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A CHARACTERIZATION OF THE COMMUTATOR 
SUBGROUP OF A GROUP 

BY 

G. THIERRIN 

ABSTRACT. An element a of a semigroup S is «-potent if there exist 
al9 a2,. . . , akE S such that a=a1a2i • • • ak and a\a\ • • • a\— 
a1+1 al+1 • • • a%+1. If S is a group, the set of «-potent elements 
is a normal subgroup of S and the set of 1-potent elements is 
the commutator subgroup of S. 

1. Let S be a semigroup and let n be a positive integer. An element ae Sis said 
to be n-potent if there exist al9 a2, . . . ,ake S such that 

~ ~ ~ >, ~~,J ~w_n n w-f-1 n+1 _w+l 

a = axa2 ' ' ' ak ana a ^ 2 * ' ' ak == fli a2 ' ' ' ak • 
If it is not empty, the set Sn of the «-potent elements of a semigroup S is a sub-
semigroup of 5 and (SU)OL c Sw for every endomorphism oc of *S. 

A semigroup is said to be n-abelian, «>0 , if abn=bna for all a,b e S. 
PROPOSITION 1. If Gn is the set of the n-potent elements of a group G, then Gn 

is a normal subgroup of G and the quotient group G\Gn is n-abelian. If H is a normal 
subgroup of G such that G\H is n-abelian then Gn ç= H. 

Proof. It is immediate that Gn is a normal subgroup of G. Let a,b eG. Then 
x=abnarxb-n=a • b-1 • bn+xarxb-n and an • (b-1)" • (bn+1a-1b~n)n=an+1 • (fr1)"*1 • 
(6n+1flr1i-n)n+1. Hence * is «-potent and x e Gn. It follows then that G\Gn is 
«-abelian. 

If Gn^H, then there exists y e Gn such that y$H. Since 7 is «-potent, then 
7 = 7 ^ 2 • ' • yjc with 7 l>2 ' ' • y^yl^yT1 • • • j£+ 1 . The quotient group G/H being 
«-abelian, it follows then that 

yni--yl = yi+1 • • • J T 1 = y\ • • • J * * • • • y*(mod # ) . 

Therefore y ^yxy2 - - -yk£ H, a contradiction. 

2. If « = 1 , then an element a of a semigroup S is 1-potent if and only if a= 
axa2 • • • tffc—tfi^ * • * a\. In particular, every idempotent element and every product 
of idempotent elements of S are 1-potent elements. If S is an abelian semigroup, 
then the 1-potent elements of S are the idempotent elements of S. 

PROPOSITION 2. Every semigroup can be embedded in a regular semigroup in which 
every element is l-potent. 
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Proof. It has been proved by Howie [2] that every semigroup can be embedded 
in a regular semigroup generated by idempotent elements. The proposition is 
therefore an immediate consequence of this result. 

For the case of 1-potent elements, the Proposition 1 takes the following special 
form: 

PROPOSITION 3. The commutator subgroup of a group G is the set of the l-potent 
elements of G. 

3. An «-potent element of d a semigroup S is said to be of degree k, if k is the 
least positive integer such that a=a±a2 • • • ak with a™al • • • ak=ai+1a2

+1 • • • al+1. 
An element is l-potent of degree 1 if and only if it is idempotent. In a group, 

the only «-potent element of degree 1 is the identity element. Furthermore a group 
has no l-potent element of degree 2 because a=bc=b2c2 implies bc=e (the identity 
of the group). The «-potent elements of a group of degree 3 are the elements of the 
form abna~1b~n that are different from the identity. 

A semigroup can contain l-potent elements of degree 2, but no idempotent 
elements. An example of a class of such semigroups is given by the class of Baer-
Levi semigroups. (See Clifford-Preston [1].) If S is a Baer-Levi semigroup, then 
S is a right cancellative right simple semigroup without idempotent. If a e S, 
then there exists c e S such that a2c=a. Therefore b=ac=a2c2 is a l-potent element 
of degree 2. 

4. Let G be a group and let e be the identity of G. An element a e G is said to be 
an even n-potent element if either a=e or a=axa2- • • ak and a\a\ • • • a^ = 
a^+1a2

+1 * • • al+1, where k is an even integer and ai^efori=l929..., k. 

PROPOSITION 4. The set En of the even n-potent elements of a group G is a normal 
subgroup of G contained in the subgroup Gn of the n-potent elements of G and the 
index of En in Gn is either \ or 2. 

Proof. Immediate. 

If G={±\, ±i, ±j, ±k} is the group of quaternions, then ^ = { 1 , —1} and 

If G is a non-abelian simple group, then G=G1=E1. If « > 2 , then either G= 
Gn=En or Gn=En={e}. 

REFERENCES 

1. A. H. Clifford and G. B. Preston, The algebraic theory of semigroups, Vol. 2, Math. Survey 
7, Amer. Math. Soc. 1967. 

2. J. M. Howie, The subsemigroup generated by the idempotents of a full transformation semi­
group, J. London Math. Soc. 41 , 1966, 707-716. 

DEPARTMENT OF MATHEMATICS, 

UNIVERSITY OF WESTERN ONTARIO, 

LONDON, ONTARIO, 

CANADA N6A 3K7 

https://doi.org/10.4153/CMB-1976-013-2 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1976-013-2

