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Autoclinisms and automorphisms

of finite groups
Ratje Reimers and Jiirgen Tappe

Let T be a family of isoclinic finite groups, and let acl(Tl)
be the group of autoclinisms of I . 1In this paper we prove the

following formula:

1 _ 1
[eoi(D] = L Tam (] °

where the sum is taken over a complete system of stem groups S
in T . This result is due to P. Hall, who outlined a proof in
his paper, "On groups of automorphisms" (J. reine angew. Math.

182 (1940), 194-204), using presentations, whereas in this paper

we consider stem groups in terms of central extensions.

1. Isomorphisms of central extensions

Let K be a finite group and A4 a finite abelian group. Let
r : KxK > A be a factor set which belongs to the trivial operation of K
on A (ef. Huppert [4], p. 87). Then

(4, XK, r) = {{a, k) | a € A, k € K}
with the multiplication
(a, k)(b, 1) = (abr(k, 1), ki)

is a group. {(a, 1) | a € A} is a subgroup of the centre of (4, Xk, r) ,

and we obtain
{(a, 1) | @ €4} ~A4 and (4, K, r)/{{a, 1) | a €4} ~K .

Let R = (A4, K, r) and S = (4, K, §) . 1In order to distinguish the
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elements of R and S , we indicate them and write ({(a, k)R for the

elements of R and (a, k)S for the elements of S . Let

AR={(a, L)p | a €4} and AS={(a, l)S|a€A},
and let A be an isomorphism from R to S , such that
(1.1) . A=A

Then A induces an automorphism o of K and an automorphism f of A4

by
A1, 02 =401, %
sibs Klp = Aglds kg

and

A B
(a, 1)p = {a, 1)g .
Let t : KXK + A be a factor set, and let (a, B) be an element of
aut(X) x aut(4) . Then we define

(1.2) £(:8) [(k, 1) — [t{ka_l, z“—lﬂs}

(a,B)

It is easy to see that ¢ is also a factor set, and we have the

following result:
LEMMA 1.3. Let R= (4, K, r) and S = (4, K, s) .

() Let X be an isomorphism from R to S which satisfies (1.1)
and which induces o € aut(X) and B € aut{d) . Then the factor sets

r(a’B) and 8 are equivalent.

(a,B)

(ii) Let {a, B) € aut(X) x aut(4) , and assume that r and s

are equivalent. Then there exists an isomorphism from R to S which

satisfies (1.1) and induces o and B .

Proof. (Z) As A satisfies (1.1), there is a function ¢ : K + 4 ,

such that we have for all g € A and k € X ,
A_ (B o

(a, k)p = (a%e(k), K )S .

As )X is an isomorphism, we have for all k, I € K ,
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(1, WA, D)

\
(1, K)g(1, 1)p)

(e(k, 2), k1))

(e(k), k¥ 5le(), g ,

and

ek, 2)Pe(r2), 1%, = (e(R)e(D)s (&%, 1%, K%, .

S
This implies

(r(k, 1)Pe(k1) = s (%, 1%e(k)e() ,
and (7) follows immediately.

(i2) Assume that there is a function d : K - 4 such that

ot ot 8
PF , L ]]d%l)=ﬂk,”ﬂkﬂﬂ)
holds for all k, L € X . Hence, we have

(r(k, 1))8d(x%%) = s (&%, 1%)d(x*)d (%)

The calculations in the proof of (Z) show that the mapping A : R+ S
defined by

(a, ©)) = (Pa(x®), K%

is an isomorphism which satisfies (1.1).

2. Central automorphisms and symmetric factor sets

Let G be a finite group with the centre Z(G) and the commutator
subgroup G' . An automorphism of G is called a central automorphism, if
it induces the identity on G/Z(G) , and let C(G) denote the group of all

central automorphisms of & .

A finite group G is called a stem group, if Z(G) is contained in
G' . As stem groups have no direct abelian factor, we obtain from

Sanders [6],
(2.1) ¢(G) ~ hom(G/G', 2(6)) ,

vhere hom(G/G', Z(G)) denotes the group of homomorphisms from G/G' to
z2(G) .
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Let K be a finite group and A a finite abelian group. Let
Sym(kX, 4)

denote the set of all factor sets f : KxK » 4 which belong to the

trivial operation of K on A and which satisfy
Az, y) = fly, x) for all =,y €K ,
and let
sym(X, 4)
denote the set of all f € Sym(X, 4) , which satisfy
flk, x) = f(xz, k) =1 for all %k € k'
Let Sym(X, A) and sym(K, A) be the corresponding subgroups of the
second cohomology group H2(K, 4) . It is easy to see that
sym(K, 4) ~ Sym(K/K', A)
From Fuchs [1], pp. 238, 243, and 248, and Reimers [5], p. 30, we obtain
Sym(X/K', A) =~ hom(K/K', 4)
These relations and (2.1) yield for all stem groups G ,

(2.2) c(¢) ~ sym(a/2(6), 2(G))

3. Isoclinisms of stem groups

DEFINITION 3.1 (Hall). Let G and H be finite groups. G and H

are called isoclinic, if and only if there exist isomorphisms ¢ and T ,
o : G/2(G) ~ H/Z(H) ,
t:6¢ +~H,

such that

T _ o o
for g, g, € G . The pair (o, T) is called an isoclinism from G to

H . The classes of isoclinic groups are called families.

Hall proved in [2] that each family T contains stem groups, and that
a group in T 1is a stem group if and only if it has minimal order. One

can also show that the centres of isoclinic stem groups are isomorphic.
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Hence, we have a group K and an abelian group Z such that each stem

group in T 1is isomorphic to a group of the following form:

R =1(%2, XK, v) , where Z(R) = and R' = (2, k', »') ,

g

and where »' 1is tue restriction of r to K' x X'

Let S =(2Z, K, 8) , and let (0, T) be an isoclinism from R to

S . Then we have Z; = ZS and ZS = 72(8) , and (o, T) induces

automorphisms a € aut(X) and B € aut(Z) by

g _ [0}
(ZR(l, k)R) = Zs(l, k )S ,
and

T B
(=, l)R = (z , l)S .
THEOREM 3.2. Let R = (2, K, r) and S = (2, K, s) , and let

_ ]
Z(R) = Z, < R

(1) Assume that there exists an isoclinism from R to S which
induces (o, B) € aut(K) x aut(Z) . Then there exists a factor set

)

f € sym(X, Z) such that r(a’B and sf are equivalent.

(i7) Let (o, B) € aut(X) x aut{Z) and f € sym(K, Z) such that

r(a’s) and sf are equivalent. Then there exists an isoclinism from R

to S which induces o and B .

Proof. (Z) Let (o, 1) be the isoclinism from R to S which
induces (a, B) . By the definition of isoclinism Tt induces a on X' ,

and we have a function ¢ : XK' - Z such that

(2, k'); = (ch(k'), k'a)s

holds for all k' € XK' , z € Z . As in the proof of Lemma 1.3 we have for
all k', 7' ¢ X'
(3.3) k', 20)8e(k27) = e(k'%, 1'% ek )e(1")

let K = UK’ki , where k, =1, let k = k,ki s, k' € K' , and set

1
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~Iyy-1
(3.4) b(k) = (%8 (x, ki)s_l(k', k) [c[k"”‘ }] .

For all k' € X' and all ki ve have

-1yy-1
(3.5) blk') = [ofk® ]} and (k) =1 .
Now we consider the following factor set f , where

(3.6) Fik, 1) = 2Bk, 17k, 1)p(R)B(T) (B(k)) L .

By (3.3), (3.4), and (3.5) we obtain for all ki and all k', 1' € k' ,

Flk', k) =1 anda fK', 1) =1 .

This yields, together with the following relation (see Huppert [4], p. 87)

Fler, vry) = FlEL, k)P, 2 (P2, k)T,

i
that
(3.7) f(k', 1) =1 for ali k' € X' and L €KX .

Let k, I € XK and

o )] - o™,

As R and S are isoclinic, we have

=1\ T -1
(1, k), (1, 2)] = |z, [k, 2% ] - 3[[k,z°‘ ] x, 1]
[ g SJ [ac R [x e ] { }S
Hence, we obtain in T = (Z, K, t) , where ¢ = r(a’s)s_l .
: ll
[(ls k)T: (ls Z)T] = [[C[[k, Z] ’ [k3 Z]]T

We have f(k, 1) t(k, Z)b(k)b(l)(b(kl))_l , and by some calculations we
obtain in F = (Z, X, f) ,

(@ K (1, 0] = [[e], 11“_1}]_l(b<[k, ), ks 1,

and (3.5) yields
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(3.8) [(1, k)

g (2] =, [k 2D,

We have

(Fik, 2), k), = (1, K1, 1), s

Gt v, k), = [, 07 @ oFa, . Ky,

(@, 03t ot 0, w0,

(@ & T, B, 28, by (3.8)

N - -1
(rz, RF((&, 277], k), [k, 277]2K),

Hence, we obtain for all k, 1 € K ,
(3.9) flk, 1) = f(Z, k) .

By (3.7) and (3.9) we have f € sym(X, Z) , and (3.6) yields that r(a’s)

and sf are equivalent.

(17} Let us define O : R/ZR - S/ZS by

(201, &) = 25(1, k%)

S

Let a : K+ Z oe such that

(3.10) 2B (1 1)a(kl) = s(k, 1)F(k, Da(k)all) .

As f(k', 1') =1 for all k', I' € K' , we obtain as in the proof of
Lemma 1.3 that T : R' = S , where

(z, k) = (Pa(k'®), k'®) rfor all z €z, k' €K',
is an injective homomorphism.

The factor set Jf satisfies (3.7) and (3.9). Hence, the proof of
(3.9) shows that (3.8) is valid, too. Let v =38f and V = (2, K, v) .
From (3.8) we obtain that

[(2, %) (1, 1)) = (o, [k, 2])g

implies
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(@, By (1, 1)) = (2, [k, 1),

One can show by (3.10) that

[(1, K)ps (1, 2)p] = (y, [k, 2Dy
implies
[, @ )] = GPelte, 219, 1k, 119,

Hence, we have

[, ) @, 07 = [0 g @, 9]

We also obtain

and in order to prove that (o, T) is the desired isoclinism, it remains

to show

Zg = Z(8)

Let (z, k)s € Z2(S) . Then we have
(2, k)g, (1, 2)g] = [(1, K)g, (1, D)g] =1

for all I € X . Hence,

o1 o1
[[1,k J,[l,l J]=1 for all 1 € X .
R R

-1 -1
This implies [l, & J € Z(R) = ZR , and we obtain ¥* =1 . Thus we
have k =1, and Z(S) = Zg - This finishes the proof.

4. The group of autoclinisms

Let G be a group. The isoclinisms from G to G are called auto-
clinisms, and it is easy to see that the autoclinisms constitute a group,
and that an isoclinism from G to another group induces an isomorphism of
the corresponding groups of autoclinism, Thus, the group of autoclinisms
is an invariant of the families of isoclinic groups. Now we can prove the

following result of Hali, (ef. [31).

https://doi.org/10.1017/50004972700024680 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700024680

Autoclinisms and automorphisms 447

THEOREM 4.1. Let acl(l) be the group of autoclinisms of the family

I''. Let 5,, 8

1 5, be a complete system of nonisomorphic stem

PERREER

groups in I . Then we have

1 ® 1

acl(D)] ~ izi autlSiil :

Proof. Let R = (Z, K, r) , where ZR = Z(R) , be a stem group in

I', and let (o, B8) € aut(X) x aut(Z) . By Theorem 3.2, (a, B) is
induced by an autoclinism of R , if and only if there exists an

(a,B)

f € sym(X, Z) , such that r and »rf are equivalent. Let A be the

subgroup of all (o, B) which satisfy the condition abcve. Then we have
A =~ acl(l)

Let (a, B) € 4 such that #(®:8)

and rf are equivalent, and let
g € sym(K, Z) . Then (Pg)(a’e) and r(fy)(a’s) are equivalent and
(£g)(%8)

sets which are equivalent, then s

€ sym(X, Z) . Furthermore, if s and ¢ are arbitrary factor

(a,B) (a,B)

and ¢t are equivalent.

For all factor sets s , let s denote the corresponding elements in
H2(K, Z) , and let
Q= ;;sym(K, z) = {rf I f € sym{X, 2)}

The considerations above yield that

E(G,B) = s(a’B) , for all s €Q , (a, B) €4,

defines a permutation representation of A on the set § . Now we are

going to study the orbits of A and the point stabilizers.

Let s, £ € @ . By Theorem 3.2 we obtain that S = (2, X, s) and
T = (2, K, t) are stem groups in T . Let (a, B) € 4 ; then g{a,B) = ¢

implies by Lemma 1.3 that § and 7 are isomorphic. On the other hand,

if A is an isomorphism from S to T , we have Zé = ZT , and A

induces « (Y, n) € aut(X) x aut(Z) such that s(w’n) and t are
equivalent. Let fi, fé ¢ sym(X, Z) such that » 1is equivalent to sfi
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and t 1is equivalent to rfé . Then it is easy to see that P(¢’n) and

r iw’n)fé are equivalent, and fiw’n)fé € sym(K, Z) . This implies

(¢, n) € A . Hence the orbits of A correspond to the isomorphism classes

of stem groups in T .

Let Ql, Q Qn be the orbits of 4 , and let E% € Qi and

0 cees
Si = [Z, K, si) . Then Sl, 32, ey Sn is a complete system of stem
groups of ' . Let (a, B) € 4, and assume gia,ﬁ) = E; . By Lemma 1.3,

this relation holds if and only if (o, B) is induced by an automorphism
of Si . As each autoclinism of a group is determined by the operation on
the central factor group, two automorphisms of the group induce the same
autoclinism, if and only if they differ only by a central automorphism.

Hence we obtain for the stabilizer of 5%
stab(gé) o~ aut(Si)/C(Si)

Thus we have

n n n |A i C(S’l:)|
o= & e+ § - § SRR

By (2.2) we have for all 7 ,
le(s;)] = Isymik, 2)] = |of .

This finishes the proof.
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