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The formula to be proved is
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where R(z)>0.
We start with the formula

I"" e -V" 1 JB(y, 8 :: A) E(p; a r : g ; p s : a/A"
J o

; ocr:q+m; Ps:zlmm), (2)

where m is a jiositive integer, B{k +y)>0, B(k + 8)>0,

<Xp+y+i = (y + k + v)lm,ail+m+r+1 = ($+k + v)lm,pq+v+1 = (y + %+k + v)lm, v = 0 , 1 , 2, . . . , m - l .

(Proc. GZtwgf. ifa<A. ^Iss., 1, p. 191 (1953).)

This gives, if p = 1, q =0, m =2, R(k +y + 2 a i )>0 , R(k + 8 + 2 a i )>0,

dXr e-̂ A*"1 £(y, 8 :: A) E^ :: zA2)
Jo

= z«i f°° e - ^ + ^ i - 1 ^(y, 8 :: A) E Lx::

y + fc + 1 8 + k 8 + ifc + l
Li Li Li 1.

X - B | y + 8 + fc y + 8+fc + l "4i
21 » a i + 2
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/y + fc + l
JL [ _.

\ 2

y+S+k l-y-8-k

4z
2 ' 2 ' 2 ' 2

y+k+1 3 - 8 8
2 > 2 2

y + fc 3 3 + y - 8 y - 8 ' ~4z
2 ' 2 ' 2 ' 2

Thus, on generalising, if q + 5^p^q + 1, B(k+y+2ar)>0, R(k + 8 +2ar)>0, r = 1,2, ...,p,

f° e-» A*"1 E{y,S::X)E(p; ocr:q; Ps:
J o

xi?

y + 8+ifc l - y - 8 - J f c
cty, ... , a.v, 1 ^ ) o

1

Pl» ••• >PQ, 1 -
y + i 1-y-fc 8+A; 1-8-ifc' 4z

2 ' 2 , 1 - 2 ' 2

y+k 8 1 - 8

~2~' 2'2' 2 i
1 y-8 1+y-8 '

' 2 ' ~2~' 2
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y + k + l\ ( y + k+
~ ) - 1 \p°+ 2~] )

y + k + 1 y+k+1 3 - 8 8
>•••><**> + 2 '~~2~* 2

y + k + 1 3+y + fc 3 3 + y - 8 y - 8 ' 4z
2 ' 2 ' 2 ' 2 ' 2

The result also holds for other values of p and q provided that the integral and the series are
convergent.

Here replace A by 2A, z by I/22, k by k - n - £, y and 8 by £ +m and £ -ra, take )̂ =0 and
q = 1 with />!=« + ]., and apply the formulae

cosmnE(% +m, \-m :: 2A) = 7(2TTA)exKm(A) (3)

i?( : w + 1 : 4A2/22) = (2Xjz)nJn(zjX) (4)

Then, if 2 is real and positive and R(k±m)> -f,

1,1 - \k - \m + in, \ - \k - \m + \n, 1 - \k + \m + \n, \ - \k + \m

r(-it

. _ L 2 \
+ \n' 4/

,\+m' 4 /

Now

so that

2 „__„ sin nir

and therefore, if 0 ^ amp z ^ TT, R(k ± m)> -f,

-K -5
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r(-\k-\m-\n) T {-\k-\m + \n) r(-m)

x {sin (\n - \m - p ) IT . e*""' + sin (\n + \m + \k) n . e.-*nv

1 2\

• ix- i ; ~ )

— 2J

sin
x { - cos (f w - | m - !&)TT . e*nir( + cos (|w + Jw + |A;)77. e-*n"'}

| | , , f ' 4/
On replacing z by iz and applying the formulae

Kn(z)=i»Gn(iz) (8)

sin (in -\m-\k)tr. e*nn< + siri (\n + \m + P ) -n . e~*nirf = sin WTT . i""1-*,

— cos (%n — \m — \k) IT . e*""* + cos (in + \m + Jfc) 77 . e-*nir* = sin nn . i—m-k-i^

formula (1) is obtained.
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