3.

If n(Y) =0 for any Y€D, then (€. Thus we summarise this fact as follows:

PROPOSITION 4.1. Let M be a real hypersurface in G2(C™*?) satisfying
VA =0, then (€D or £€DL.

CAstE I. Let £€®. Now let us show that this case can not occur. Then the formula
(4.1) with X = £€D implies

(4.4) 0=0Y — > {n(Y)ht+29(0,Y)E} + D nu(8Y)E,

for any Y €T, M. From this, putting ¥ = £, , we have

3
Z 9(o.€, §u)£u =0.

v=1
From this and together with taking an inner product (4.4) with £, , we have
3
0=nu(¢Y) =2 g($u&,Y)duy + nu(4Y) = 4, (oY)
v=1

So by putting Y = ¢€,, 7,(#?¢,) = 0 implies a contradiction.

Case II. Let (€1 = Span{£),£2,€3}. Then there exists a quaternionic Kaehler
structure J;€J such that /1N = JN. »

Now let us put £ = ;. Then by Lemmas 3.1, 3.2 and 3.3 and Corollaries 3.1 and
3.2 we know the following

(4.5) @&z = $2€ = $261 = —&, €3 = ¢3€ = $3€1 = &a.
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Here let us put § = §;. Bearing this in mind, taking an inner product (4.1) with £, we
have

0=-29(¢X,Y) + { — 29(6:1 X,Y) + 72(X)g($2Y, €)
- n2(Y)g(¢2X,€) + n3(X)g(#3Y, £) — ma(Y)g(¢3X,€)}
+ 12(9X)1($28Y ) — 12(SY ) (b2 X) + 13(8X)n(30Y)
= n3(oY)n(¢34X).

(4.6)

On the other hand, by using the formulas in (4.5) we know that

n2(9X) = 9(2, 6X) = —g(2, X) = n3(X),
n3(¢X) = 9(&3, 9X) = —g(#€3, X) = —m2(X),
N(¢28Y) = g(§, $29Y) = —g(d2£1,¢Y) = —12(Y)

and

n($3dY) = g(§, $38Y) = —g($361,8Y) = —ma(Y).

Substituting these formulas into (4.6) and also using the formula given in (4.5), we have

(4.7)  —29(¢X,Y) + {-29(1 X, Y) + n2(X)m2(Y) — m2(Y)m2(6X) }
+ {m3(X)n3(8Y) — ma(Y)na(6X) } + 2m2(X)ms(Y) — 2m2(Y )na(X) = 0.

From this, putting X = & and Y = £3 and also using the formulas in (4.5), we have

112(€2)n2(0€3) — n3(Ea)ma(€2) + 2m2(E2)m3(€3) = m2(€2)” + m3(&3)” + 2ma(E2)ma(€a) = O.

This makes a contradiction. So we are able to assert the complete proof of our Main
Theorem given in the introduction. 0
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