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Abstract

We propose and analyze the spectral collocation approximation for the partial integro-
differential equations with a weakly singular kernel. The space discretization is based on
the pseudo-spectral method, which is a collocation method at the Gauss-Lobatto quadrature
points. We prove unconditional stability and obtain the optimal error bounds which depend
on the time step, the degree of polynomial and the Sobolev regularity of the solution.

1. Introduction

Let 2 be a rectangular domain in R? with boundary 3% (typically Q = (-1, 1)?), and
let T € R satisfy 0 < T < oo. We shall consider spectral methods for the following
integro-differential equation with a weakly singular kernel:

u, — Au = / K@ —s)B(t,5)u(s)ds + f(x, 1), (x,1) €e 2 x (0, T],
0

u=20 ond2, >0,
u(-,0) = ug in €, (1.1

where B(t,s) is a general partial differential operator of second order with smooth
coefficients

2 2

d d d

B, S) = — — b (x,t,8)— } + bi;(x,t,s)— + bo(x,t,5)] (1.2)
l; axj o 3x,- jz=]: Y 3xj 0
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(2] Spectral collocation methods for a partial integro-differential equation 409
and K is a weakly singular kernel such that
K| < Ct™ with O0<u<1, fort>0.

Further, throughout this paper, we shall assume that f is sufficiently smooth.

Partial integro-differential equations of this nature appear in applications such as
heat conduction in materials with memory, population dynamics, viscoelasticity and
theory of nuclear reactors (see the introduction in Yanik and Fairweather [13], where
references to studies of existence, uniqueness and regularity are also given).

For a numerical solution of (1.1), both the finite element and finite difference
methods have been considered by several authors. Thomée and Zhang [12], Chen et
al. [5] and Pani et al. [9, 10] have derived optimal error estimates both for semidiscrete
and fully discrete finite elements and finite difference methods. In this paper, we
propose and analyze the spectral collocation approximation for the partial integro-
differential equations with a weakly singular kernel.

Spectral methods are classical and widely used techniques to solve differential
equations, both theoretically and numerically. These methods appear to be competitive
with both the finite difference methods and the finite element methods. They must
be decisively preferred to the latter whenever the solution is highly regular and the
geometric dimension of the domain becomes large. Moreover, by these methods,
it is possible to control easily the solution of those numerical problems affected
by oscillation and instability phenomena. The use of spectral and pseudo-spectral
methods in computations for many fields of engineering has been matched by deeper
theoretical studies [3, 6]. Recently, spectral methods have been studied by variational
techniques, to point out the dependence of the approximation error (for instance
in the L2-norm, or in the energy norm) on the regularity of the solution and the
discretization parameter. Indeed, often the solution is not infinitely differentiable
(see Canuto and Quarteroni [4]). Spectral methods involve expansions in the basis
of polynomials (or trigonometric polynomials) that are orthogonal with respect to
a weighted measure. The popularly used basis is either the family of Legendre
polynomials or the family of Chebyshev polynomials. In practice, spectral methods
are implemented via collocation techniques, which are discretizing methods involving
Gauss-type quadrature nodes. Particularly in the Chebyshev case, the use of the fast
Fourier transforms allows a less expensive computation time for the derivatives and
the nonlinear terms. The aim of this paper is the numerical analysis of the collocation
methods at the Gauss-Lobatto nodes including Legendre and Chebyshev nodes, for
some kinds of partial integro-differential equations in the square (—1, 1)2.

An outline of this paper is as follows. In Section 2, we first introduce the weighted
Sobolev spaces on a square associated with the Jacobi weighted measure. We define
several projection operators from weighted spaces onto the space of polynomials with
degree less than an integer N. Section 3 is related to the approximation of (1.1) by the
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Galerkin spectral method and the Ritz-Volterra projection. As has been emphasized in
the literature, this method allows one to achieve high accuracy for smooth solutions. In
Section 4, we establish stability and convergence of the collocation method for (1.1).
Finally in Section 5, the pseudo-spectral solution is advanced in the time direction by
using the backward difference method.

2. Preliminaries

We introduce some definitions and recall some basic results which will be used
throughout the paper. We first introduce the weighted Sobolev spaces on the square
associated with the Jacobi weighted measure. For any x = (x|, x;) € 2, we set
We(x) = (1 — x)*(1 — x2)*, where —1 < a < 1. We define

L ()= {v : © — R measurable; / v (X)w, (X) dX < +oo} ,
Q
which is a Hilbert space for the scalar product

(u, v),, = / u(X)v(x)w, (x) dx.
Q

For any integer m > 0, the weighted Sobolev space is defined by

gr+e

Hy (Q) = {v €Ll (Q); D e L2 (D), (p.g) e N:, p+q < m} ,

ax} dx7

which is equipped with the norm

ar+ay\?
lvlm.w.0 = / (-——) wy (X) dx
Qp;m dx{x3

and with the semi-norm

[Vl = (fﬂ )

pHq=m

172

5 172
Lan kY

(m) wa(x) dx) .

For a real number s > O which is not an integer, the Hilbert space H; (£2) is defined

by interpolation between Hlffa] () and H‘L‘:*‘ where [s] is the integer part of s, and its

norm is denoted by | - ||;.»,.o. We denote by H;, ,(£2) the closure in H; () of the

space D(£2) of all functions of C* having a compact support in 2. Whenever there

is no confusion, we drop the subscript 2 from || - ||z, .@ and (-, -);.u, .o- Throughout
this paper, we denote by C generic constants independent of N.
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4] Spectral collocation methods for a partial integro-differential equation 411

We set
Ay, (u,v) = / Vu - V(vw,) dx forany u,v € Hul),,(Q)' 2.1
Q

A complete study of the properties of the bilinear form A, (-, -) has been done in
[1] for one or two-dimensional problems. We report hereafter some results of this
analysis. There exists a positive constant S such that

Ay, (u, v)| < BliVull,, I Vull,, forany u, v € H, (Q). 2.2)
Moreover, for any v € H,, (£2), there exists a constant ¢ > 0 such that
|Au, (v, )] = | VI3, .
We also recall the Poincaré inequality
38 >0:||v)ly, £8IVVlly, forany v € HJ,“.O(Q),
by which we deduce that A, (-, -) is coercive, namely

dc>0: A, v) =clvl},  forallveH, (). (23)

Foraninteger N > 0, weset Py = ﬂi’N X ﬂ-’N, where [ﬁ’N is the space of the polynomials
of degree N in single variables. Further, we set P% (2) = {p € Py|p(x) = 0 on 3Q}.

For our work, we require some spectral projection operators. First define the
orthogonal projection operator Py : L2 + P (2) by

(v — Pyv, ¢)u, =0, Vo € PS().
The projection error is estimated as follows (see [1, 4]):
lv = Pyvllu, < CN"|Vllo.w,, Yve H, (), o>0.
We define the Ritz projection operator Iy : H,,  — P%(R2) by

A,, (v —T,v,¢) =0, Vo € PX(Q). 2.4)

The error estimate of the Ritz projection can be found in [1, 2]: forall v € HZ (2) N
Hu‘;,.o(Q) withO<pu <o,0>1

v = My vlluw, < CNO 0]y, (2.5)

wheree(u) = puifu <lande(u) =2u —1if u > 1.
We shall need the following two lemmas from [5].
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LEMMA 1 (Chen et al. [S]). Assume that y is a nonnegative functionin L,(0, T) which
satisfies

y@) < b(t)+ ﬁ/ (t—5)"y(s)ds for 0<t<T,
0

where b(t) > 0, B > 0. Then there is a positive constant Cy such that

y(t) <b(@) + Cr/ t—5)"b(s)ds for 0<t<T.
0

LEMMA 2 (Chen et al. [5]). Let K € L (0, T). Then for each € > Q there is a positive
constant C, = C (|| K ||, ©0.7)) such that

T t
[ f Kt —s)fs)f@dsdt
0 0

T T t
sef f(t)zdt+C€/ |K(t—s)|f f(s)dsdt.
0 0 0

3. Stability and convergence

Both spectral and pseudo-spectral methods are essentially the Ritz- Galerkin meth-
ods (combined with some integration formula in the pseudo-spectral case). It is well
known that, when Galerkin methods are used, the distance between the exact and the
discrete solution (approximation error) is bounded by the distance between the exact
solution and its orthogonal projection upon the subspace (projection error), or by the
distance between the exact solution and its interpolated polynomial at some suitable
points (interpolation error).

In this section, problem (1.1) is discretized only in the space variable. We consider
the semidiscrete problem of finding the following semidiscrete approximation uy(2) :
[0, 00) > P% () such that

(uN,v X)w. + Awq(qu X)

- f Kt = $)Bu, (un(5), X)ds + (£ x)us  Vx € P,
0

un(0) = Pnuy,
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where A, (-, ) is the bilinear form on H' ,.0(§2) defined by (2.1) and
B, (u,v) = B, (t,s;u,v)

du o <) 1
f(Zb.,o:, e (;’;” )w 3.1)
j o

i

+ Zl:bj(x, t, s)a—;jv + bo(x,t, s)uv) w,(X)dx,Vu,v € H.La,o(g)-
]=

We shall assume that there is a unique generalized solution of (1.1) satisfying the
following regularity conditions.

#1:ueC(0,T); H, NH, o),u, € C(0,TL; L2 )NL'(©, T); H NH, o),
uy € L'((0, T L, o).
R2:ueZINL(0,T]; H) NH, o), u, €L'([0,T]; H}), for some o > 2.

Chen et al. [5] have examined the theoretical question of existence and uniqueness
where the regularity condition Z1 applies with B independent of z. Problem (1.1) has
limited regularity due to the weakly singular kernel, and there may be some restriction
on o. Under the regularity assumption #2, foreach T > Oand —1 < o < 0, we
shall obtain the following error estimate for the spectral approximation of (1.1):

!
lun (@) — u(@®)ly, < CrN~° {lluolla,w,, +f llu: 6., dS} fort <T.
0
First we consider the stability of the semidiscrete scheme (3.1).

THEOREM 1. Let uy be the solution of (3.1). Then there exists a positive constant Cr
such that

lun@llw, = Cr [”uN(O)”w,, +/ I (), dS} ., te(0,T]
0

PROOF. Taking x to be uy(¢) from (3.1), then by the coerciveness of A,, (-, ), we
have

1d
5 7 v OIG, +cllun I,

=C {Ilf(t)llw., leen ()], +/ |K(t = s)lun ()i, lun @ w, dS} .
0

Integrating with respect to ¢ and applying Lemma 2 with suitable ¢, we obtain

llun @I, I +f0 lun I, ds < C {IIuN(O)IIf,,a +/ ILf ) llw, New () lw, ds
0

+/ (t-—s)"‘/ "“N(T)”%.w, d‘(ds}.
0 0
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It follows from Lemma 1 that

len DI, +f0 ()N, ds <C (IIMN(O)IIw, +f If () lw, dS) sup [[un ($)|w, -
0

s<t

Taking the supremum in both sides with respect to ¢, we have

s<t

Nun (@ llw, < supllun(sHll, < Cr {IIuN(O)IIw" +/ ILf (), dS} .
0

We now introduce, following [7], the Ritz-Volterra projection operator Vy, defined
for an appropriately smooth function « by

Ay, ((Vyu —u)(®), x)

!
= / K(t — 5)By, (Viu — u)(s), x)ds, Vx € P%(Q),1>0. (3.2)
0
We have the following error estimate for the Ritz- Volterra projection.

LEMMA 3. Let —1 < a < 0 and assume that u € HJ () N H, () and that the
second-order partial differential operator B has smooth coefficients. Then we have
for the Ritz-Volterra projection operator V; that

1
I(Vyu — u)(@©)llw, + NII(V,'Gu — ) l1.w,

t
< CN77sup lu(s)llow, < CN™7 ("uolla.wa +f llt: (5) lo.we dS) -
0

s<t

PROOF. Let p = VJu — u and Iy be the Ritz projection defined by (2.4). From (2.5)
we obtain

1
1y = ) () llw, + 1Ty — WOlhw, < CNNuOllow,- (3.3

Using the definition of the Ritz-Volterra projection and the coerciveness of bilinear
form A,, (-, -), we have that with¢ > 0

cll(Vyu = Dyu) O, < Au,(Vyu = TIyu) (@), (Viu — TLu) (1))

law, —

= Ay, (p(t), (Vu — Tyu)(0))

- / K(t — )Bu, (0(5), (Vau — Tlyu)(t) ds
0

< CIVEu = Ty ()1, f (t =) 1) 1.0, ds
0
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and hence
NI w, < ITyu —u)(Ol1w, + C/ =) lpHh v, ds.
0

Lemma | implies

Hohw, < Crsup l[(Tyu —u)($) | v,

s<t

S C‘TIVI_U Sup ”u(s)”a.w,,

H
<CN'™ (”UOHG.wL, +/ llt: () lo.w, dS) :
0

We next turn to the L, estimate. By duality arguments, it is well known that for
any ¢ € L2, (%),

|® —Myell,, = sup /(¢ — Myg)(X) x (X)w, (x) dx.
Q

1x lhe =1

For any given function g with |lg||,, = 1, we denote by ¢ the solution of the Dirichlet
problem

—Ap = gw, in £2,
¢=0 on 4%2.

Since gw, is in Lf/wn(Q), Theorem 3.1 of [1] implies that ¢ belongs to le/w, N

H|,,. o() and satisfies
lellzi1/w, < Clighs, = C.

Letting ¥ = ¢/w, foreach g € Lﬁ)u(Q) with ||g|l.,, = 1, we have for xy € IP%(Q),
fp(x,t)gwa(X)dX= —/ p (X, ) A(Yw,) dx
Q Q

= Au (0(), ¥) (3.4)
= Ay, (o), ¥ — xn) + Ay, (0(), Xn),

and
A, (p(), xn) = / K(t —s5)B,, (p(s), xn)ds
0

- f Kt = $){Bu, (0(5). X — ¥) 3.5)
0

+ (p(s), B*(Yw,)/wa)w, } ds.
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Thus we have

f p(X, 1)gWe(X) dX = C sup [19(5) 10| (¥ — x)Welr 1/,
Q

e f (t =) 11p(5)llu, ds. 3.6)
0

Furthermore, due to Lemma 4.7 of [1], for —1 < a < 0 and for any function ¥ w, in
H}, (@) N H/, (), we canchoose xy € P} (£2) so that

(¥ — XM Wali17we < CN7'@ll2.1/u, -

Hence, applying Lemma 1 to (3.6), we obtain

lollw, <= CNsup [lu(s)llo.u,

s<t
r
<CN= {nuon,,.wa + f ity (5o, ds},
0
which completes the proof.

We also need the following estimate for the time derivative of the error in the
Ritz-Volterra projection.

LEMMA 4. Under the assumptions of Lemma 3, we have, for p = Viu — u,

1 l B t
/ (up,nw, + —np,n,.w,,) ds < CN™ {||uo||a.,v, + / 14205 o, ds}.
A N A

PROOF. We can rewrite the Ritz-Volterra projection of the form

Au, (p(D), XN) = fo' K(s)By, (1,1 —5;p(t —5), xw)ds, Vxn € PY(SQ).
By differentiation with respect to ¢, we obtain that for all yy € P% (),
Ay, (0(1), xn) = K(1)B,, (1,0; p(0), xn)
+ ‘/0’ K(s)‘%Bwn(t,t —s5;p(t —5), xy) ds. 3.7
Let 8 be (Viu — I,u),. Then withc > 0

O, < Aw, (ViU —u),, 6)
< Ct#lpOhw, - 1611w,

+ ClOl 1, / @ = ) Uo S s + 1201y .
0
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Hence, we have

6@ lhw, < Ct7™*lpO)lw, + Cf ¢ =) WMo 1w, + lor($)lhw,) ds
0

or

1o w, < Ct78MP O, + I TIwtte — )y,

t
+ Csupllp() i, + C / & = )10, 1.0, ds
0

s<t
<CN™'™ (I’“Iluolla.wa + llur () llo.w, + sup llu(S)IIa.w.,)
s<t
1
+€ [(€= 9 106Vl d.
0
Integrating with respect to ¢ and applying Lemma 1, we have

! !
/ 0:(5) 1., ds < CN'™° (||uo||a.w,, +/ et (o0, ds) -
0 0

We now turn to the Li,, estimate. Putting p, instead of p in (3.4), with the notation
of Lemma 3, and using (3.7), we obtain

(0 (1), 8w, = Au, (0:(), ¥) = Ay, (0, (1), ¥ — xn) + Ay, (0: (1), XN)
= Ay, (0 (1), ¥ — xn)
+ K (1) { B, (1, 0; p(0), xy — ¥)+(p(0), B*(t, 0)(¥ Wa) / We e |

! d
+/ K(S){d—Bw,,(t, t—s;p(—=5), xv —¥)
o t
d
+ E(p(t —5), B*(t,t — 5)(Ywa)/wa)w, { ds.

Taking suitable xy € [P’?V(Q) as in Lemma 3, we see that

1
o, < C{N"pt(t)nl.w., + 1 (N e O) v, + 10O, )
! 1
+[ (t—s5)™" (ﬁ (1o: M, + 10 10,)
0

+1o(s), + ||p,(s)||,,,a) dsl
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<CN™* {lluolla.w., + 17 ||uollg.w, + sup IIu(S)Ila.w,]

1 ! - !
+o / = )10 |1, ds + C / (¢ = )10 ()1, ds.
0 0

Integrating with respect to ¢ and applying Lemma 1, we have

t 1 i
/ o () lw, ds < CN™° {"uo”a.wa + sup llu(S)Ha.w.,} + CN/ o (1., ds.
0 0

s<t

Thus we complete the proof from Lemma 3.

THEOREM 2. Let —1 < « < 0 andassume that the solution u of problem (1.1) satisfies
the regularity assumption 22 and that uy(0) = Pyuy is chosen so that

luw(0) — uollw, < CN"lluollo.uw,-

Then, for each T > 0, there is a positive constant Cy such that the solutions of (1.1)
and (3.1) satisfy

t
lun () — u(@llw, < CrN~° (”uOHU.w., +/ et oo, dS> for t<T.
0

PROOF. We write
uy —u = (uy—Vyu) + (Vyu —u) =6 +p.

Lemma 3 immediately gives the desired estimate for p, so it remains to bound 6.
From our definitions, we directly have that

@ X, + A, 6, x) = / K (= 5)Bu, 0(5), ) ds — (01 x)wss  Vx € PL(SD).
0

Applying the stability result of Theorem 1 with uy = 6 and f = —p,, we obtain

10w, < Cr [II9(0)II.U, +/ Il 2 (), ds} ; 1€ (0,71
0

Hence, using Lemma 4 and noting VJu(0) = Iyuy, that is, 6(0) = 0, we have

t
16w, < CrN~° (Iluollo.wa +/ et llo.w, dt) :
0

This completes the proof of the desired estimate for 6, and thus the theorem follows.
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4. Semidiscrete collocation method

In this section, we discuss the spatial discretization based on the spectral collocation
methods with Jacobi weights for —1 < o < 0. Let £*’s be the nodes of the Gauss-
Lobatto integration formula of degree N relative to the Jacobi weight w (&) = (1—&2)°
and w the corresponding weight at £*. Then, we see that

1 N
/ pEBE) dE = pEw?  forany p € Py, @.1)
-1 =0

We define the interpolation operator Iy : C(Q) — Py () by
Inv(x) = v(x7), 0<i,j<N,

where x7; = (§7, ) for0 < i,j < N. For any real u, o such that 0 < p < o,
o > 1, the interpolation error is estimated as follows (see [4]):

v = Invllyw, < CN* Vo, forallv € H] (). 4.2)

Let By be an approximation to the operator B, in which the derivatives are taken via
collocation at the points x{;’s. We have

ByU = By(t, s)U

i (b,,(x,t,s)——) ZIN (b (x,t, s)—)

i j=l

+ IN (bo(xi z, S)U) .

Thus our semidiscrete pseudo-spectral approximation of (1.1) is the following
collocation problem: We look for a mapping U € C'(P%(S2)) such that, for any
te (0, 7),

s)ds + f(x3),

U,(x,f”j) — AU(x,f’j) = / K@t —s)Buy(t, s)U(xU,
0
1<i,j<N-1,
Ug)) =Uxg) =0

U(xj}, 0) = uo(x)), 0<i,j<N. 4.3)

ij*

We now define a discrete inner product:

N
@ ¥Iv = D SEDVEDIww?, Vo, ¥ € CUR).

i.j=0
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By (4.1) it follows that

(@, ¥In = (P, Vu,» Vo, ¥ 1@y € Pavi ().
Moreover,

(@, ¥In = nd, ¥)n, Vo, ¥ € COQ). 4.4)

Thus, (4.3) can be rewritten as

Wi, ¢)n +an(U, ¢) = / K(t = $)BL(U(s), d)ds + (f, dIn, Vo € PO(Q),
0 4.5)
where ay (¢, ¥) = (V, V(Y w,)/w,)y for any ¢, ¥ € P () and

2 3 A(w,) 1 2
B+N@ =) (IN (bff-a—%), (a‘”j’ )w—) +3 (IN ( )5 ) w)
i 9] « j J N

ij=1 —

+ Un(bod), YIn, Vb, ¥ € PR().

The discrete norm
Iglly = 4. #)n", Vo e COQ)
is equivalent to the L2, -norm, namely

lollw, < lDlly < 21¢llw,, V¢ € Py(R) 4.6)

(see [3]). It has been proved (see [3]) that the bilinear form ay (-, -) is continuous and
coercive over P9 (S2), that is, there exist positive constants c;, ¢, such that

lan (@, ¥)I < clllVolin IV i, Vé, ¥ € P ()
and
an(p. ) = allVly. Ve € PL(SQ).
Finally, for any v € C°(R), we define E (v) by

(E(v), ¢) = (v, d)v — (v, P, Vo € C'(Q). 4.7

It can be shown (see [1, 3]) that
(E@®), 9)| = Clllv — Pyyvllw, + lv = Invilw, Hidlw, V¢ € Py,

from which, for v € H; ,(£2), we have

I(E@), §)| < CN7|[vllo.w, 1Dl Vo € Py. (4.8)

To analyze the convergence properties of the semidiscrete collocation scheme (4.5),
we require the following error estimates for the collocation operator ax(-, -) and
B3 (-, ).
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LEMMA 5. Let the coefficients of B be sufficiently smooth and V| be the Ritz-Volterra
projection. Then there exists a positive constant C depending on B such that for all

¢ € PL(Q),

lan (Vyu, ¢) — Aw, (Vait, #)| < CN'[[ullow, lI§lln
and

|By (Vyu, v) = By, (Vyu, v)| < CN'™|lullgu, 0]ln-

PROOF. Let u be Vju, and consider for a smooth function b,

(IN (b(x, t,s)g—a> ,¢) - (b(x, t, s)ﬂ,qb) forp € Py(R2). (4.9)
X; N 0x; w

4 1
o

Noting that
du du  du ou ou ou
1 —)=Iy{b|— - — 1 — ) - b— — 4.10
N<b3xi) N( (ax,- 3x,)>+ N<b3xi) bax,- +b8x,- ( )
and using (4.4) and (4.6), we have
ou ou
Iy{b—], -6l — 1},
((e52)-2), - ((5x) d’)wa
90
<{[|I~n|® —u——al
dx; Ox;
]
o|(= (55)-o)|
3x,-
From (4.2), (4.8) and Lemma 3, we obtain
ou ou
In{b—], -\l —),
(= (e57)-2), - (o (52) ¢’)w.,

Furthermore (see [1]), V(vw,)/w, € Py(2) for any v € P, (22) and

ou ou

3x,- 3x,~

) llw,

Wy

< CN'"|lullg.u, 1Pl s, -

V(vw,) 1
<clVull,,  foranyve H, ,($2).

w

Wy

Thus, taking an appropriate function instead of b in (4.9), we complete the proof.
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THEOREM 3. Let —1 < a < 0. Assume that f(x,t) and the coefficients of B in (1.1)
are sufficiently smooth and that the solution u of problem (1.1) satisfies the regularity
assumption #2, u(x,-) € C1(R) and u, € L' ((0, T); C(RQ)). Moreover, assume that
the initial data ug is so smooth that

Il Intto — ttollw, < CN'""|lttoll.u, -

Then, for each T > 0, there is a constant Cy such that for the solutions of (1.1) and
“4.3),

NU@) — u(@)|l,, < CrN'™ {Iluolla.wa +/ llet: Nl o, ds] + Cr/ IECf ()l ds.
0 0

PROOF. Let it = Vu(t) forall t > 0. The u satisfies the variational equation: for all
¢ € PY(RQ),

i, ) + an i, ®) =/ K (i — B2 (i, ¢) ds
0

+f K(t — 5)(B,, (4, 9) — By(u, ¢))ds
0
+ (4, — u, ¢)w, + (E(u,), ¢) 4.11)
+ (aN([i’ ¢) - Awn,(ﬁy ¢)) + (f’ ¢)wa'
Lettinge(r) = U(t) —u+ i —u(t) = 0(t) + p(¢) fort > 0 and comparing (4.5) with
(4.11), we have
6, P)v +an(8,¢) = / K(t —s)By©@,d)ds + (E(f), $)
0
— (i, —ut, @)y, — (E(i,), ¢)
+{Ay, (@, §) — an(u, @)} 4.12)
+/ K(t — s)(B%(t, ¢) — B, (4, ) ds Vo € P ().
0
Rewrite (4.12) as
1 5
6, d)v +an(6, ¢) =/ K@t —s)By0, ¢)ds + Zl.-, Vo € PY(Q).
0 i=1 4.13)

Using (4.8) and the Cauchy-Schwarz inequalities, we can easily obtain the estimates
for I, I and I5 as

L] < NEWDIH@lln, (4.14)
I2] < Cllollow, IPln, (4.15)
1I3] < CN"{lullo.w, Dl (4.16)
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From Lemma 7, we have

|s] = [(E(Viz), V(@we)/wa)| < CN'™ |lullo.u, 191l 4.17)

and

|B (i, @) — By, (@, $)| < CN'"Nlutll g, 19115 (4.18)

Taking ¢ = 6(t) for any ¢ > O in (4.12) and using the estimate (4.14)—(4.18), it
follows that

1d d c
L4 o1 o, <C / (0 = )OI v ds + SIOOIE
2dt o 4

3
C .
+ 2+ CoN*' " sup [l + ZI6 I -
=l st (4.19)

Integrating over ¢, we have

10I2, + ¢ / ne(r>n%_Ndrssup||9(s>nw,,{ne(0>w,+c / 10110, d7
0 0

s<t

+CN"°/ Ilurlla.w,df+C/ IIE(f(S))IIdS} (4.20)
0 0

! s
+ CrN* " sup ||ullgw, + c/ / (t — )76} , dsdr.
0 0

s<t

Applying Lemma 1, we then have

s<t s<t

t
eI, + / 18I}y dT < Cr N7 sup [lull?,, + Crsup ||0||~I||9(0)||~
0]

+ / 1oul . dT + N1 f sl d + / nE(f(s»nds]. @.21)
0 0 0

Noting that |6 (0) ||y = [ITIyuo— Intollw, < CN'~7|lug|l,-1.., and applying Lemma 3
and Lemma 4, we obtain

t !
||0(I)I|N S CTNl_a {"“o“a.w., +[ ”ul”o.w,, dT} + CT/ “E(f(S))" dS.
0 0
Now, using the triangle inequality

(@) = UOllw, < @) —a@llw, + 16w, fort=0

and by Theorem 2, we complete the proof.
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5. Full discretization schemes

The semidiscrete approximation (4.3) gives a system of ordinary differential equa-

tions in the time variable. Let # > 0 be a time step, and let U" € IP‘,)V(Q) be the

approximation of the exact solution of (1.1) at time ¢, = nh. The time discretization
considered will be based on the backward difference quotient

dU" = (U"-U"")/h.
For the integral term we use the product integration: we approximate ¢ in

(@) = / "K(t, - )b (s) ds
0

by piecewise constant function taking the value ¢/ (= ¢(#;)) in (¢, t;1,) and thus we
write the quadrature for J,(¢) as

0.($) = Zl / " K- ) ds = ; kn (1),
where “ . -
K = ./, | K(s)ds.
For any ¢ € C'[0, T}, we can easily sjl—low that
€@ = 104(@) ~ Jn@)] < C Z; T / " gl ds, 5.1)
= 1

where

U]
T =f s™Hds.
H

j—t

Our fully discretized scheme is now defined by

i

n—1
B UL — AUL = ko jBy(ta, tOUL + f2, forl<i,j<N-1,
k=0
Uy, =U}=0 for0<i,j<N, k=0,
U,.‘; = uo(x]}) forO<i,j <N,
where U,.';. =U(x",t,) and x;’j are defined in Section 4. Furthermore, we can rewrite

ij?
the above as in the variational form

n—1

G U™ oI +an (U™, $) =Y kn BG(U/,§) + (f", P)wr Vo € Po(R), 1 > 1,
0

U°=Iyuy for0<i,j<N. (5.2)
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The following two lemmas are discrete versions of Lemma 1 and Lemma 2. For

details, we refer to Chen et al. [5].

LEMMA 6. Let {w,} be a sequence of nonnegative real numbers satisfying
n—1
Wy, S +BY Tw, nz0,
—

where o, B > 0. Then for each T > O there is a positive constant Cy such that

n—1

w, <a,+ Cr Z T,_iC; fornk <T.
i=0

LEMMA 7. Let k, be a sequence of real numbers. Then for each € > 0 there is a
constant C. > 0 such that

>

n—1
n=1 j=0

Kn—j Si Jn

N N-1l n—1
<€) FIHCY Ikl Y F
n=1 n=1 j=0

We now give the stability result for the fully discretized scheme (5.2).

THEOREM 4 (Unconditional stability). The scheme (5.2) is stable, namely for any N
and any O < h < 1, there is a positive constant Cy such that

IU"lly < Cr (MUOMN +hY nf*nN) :
k=1
PROOF. Take ¢ = U" in (5.2). Then we have

1 n— n
(U™ 15 = NU™"15) +chlU™ I

N

n—|
<Ch (Z lien— MU WU v+ lIf"IINIIU"IIN) .

=0

Summing from n = | to m and applying Lemma 7 with suitable €, we have

W™y +ch D NU I,

n=1

m n—1
<NUOIY + C YU INIU I + C Y tmonh D NUZI
n=1

m
n=1 j=0
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It follows from Lemma 6 that

m—1 m
U™ +h YNy < Cr {nu"uN +hYy ||f"||~] max | U" .
n=0 -

n=1

Hence, we have

10" Iy < max |U”lly < Cr <||U°||N +hy. nf"uN) for mh < T.

n=}

THEOREM 5 (Convergence). Let u and {U"} be the solutions of (1.1) and (5.2) re-
spectively. Assume that the assumptions of Theorem 3 hold. Further, we assume that
u € C*(0, T); C'()). Then there exists a constant Cy independent of N and h such
that

Iy n
" — U, < CrN'™° (uuona.w,, + ] Nt N, ds) +Crh Y _NE(HI
0 k=1

In
+ Crh/ (Netllzw, + Nt M2, + Nttiell,) ds.
0

PROOF. Foranyt > 0, we set it = Viu, e = U* — i* + a* — u* = 6* + p* and recall
that & satisfies (4.11). Subtracting (4.11) from (5.2) at time ¢t = #,,

B,U*, p)n — (¥, p)n + an(6*, ¢)

k—1 13
=3 :xk_jBx(Uf,¢)+<E(f*),¢)—] K (t — 5)Bo, (@, ) ds
j=0 0

(5.3)
— @ —ub, ), — (E@H), ¢) — (an@*, ¢) — A, (@, 9)).
It follows that
k—1
@,U*, p)v + an(6*, ¢) = Zxk_,-B;'G(G", &)+ (E(f), )
j=0
+{(, ¢) — i, d)w)
+ {an(@*, ¢) — Ay, (@, $)) (5.4

k-1 113
+{Zxk_,35<af,¢)—/ K(t = 5)By, (i@, $)ds | .
i=0 0

We denote I, I, and I5 as follows:
IH (@) = (¥, ¢) — (B,a*, d)w}
= (u* — du*, ), — B0, P)u, — (E@,0%), 9) — (E(B,u*), ¢),
Iy = {an (", ¢) — A,, @, P)}
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and
k—1 . I
1@ = ey Bi@ 8 - [ K= 9B .9y ds
j=0 0
= ¢*(B., (0. ) + (B, (u, $))
k—1
+ Y ke {By (i, ¢) — B, (@, 9)).
j=0
Taking ¢ = 6% in (5.4), we have

1 n
5 (U681 — 16"~ 11%) +ch 3 16411
k=1

k-1 3
< ChY T 107w 18w + 1 F o, 1651 + B D 1IE @)1,
7=0 i= (5.5)

Summing (5.5) from k = 1 to n and applying Lemma 7, we immediately have

n n k—1 n
16" 13 +2ch Y 16 13 5 < 16°1% + C D Tack D_ 671y + SR Y1611},
k=1 k=1 =0 k=1

n n 3
+20 ) NES) N, 168y +20 )Y 1IEOY)I. (5.6)
k=1 k=1 i=1

We now turn to the estimates for /;, I, and I5. Since u € C*((0, T); L2 (2)),
using the Taylor formula with the integral form of the remainder will give

I
qu—a,ukls/ uglds, k> 1
3

and

- 1 I
EGH O < f 1o, dslidly Vo € PY(S).

Hence, from (4.8), we have immediately

n n 1
hY IEEY] < Zf letre (), 51167 I
k=1 k=1 vt

n 1 113 I A
+ ; - ([ 16:(5)lw, ds + CN~° / ||u,||g.w,,) 16¥ 11w

k-1

In
<Ch T(ax ”9k”N / lletr: ()N, ds
<n 0

In 1p
+ max [|6%[ly (/ o (sHlw, + N7 "ul”mw‘,) .
k=n 0 0
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Furthermore, using Lemma 7 and the inequality ab < 8a® + 4/8b, we have at
once the following estimate for /;:

h Z ”1;(¢)| < CNZ(I—-H) Tslnx "uk”‘z’.w" + oh Z HeklﬁN
k=1 - k=1

Finally, to estimate /5, using the fact that B,, (u, ) = (Bu(s), ¢),, and (5.1), we
have the following

T+l

k—1
1@ <CD ey | (16l + 100l1u,) dsllglln
j=0

)

k—1 [
+) T / (N2, + N1t l2m, ) dsl@lly + CN'" 14 g 1B 111,
j=0 i
Thus we get

n n In
hY_136%] < 8h Y 1161y + Chmax 16"y /0 (lllz, + Ntell2,) dis
k=i k=1 -

2

A
+ Ch ( / (1ol + Nrl1.0,) ds) + CNN= h max 2,
0 =n

Thus, (5.6) with suitable & gives that

n n k-1
16713+~ > _ 116412y < CHO°IE +C D mes D 116711
k=1 k=1 j=0

+Cr max 6% 1l w {h
=n X

n 1
|wumm+N”f|mm%m
— 0

In In
+ f 1015, ds + / ||u||z.wa+||u,nz.w,+||u,,(s)nw,,ds}
0 0 5.7

2

tn
+ Ch (/ (1ol + 1011, ds) + CN¥M- max 1 1., -
0 <n
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Applying Lemma 6, we obtain that

16113 + A kZ_; 161y < C max 1611w 16°w + A Y S NECF)llu,

k=1

Iy
+h f (el + it 2y + it (5)la,) ds
0
Iy Iy
+ / 10:(5) 1, ds + N~ / Nt s
0 0

1, 2
+Ch (] (1ol w, + Noclliw,) ds) + CN*'=7 max ||u*|7 ,, -
0 <n

It follows from Lemma 3 and Lemma 4 that

16"l < sup 16|l

k<n

IA

IE(f) N,

Ia
CN'™? {Iluolla.w., +/ Nt llo.w, dS] +C|h
0

n

k

N

'"
4+ Ch / (llasmy + Nt 2, + Nttella,) ds.
0

This completes the proof.
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