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EXTREMAL PROBLEMS FOR THE CLASSES
Sg? AND 127

WALTER HENGARTNER AND WOIJCIECH SZAPIEL

1. Introduction. Let H(D) be the linear space of analytic functions on a
domain D of C endowed with the topology of locally uniform convergence and
let H'(D) be the topological dual space of H(D). For domains D which are
symmetric with respect to the real axis we use the notation Hr(D) = {f €
H(D) : f(DNR) C R}. Furthermore, denote by S the set of all univalent
mappings f defined on the unit disk A which are normalized by f(0) = 0 and
f'(0) = 1. A well studied subclass of H(A) is the set Tr of typically real
functions f which have the following properties:

1) fO=f0-1=0

) Im{z}.Im{f(z)} 20 forall z € A.

There is a one-to-one correspondence between Tr and the set Pi_; 1 of all
probability measure p on the Borel o-algebra over [—1, 1]. Indeed, if p € Pi_y, 13,
then

(1.1) f(Z)=/ z/(1 — 2tz + 2%)dp(?)
-1,1]

belongs to the class Tr. Conversely, for each f € T there is a unique p € Py 13
such that (1.1) holds. It follows from there that 7T is convex and compact. For
simplicity, we shall use the notation

(12) @@ =z/(01-2tz+7%), -1t 1.
Observe that the mappings g, are univalent on A and that
g:(A) = C\{(—o0, —1/2+20)]U[1/(2 — 21), 00)}.

The set of all univalent mappings in Ty we shall denote by Sg.
If f € Tg, then f is strictly monotone increasing on the interval (—1, 1). For
simplicity, we shall denote the radial limit of f at z = —1 by

(1.3)  f(=D = lim f(x).
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Let A be a compact subset of H(A).

Definition 1.1.

(a) A function f € A is called to be a support point of A, f € o(A), if there
is an L € H'(A) such that Re{L(f )} = max{Re{L(g)} : g € A} and that Re{L}
is not constant on A.

(b) A function f € A is called to be an extreme point of A, f € E(A), if f is
not a proper convex combination of two other functions in A.

The set of all finite convex combination of functions in A we denote by co(A)
and its closure by co(A). For example, E(Tgr) = {q; : —1 =t = 1} and
o(T) = co(E(Tx )) and

(1.4)  ¢o(Sr) = T.

Lately, W. Koepf [6] has shown that E(Sg) = d(Sg) = E(TRr).

The class of univalent mappings f € H(A) with fixed value f(0) and fixed
omitted values was examined by G. M. Goluzin and others (see e.g. [3], [S]). Re-
cently, P. Duren and G. Schober [4] gave some geometric properties of extreme
points and support points of the class S, of univalent nonvanishing functions f
on A with f(0) = 1. The corresponding case, when f has real coefficients, was
studied by W. Koepf [6]. In this paper we consider the classes

(1.5) TRP ={f=z+ Zak(f)zk € TR : fomits a given point —p}, p > 0
k22

and
(1.6) Sgl =TgP NS.

Since we require that f/(0) = 1, the choice of p is important. For instance, TR
and Sg? are empty, if 0 < p < 1/4, and contain only the Koebe mapping g, if
p = 1/4. Furthermore, for 1/4 < s < t, we have the strict inclusions Tg* C Ty’
and Sg* C Sg’ and TR*°(Sg™ resp.) is the usual class Tr(Sr resp.). Hence, the
solutions of most of the optimization problems will depend on the omitted value
—p.

There is a close relation between Sg” and the class Sg(M) of all univalent
typically real functions which are bounded by M. Indeed, if g € Sg(M), then f =
M.qi(g/M) € SgM/* and, vice versa, if f € Sg?, then g = 4pq;'(f/(4p)) €
Sr(4p). The class Sg(M) has been studied extensively by O. Tammi [12].

Extremal functions in Sg”, p > 1/4, (i.e. extreme points and support points)
are slit mappings (Proposition 3.7 and Corollary 3.10) but they can split at
several finite points or at infinity (Theorem 3.5). However, if —p is not an
endpoint of the slit on the negative real axis, then no splitting can occur at
infinity (Proposition 3.8). The main result of section 3 is a kind of a Schiffer-
Goluzin differential equation (Theorem 3.9).
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In section 4 we complete a result of W. Koepf in determining explicitly
the set of all support points of the class (S,)r which consists of all univalent
nonvanishing mappings f, f(0) = 1, which have real coefficients.

Section 5 deals with the class Tg”, p > 1/4. Evidently T” is compact and
convex but, in contrast to (1.4), Tg”, p > 1/4, is not the closed convex hull
of Sg? (Proposition 5.1). There is an interesting difference between the extreme
points different from g,, 1/(2p) — 1 < ¢ £ 1, in Sg? and Tg”. While in the
first class splitting occurs, they are two-valent in the second class and all its
boundary values lie in R U oo (Theorem 5.2). Indeed, the set of extreme points
for the class Tg? is exactly the set of all mappings

(1.7 f =459/ qpassyisn-1, "1 S5 1/2p)—1=1 = 1.

Note that any f of the form (1.7) can be expressed as a convex combina-
tion of g, and g;. First we give sharp lower bounds and upper bounds for
fx), f/(x), ax(f), a3(f), and as(f) (Proposition 5.4, Theorem 5.6, Proposition
5.8, and Theorem 5.10) and we determine in Theorem 5.5 the set of values of
f(2) for a given nonreal z in A. Next (Lemma 5.11), we give a sufficient condi-
tion for L € H'(A) in order to get a univalent extremal function. In theorem 5.12
we apply the above Lemma to the odd coefficients of f. The last Theorem is sur-
prising. We show that for each L € H'(A) there is a p; > 0 such that, if p > py,
there is a univalent mapping f € Tg” such that Re{L(f)} = max Re{L(Tg")}.

2. Some auxiliary Lemmas. For A C H(A) let E(A), a(A), co(A) and
co(A) denote the set of all extreme points of A, the set of all (proper) support
points of A, the convex hull of A and the closed convex hull of A respectively.
Let T be a compact metrizable space and Py the set of all probability measures
on the o-algebra of Borel subsets of T. The support of p we denote by supp(y).
Furthermore, E (P7) consists of all Dirac measures §, concentrated at the points
t € T. The Krein Milman Theorem states that Py is the closed convex hull of
‘E (P7) with respect to the weak*-topology of the dual space of C(T). Finally, if
1 € Pr and A is a Borel set of T, we shall use the notation

2.1) pa(B) = w(ANB) for all Borel sets B in T.

Our first Lemma characterizes compact and convex sets in H(A).

LemMma 2.1. A set A C H(A) is compact and convex if and only if there exists
T described as above and a continuous function Q : A X T — C such that
Q(¢, e H) forallt €T and

22 A= {fu = /Q(w D) 1 p € PT} .
T
Furthermore, we have

23) E@) C{O¢, n:teT}
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Equality holds if the mapping . — f, is injective on Pr, (i.e. if the linear space
spanned by f = 1, the real parts and imaginary parts of the Taylor coefficients
(as functions of t) of the kernel function is dense in C(T)).

The necessity of the existence of Q was shown in [8] and the sufficiency
can be found in [2]. The case of equality is discussed in [9]. For example, the
simplest realisation of the Lemma is the case

T=E@A) and 0, )= f(2).

The next Lemma considers a special case of Lemma 2.1.

LemMa 2.2. Let T and Q be as in Lemma (2.1). If T is a line segment or a
circle and if Q is analytic at each point of A X T, then we have

24) o(A) C co(E(A)).

Proof. Let L € H'(A) such that m = max{Re{L(f) : f € A} >
min{Re{Lf)} : f € A}. Consider the hyperplane M = {f € H(A) :
Re{L(f)} = m} which supports the set A. Denote by r* the reflected point
of ¢ with respect to T and let ®(¢) be defined by

@) = L(QC, 1) + LQ(, 17)).

By the above assumptions, the function @ is analytic on a domain containing
T and ® is not constant on 7. Therefore there are only finitely many functions
Q(:, t) which belong to AN M. From (2.3) we conclude that

dA)NM =ANM = co(E(ANM)) C co(E(A)). O

The following Lemma is a particular case of a more general result given in
[8, see also 9-11]. For the convenience of the reader we shall give a proof of it.

Lemma 2.3. Let @ : P4 — R be an affine continuous mapping. Then we
have for all T € ®(P,p1)

(25) E{p€Pup: @) =1t={r=>10-=XN+X:s,1E€E [a, b],
0SA=1,0w) =1}

Proof. Letv € E{p € Pap) : ®(p) = 7} and assume that supp(p) contains
at least three points xj, x, x3, a < x; < x; < x3 = b. Choose ¢ € (x1, xp) and
d € (xz, x3). Then the intervals Ty = [a, ¢), t, = [c, d] and T5 = (d, b] form a
partition of [a, b] and we have

3 3
WT) >0,y T =1 and v=> uT)u,
j=1 Jj=1
where p; = vy, /V(T)) € Piap).
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Next, there are three real numbers s; such that

3 3 3
Zsj =0, Z ;] >0 and Zsjcb(uj) =0.
j=1 j=1 j=1

Consider now the real measure vy = € Ele sikj, 0 < € < min{v(T)}/ max{|s;| }.
Then v,(T;) = €.s; and vy is not the zero measure. Moreover we have

v =[v—wo)+{v+10)l/2,
3
vty = Z[I/(T}) + ESj]uj € P[a,b] and
=

3
D 1) = Z[V(Tj) + e5;]D(p;) = Ov) = 7.
j=1

which leads to a contradiction.
The converse inclusion is trivial since supp[(1 — s)v| + sv2] = supplv;] U
supp[v;] for all vy, v, € Py and all 0 <5 < 1. O

To each L € H'(A) we associate the linear functional L* € H'(A) defined by
2.6)  L*(f) = (1/2IL(f) + L(f)]

where

Q7 ffR=fQ@.

The Toeplitz representation for L and L* is then of the form

L(f) = ) baan(f) and L'(f) = ) Re(by)an(f)

n=0 n=0
where a,(f) = f™(0)/n!.

Furthermore, if f € Hg(A), then L*(f) = Re{L(f)}.

LemMa 2.4. Let L € H'(A),c € R and suppose that the equation L*(q;) =
¢ (L*(g:/z) = c respectively) has an infinite number of solutions. Then we have

L*(f) = Re{b, }.f(0) + c.f'(0) (L*(f) = c.f(0) resp.) for all f € H(A).

Proof. Since L*(q,) (L*(q:/z) resp.) as a function of ¢ is analytic on [—1, 1],
we conclude that L*(f) (L*(f/z) resp.) is constant on T and we have therefore
LX(z) = L*(z+2"/n) = ¢ (L*(1) = L*(1+z""" /n) = cresp.) foralln = 2, 3, . . . .
and the result follows. O
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3. Extremal Problems for Sg”. In this section we are interested in the class
Sg? of univalent mappings defined on the unit disk A which have the following
properties:

M fO)=f'0—-1=0

(2) f is real on the interval (—1, 1)

(3) f omits a given point —p on the negative real axis.

Since Sg” is empty for 0 < p < 1/4 and contains only the Koebe mapping
q1(2) = z/(1 — 2)%, if p = 1/4, we shall assume that p > 1/4. Observe also
that for 1/4 < s <1, Sg? is strictly included in Sg* and that Sg* is the usual
class Sg of all normalized univalent typically real functions. Furthermore, for
each 1 € [1/(2p) — 1, 1] the mapping ¢,(z) = z/(1 — 2z + z%) belongs to Se’.
They are also extreme points and support points for this class. There are many
other support or extreme points for Sg”.

We start our investigation with an elementary automorphism on Sgp”. Let
f(2) = z+axz> + a3z’ +. . . . Then the correspondence f — g defined by

(B.1) g2 = —p.-f(=2)/[p+f(-2)]
=z —(ay— 1/p)2® + (a3 — 2ay/p + 1 [p)+. ..

is a homoeomorphism from Sg? onto itself. For instance, the function g, is
mapped onto g_+1/@2p), 1/(2p) —1 =t = 1. As an immediate consequence we
get the following elementary results.

ProposiTiON 3.1. For f € Sg¥, p 2 1/4, we have
() 22 a,(f)Z —2+1/p
N (1—1/p)3—1/p), if1/4<p<1)2
= =

@) 32a(f) 2 {_1’ ifp21/2

@Ji)) qijep-1x) Sf(xX) S qilx), if —1<x<L
For each case, equality holds only for f = q, witht = 0,t = 1/2p) — 1 or
t=1

Proof. Statement (i) follows from the fact that a;(f) = 2 for all f € T and
that a,(gr) = (1/p)—ax(f). The upper bound for a3(f) holds also for all f € T
and its lower bound follows from the inequality a3(f) = a%( f)— 1 which is true
for all f € Tr. Next, we have g_;(Jx]) = |[f(x)| = qi(|x|) for all x € (—1, 1)
and all f € Tg which implies that f(x) < g;(x) for all x € (—1, 1). Finally,
gr(x) < qi(x) implies that [1 — (2 — (1/p))x + x?] f(—x) 2 —x. Replacing x by
—x statement (iii) follows. ]

The following proposition creates a chain in Sg” from any mapping f € Sg”
tog, 1/2p)—1=t= 1.

PrOPOSITION 3.2. Letf € SgP,p21/4,0<r=1,and 1/2p)—1=t= 1.
PutT:p/[l +(1 —r)2p(1+1t) —1)]. Then 1/4 <7=pand

(32)  F(,r,t)=£(q; (rg.())/r € SR™ C SR”

https://doi.org/10.4153/CJM-1990-033-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-033-x

EXTREMAL PROBLEMS 625

Moreover, F(-, 0*, t) = q; and F(-, 1, 1) = f.
Proof. Fix t € [1/(2p) — 1, 1] and let d = ¢, '(rq,(—1)). Then gq(d) =
—r/(2+2t) = 1/[(d + 1/d) — 21] and, by proposition 3.1 (iii), we have
F(=1,r,0)=f(d)/r 2 qjop-1(d)]r
=1/{rld+1/d)+2—1/pl} = -T2 —p. O
As an immediate consequence we get
ProposITION 3.3.
() If feSgP and 1/(2p) — 1 St = 1, then
FGor,)=f—1[f'q/q,—fF11 —r)+o(1 —r) € SR” as r tends to 1.

(ii) The chain F satisfies the differential equation

roF [or = (OF /9z)(q:/q;) — F, F(z, 0%, 1) = q,(z)
and F(z, 1, 1) = f(2).

(iii) Let L € H'(A) and suppose that f € SgP is a solution of max L*(Sg?).
Then we have L*(f) Z L*(f'q./q,) for all t € [1/2p) — 1, 1].

The next result is a direct application of Proposition 3.2.

ProposiTION 3.4. Let L € H'(A) and put ¢(p) = max L*(Sg”), p > 1/4. Then
¢ satisfies locally the Lipschitz condition.

Proof. For p > 1/4, choose € > 0 such that p—e > 1/4. Then S~ C Sg?
and ¢(p — €) = ¢(p). Let f € Sg” be an extremal function for L* (i.e. ¢(p) =
L*(f)). PutT = p—e and ¢t = 1 inrelation (3.2). Then r = 1—e/[(4p-1)(p—5)] €
(0, 1) and from Proposition 3.2 we conclude that F(-, r, 1) € Sg?™. On the
other hand, by Proposition 3.3 (i), we have

0= ¢(p)—d(p—e) = ¢(p)—LF(, r, 1)
=L'(f'q1/q) —fHA =) +o(l = 1),

where r = 1 —¢€/[(4p — 1)(p — €)] tends to 1 as € tends to zero. Therefore

0= [¢(p)—d(p—O)/e = L*(f'q1/q) —f)/1(4p — )(p — )] +o(1) = O(1) as
¢ tends to O. O

The class Sg? is closely related to the class Sg(M) which consists of all
mappings in Sg which are bounded by M. Indeed, consider the transformation

(33) g —f, =4pqi(g/(4p)).

Then f, € Sg?, if and only if g € Sg(4p). Tammi [12] has extensively studied
the class Sg(M). In particular he derived a Lowner-type differential equation for

https://doi.org/10.4153/CJM-1990-033-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-033-x

626 W. HENGARTNER AND W. SZAPIEL

a dense subclass of Sg(M) consisting of mappings whose images are the disk
{w: |w| < M} minus two slits. Applying the transformation (3.3) one gets the
differential equation

t.0F(z, t)/dt = —FX(z, (1 + cos(0(1)]1/12t + [1 — cos(B(0)F(z, 1],
F('7 1/4):‘11 and F(7p) :f7

where 6(z) is a real continuous function on [1/4, p].
We get the following nontrivial examples of support points.

THEOREM 3.5. For f € Sg? we have the inequalities

—1—1/@4p* = a3(f) — ax(f)/p

{1—3/(81)2), if1/a<p=<e/4
1—3/8p?) +(4pa —1)*/(8p%), ifpZe/4

where o is the unique solution of the equation 4po In(o) + 1 = 0 in the interval
[1/e, 1). The lower bound is reached by the function q, J4p) and the upper bound
by the solutions f = F(-, p) of the above Lowner differential equation, where

(i) cos(8(t)) =0and ay(f) =2/e, if 1/4=p<e/4,

(i1) cos(6(t)) = —2Xt, [N = 2/e, and a)(f ) = A+2]e, if p=e/4,

| Hot;1/4 =t = 1/(40)

(iii) cos(6(t)) = { Iy 1/(40) <, §I{

and ar(f) = F2o0+2/e, ifp > e/4

IIA

All extremal functions map A either

(a) onto the complement of a three-fork slit consisting of the halfline
(—00, —p] and a bounded symmetric are cutting the interval (—oo, —2p] or

(b) onto the complement of three slits consisting of the halfline (—oo, —p]
and two unbounded Jordan arcs which are symmetric with respect to the real
axis and which contain no points of R, or

(c) onto the complement of two slits consisting of the halfline (—oo, —p] and
a two-fork slit which contains a real halfline [a, co) for some a > 0.

Proof of Theorem 3.5. The lower estimate follows immediately from Propo-
sition 3.1 (i) and the inequality as3(f) Z a3(f) — 1, f € Tr. Let f € Sg” and
g = 4pqy'(f/(@p)). Then g € Sr(4p) and as(g) = a3(f) — ax(f)/p +5/(16p?).
Apply now the results of Tammi to a3(g).

Remark. Tammi has also discussed the extremal functions in Sg(M) which
correspond to the linear functional a4(g). The homeomorphism (3.3) transforms
a4(g) to a concave functional on Sg”.

In what follows, we give some geometric properties of extreme points and
support points of Sg?. The next Lemma will be useful later on.

LemMA 3.6. Ler f € Sg”, p > 1/4, L, € H'(A) and suppose that there is an
infinite number of points a € C\ f(A) for which
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0) L"FAf+p)/(f —a)) =0
or

(i) L*(f(f +p)/(f —a)) +c/a =0, ¢ = const.
holds. Then L*(f) = Re{b,} f(0) + Re{b; } £ '(0).

Proof. Suppose that (i) holds. Let y be a representing measure for L* whose

support lies in a compact set K C A. Put du;(w) = w?(w +p)du(f ' (w)). Then
the function

(B4)  a—LfAf+p)/(f —a))

is analytic in a neighborhood of infinity and p; is a complex Borel measure
with support in f(K). Observe that the function (3.4) vanishes at infinity and
that all its Laurent coefficients are zero. In other words, we have

35 (- 1)/f"(z)(f(z)+p)du(z) =(n— 1)/ w"2dpi(w) = 0
K f(K)

foralln=2,3,....

Define now L, by L,(F) = ff(K) F(w)du(w) and let F € Hg(f(A)). By
Runge’s Theorem there is a sequence of polynomials p, which converges uni-
formly to F on f(K). Replacing p, by p; defined in (2.7) we may assume that the
coefficients of p, are real. From (3.5) we conclude that L, vanishes on Hr(f(A)).
Put g,(2) = 2"/If *@(f(@) +p)l, n = 2,3, ... . Then, gi(f ') € Hr(f ()
and we have

Lo(gn(f_l))=/Kgn(Z)dﬂl(f(Z))=/Kz"du(z)=L*(z")=O

for all n = 2, 3,. . ., which shows the case (i). The proof for the case (ii) is
similar. 0

ProrosiTioN 3.7. If f is an extreme point or a support point of Sg?, p > 1.4,
then f(A) is dense in C.

Proof. Let f € Sg” and suppose that f(A) omits an open set D . Then there
is a closed disk {w: |[w —a| = ¢} C D N{w: Im{w} # 0} and there is a § > 0,
such that the functions

(3.6) Dw)=w+(=1)/ww+p)w—a)*+w—a) 2], j=1,2,

have the following properties:

(i) They are analytic and univalent in {w: |w —a| > €} N {w: |w —a| >
€} = Q. Indeed, [@;(w) — j(w)]/[w — w] = 1 +6.5;(w, w) where Ej(w, w) is
bounded in  x Q.

(i) They are strictly increasing on R and <I)§(O) =1.
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(iii) @;(w) > —p for all real w > —p. Indeed, ®;(—p) = —p, ®}(0) > 0 and
®;(w) is univalent on the real axis. Therefore, ®;(f) € Sg” and f = [®(f) +
y(f)]/2.

Suppose first that f is an extreme point of Sg”. Then FAf+plf —a) 2+
(f —a)~%?] =0 on A which leads to a contradiction.

Next, suppose that f is a support point of Sg”. Then there is an L € H'(A)
for which L* is not constant on Sg? and

L*(f) = max L*(Sg”) Z L*(®;(f))
= L*(f) +2(=1)/6 Re{L*[f *(f + p)/(f — a)*1}.

This implies that Re{L*[f >(f + p)/(f — a)*]} = O for all a in the exterior of
f(A). But this is impossible by Lemma 3.6. O

Suppose now that D is a simply connected domain of C and let a and b, a # b,
be in C\D. Then both functions

(BT iw)=w+ (=1 [(w—a)w—b)]'"?

are univalent and analytic on D and they have disjoint images. Historically, L.
Brickman [1] has used this two functions to show that extreme points of S are
monotonic slit mappings. Later, W. Koepf [6] adapted the method of Brickman
to the class (S,)r. Unfortunately, this method gives not so strong results for the
class Sg”. Indeed, if f € Sg” and f(—1) = —p in the sense of (1.3), then only
one of the two mappings

[¥;(f) = ¥;(0)]/¥)0), b = a,

belongs to the class S,{" . However, we have:

ProposiTION 3.8. Let f € Sg”, p > 1/4, and f(—1) > —p in the sense of
(1.3). If there is a sequence of nonreal a, € C\ f(A) which converges to infinity,
then f is neither a support point nor an extreme point of Sg”.

Proof. Let f(—1) = —py > —p, a € C\ f(A) with Im{a} # 0, and let
(3.8)  @i(f) = [Yi(f) — Fi(0)1/F)0),j =1, 2

where W;(w) is defined in (3.7) with b = a and (|a|?)'/> = |a|. Then, forj = 1, 2,
define f; = W;(f) € Sk. Thenf = A\ fi+\2fo, \; = 1—(—1)/ Re{a}/|a| > 0 and
A1+ A2 = 1. Since fo(—1) = ®(—p1) > —p1 > —p, we conclude that f, € Sg?.
On the other hand, @, converges locally uniformly to the identity on a simply
connected domain containing f(A) and {—p,} as a tends to infinity. Hence, we
have fi(—1) = ®,(—p;) > —p for sufficiently large non real a € C\ f(A) and
Jf1 € SgP. This shows that f is not an extreme point of Sg”.
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For any L € H'(A) for which L* is not constant on Sg” we conclude from
Proposition 3.7 that max L*(Sg?) > L*(f;) and therefore f is also not a support
point of Sg?. O

Remark. Proposition 3.8 is not in contradiction with the examples of support
points we have given in Theorem 3.5, since we require here that f(—1) > —p.

We present now an analogue of the Goluzin variation (see [S, p. 99] for the
general form and p. 106 for the specific choice of Q(w)). Let Ay, 1 = k < n,
be n arbitrary complex numbers and let a;, 1 < k < n, be n arbitrary nonreal
numbers. For p > 1/4, consider the function

(3.9  w'(w, ) =w+AQ(w), where

Ow) = ZAk wu(1w_+01:) Ny wn()w_+a_i7) .
k=1

Then w* is analytic and univalent in w on any domain
(3100 {weC:|lw—a|>é and|w—a| >6, 1=k =n}
whenever
u -1
@G1D A< [ZZIAkI(l + |a] |ax +P'/52)} .
k=1

Indeed, this follows from

wr(w, A) — w*(u, A) _ 1+)\Zn:Ak (1 __ alac+p) )
k=1

w—u W —a)(u—ay)

+A_k(1 @@ +p) )

(W —a@)(u — a)

Let f € Sg” and suppose that for some r, 0 < r < 1, all the points a; are in
f{z: |z| < r}). Then, for sufficiently small )|, the function w*(w, \) is analytic
and univalent on the annulus {z : r < |z| < 1}.

Choose n nonreal numbers z;, 1 = k < n, in A such that a; = f(z). Then
the function Q(f)/[z.f’] has only simple poles in A which lie on the set {z:
1 £ k < n}. The Goluzin interior variation f* of f as given in equation 2 in [5,
p. 100] takes the form

(312) f*=f+)D [AH, +AcHz] + O\ € S, X € R, X —0,
k=1

under the condition that

(3.13) Re {ZAkH;k(O)} =0,

k=1
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where

(3.14)  G2) = 7' @1 — )1 = &)1 — z/Q)]

and

(3.15)  Hd(z) = FQLf () +PIG()/ISf "QF +f @ f (@) +pl/[f =) = fQ]-

Observe that He(z) € H(A X A) as a function of the variables z and ¢ and that
f* is typically real.

From the variation formula (3.12), (3.13) we deduce the following Schiffer-
type differential equation.

THEOREM 3.9. Let f be a support point of Sg¥, p > 1/4, and let L € H'(A)
for which L* is not constant on Sg¥ and for which L*(f) = max L*(Sg?). Using
the notations (3. 14) and (3. 15) the following conclusions hold:

i) g = L*(H{)/HC’(O) is constant on A.

(ii) For all { € A we have:

(FSED L pC) FO SO
©G.16) {L (f—f(0>+f(o}f(o+p 70

(iii) C = g(0) = 2L*(f +pll — (1 = 22)f ' /(1 — 2pay(f) whenever a(f) #
1/2p). If ax(f) = 1/2p), then L*(f +p[1 — (1 —z22)f ') = 0.
Proof. Take n = 2 in (3.12) and (3.13). By Proposition 3.4, the function

®(p) = max L*(Sg”), p > 1/4, satisfies the local Lipschitz condition. Since
L*(H;) = L*(H,), we get

2
] +L5(G)—C =0

2
L*(f*) = ®(p) + 2ARe {L* (Z AkHak) } +0(\?)

k=1
< @(p +0(\%)) = D(p) +0(\?)

as )\ tends to zero. Therefore we have
2 2
(3.17) Re {ZAkL*(Hak)} =0 andRe {ZAkH;k(O)} =0.
k=1 k=1

Next, put in (3.17) a; = ¢, a2 = 1, A| = ¢'® and A; = Ye'®, where a, 8 and ¥
are real numbers. Then we get

(3.18) €' “L*(Hp) + e "*L*(Hy) + e L*(H,) + Ye PL*(H;) = 0
which holds under the restriction

(3.19)  Re{e™H/(0) +Ye"’H,(0)} = 0.
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Now, we multiply both sides of (3.18) by
2 Re{e”H,(0)} = " H}(0) + e PH}(0)

and we use (3.19) in order to eliminate 7. Since a and (3 are arbitrary real
number, we conclude that

H (0)L*(H;) = H/(O)L*(H,), Hy(O)L*(H,) = H/(O)L*(H3)
and therefore
HC'(O){H,'l(O)L*(Hﬁ) — H%(O)L*H,,)} =0 forall (and 7 in A.

The function H/(0) = f(O(f(Q +p)/Cf "©)* — p/f(Q is analytic on A and is
identically zero if and only if

(3.20) f(2) = fo(2) = 4pqi(z/(4p)) = 2+ 22 /Q2p) +. . . .

Observe that fy is bounded and belongs to the class Sg” but is not a support
point of Sg? (see Proposition 3.7). Hence

H (O)L*(H,) € R for all n € A.

On the other hand, g(n) = L*H,)/H,(0) is meromorphic and real on A and
therefore g is constant on A.

CoroLLARY 3.10. If f is a support point of Sg”, p > 1/4, then C\f(A) is a
finite union of analytic arcs.

Proof. Letf € o(Sg”) and let L € H'(A) for which L* is not constant on Sg”
and for which L*(f) = max L*(Sg”). By Lemma 3.6 (ii), the function b(w) =
L*(f(f +p)/(f —w))+pC /w, C defined in Theorem 3.9 (iii), is not constant on
C\f(A). Furthermore, L*(G) is real on the unit circle dA. Hence, except for a
finite number of points of dA, the differential equation (3.16) determines a finite
system of analytic arcs (see e.g. [3, 5, 7]). O

4. A completion of a result of W. Koepf. In this section we weaken the
conditions which we have imposed on the mappings in Tg” and Sg”. We shall
no more require that f’(0) = 1, but rather let it be free. There is no essential
importance which negative prescribed value —p has to be omitted. Historically,
one finds rather the normalization f(0) = 1 and the omitted point is w = 0. In
concordance with this fact, we shall use the notations:

4.1  (Tor ={f €HQ):f(0)=1,w=0€ C\f(Q)
and Im{f(z)}.Im{z} >0 on A},
(So)r = {f € Hr(A) : f univalent on A, f(0) =1
and w = 0 € C\ f(A)},
(So)x = {f € (So)w :f'(0) > 0}.
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Observe, that f/(x) > 0 for all x € (—1, 1) and all f € (Ty)r and that (Sp)r
is not contained in (Ty)r. The following result was shown in [11] but we give
a new proof for it.

THEOREM 4.1. The following relations hold.

(i) EW(Tor) = {q:/q-1: —1 =t =1},

(i) (To)r = co{So)p} ={f/q-1: f €Tr} ={fu = J‘[¥|1”[qt/q~lldﬂ(t) :
€ Py}

(iti) Furthermore, we have f,(—1) = p({—1}).

Proof. Let f € (To)r. Then, except for f = 1, the function (f — H/f(0) €
Tq 17'©) and therefore there is a positive measure A on the Borel g-algebra over
[—1, 1] such that for all r, 0 <r <1,

—1=f(=r)—1 =/ qi(—r)dA@) = —/ g—(r)dA(@).
=1,1) [—1,1]

Define A, by dA.(t) = q—,(r)d\(t). Then A, is again a positive measure on
the Borel o-algebra over [—1, 1] whose total mass is A,([—1, 1]) = 1. By
the Banach-Alaoglu Theorem and by the Riesz representation Theorem for
C’([—1, 1]) there exists a Borel measure p; such that A\, converges to p; in
the weak*-topology as r tends to 1. (Strictly speaking one should take a weak*
convergent sequence of A, as r tends to 1. However, by Lemma 2.1, y; is
uniquely determined.) For each fixed z € A we have

f@=1+2 / (1 +1)g(2)d\ (1) + (V1 — 1/4/r)? q/(2)d (D).
[—1,1] [—1,1]

Letting r tend to 1, we get

o =1+2 / (1 + g @)y (1) = / 41/ a1 1)du(o),
[—1,1]

[=1,1]
where n=pu+ [1 - M]([—l, 1])]6_] (S P[—l,l]- Thus,
(To)r C E{q,/q_| =15t = l} C (To)wr.
Hence, we have

TR ={f/q-1:f € T} and E(To)r) ={f/q-1:f € E(Tr)}

and (i) follows.

Statement (ii) follows from (i) and the facts that (Sp)g is contained in (7p)r
which is compact and convex and that g, /qvl = 1+2(1 +1)q, is univalent on A
for each ¢, —1 <t = 1. Finally, the inequality

f,L(J'r)—,u({~1})—/I 1][‘11/‘14]()?)‘1#([)

S (=1, )

- ‘ / (41/q 1 1C0)du(o)
(—Ly)
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holds for all x € (—1, 0) and all y € (—1, 1). Letting first x tend to —1 and
then y tend to —1 statement (iii) follows. O

For the class (So)r W. Koepf [6] has obtained the following result:

THEOREM 4.2. The following relations hold:
@) E(SoR) ={g:/q-1: =1 <t =1}U{q:/q1 : —1 =t < 1}.
(i) o((SoR) C {ar/as: —1S s, 1= 1, s #1}.

We shall now complete statement (ii) of the above Theorem.

THEOREM 4.3. We have o((So)r) = {q:/q-1 : =1 <t = 1}U{q/q1 : —1 =
< 1} = E((So)r)-

Proof. Let f € a((So)r). If f(0) > 0, then, by Lemma 2.2 and Theorem 4.1
(i), we conclude that f € o((To)r) C co{q:/q-1 : —1 =t = 1}. Moreover,
since f is univalent, there is a A € [0,1) and an s € (—1, 1] such that f = (1 —
A)gs/q-1 + X. Moreover, there is an L € H'(A) such that L*(f) = max L*((So)r)
and L* is not constant on (Sp)g. In particular, we have L*(f — q, / q+1) Z 0 for
all t € [—1, 1] which implies that

(42) (1 =XM1 +5)L*gs) — (£1+L*g) =0 forallt€[—1, 1].

Put 7 = 1. Then (4.2) becomes (1 —\)(1+s)L*(gs) 2 0 which is satisfied if either
A =1 or L*(g;) 2 0. The first case is excluded since f = 1 is not univalent.
Next, put t = s. Then (4.2) reduces to —A(1 + s)L*(g;) 2 0 which holds if
either A = 0 or L*(g,) = 0. Suppose that X # 0. Then L*(g;) = 0 and, by (4.2),
we have (£1 — r)L*(q;) 2 0 for all ¢+ € [—1, 1]. Therefore, L*(q,) = 0 for all
t € (—1, 1). By Lemma 2.4, we conclude that L* is constant on (Sy)r. Therefore,
the only possible case is A = 0, i.e. f = g;/g—; for some s € (—1, 1].

Let now f'(0) < 0. Put f1(z) = f(—z) and L;(f) = L(f;) and apply the above
proof. Therefore we have

o((So)R) C{q:/q-1: —1<t=1}U{q/q1: -1 St < 1}.

It remains to show that the converse inclusion holds. Fix s € (—1, 1] and
consider the continuous linear functional

n+l

43) L) =) bmaf),

k=1
where —(n— 1)/(n+ 1) < s and L(q;) = [(n+1)s+n—1]". The coefficients b;(n)
exist since the polynomials a(g;), a2(q;), - - - , an+1(g;) form an algebraic basis

for the linear space of all real polynomials of degree at most n. First, observe
that (n+1)s+n—t > 1—t 2 0 for all r € [—1, 1] and that (1+)[(n+1)s+n—1]"
has the unique global maximum at the point ¢ = s on the interval [—1, 1]. Since
L(q:/q-1) — L(q:/q4) = 4L(g;) > 0, we conclude that

L(g:/q1) = L(gi/q-1) = 2(1 + DL(q)) = L(gs/q-1) for all t € [—1, 1].
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Therefore, {g;/q-1: —1 <s = 1} C a((So)r)-

Similarly, for fixed s € [—1,1) and (n — 1)/(n + 1) > s, we have
—(n+s+n+t>1+4120,1€[—1, 1]. Put L(g;) = [—(n+ 1)s + n+1]". Then
the functional (4.3) has the property

L(g:/q-1) 2 L(g:/q1) = —2(1 — 1) L(q,)
2 L(gs/q) forallt € [—1, 1].

Therefore, {g;/q1 : —1 = s < 1} C a((So)r) and Theorem 4.3 is established.

5. Extremal problems for the class T”. In this section we solve some
extremal problems for the class Tg? of all normalized (f(0) = f'(0) — 1 = 0)
typically real functions which omit a given point —p on the negative real axis.
Again, Tg” is empty for 0 < p < 1/4 and contains only the Koebe mapping
q1(2) = z/(1 —2)%, if p = 1/4. Furthermore, if 1/4 <s < t, then Tg? is strictly
included in Ty’ and Tg™ is the usual class Tg of all normalized typically real
functions. The mappings

4@ =z/(1 =21z +2°); 1 €[1/(2p) — 1, 1]
belong to Tg” and are extreme points and support points for this class. However,
there are many other support or extreme points for Tg? which are different from

those for Sg?. The first proposition shows that there is no similar relation to
(1.4) for this class.

PRrOPOSITION 5.1. For each p > 1/4 we have the strict inclusions

c0{q: : 1/(2p)—1 =t = 1} Cco{Sg"} C TR".

Proof. Both inclusions are obvious. Let us show that they are strict. For any
f € Tp we have the unique Robertson representation

. f@) =/

qcos(t) (2)dpu(t),
[0,m]

where p = pr € Py . Each py is the weak™ limit of the sequence p, € P
defined by

dpn = (2/m) Im{f((1 — 1/n)e")} sin(t)dt, 0 S t < .

(a) The mappings f,(z) = qi(rz)/r belong to Sg” for all r close to 1,0 <
r < 1. The unique measure p of the representation (5.1) for f; is

du, = 2/m). Im{ql(rei')/r} sin(t)dt.
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Since p,(cos~![—1, 1 /(2p) — 1)) > 0, we conclude that f, does not belong to
co{q; : 1/(2p) — 1 =t = 1}. Also the examples given in Theorem 3.5 show
that the first inclusion is strict.

() Letf =(1=XNgs +Agr, 0 <A< 1, -1 <s<1/2p)—1<1t<1,such
that f(—1) = —p. Then f € Tg”\S. In particular, f is not an extreme point of
the closed convex hull of Sg? (Krein Milman). Suppose now that f is a convex
combination of two other functions f; and f, in Tg”. Then the support of the
representing measures (5.1) of both functions consists of at most two points.
Since fi(—1) = fo(—1) = —p in the sense of (1.3), we conclude that f| = f; = f
and therefore f € E(Tg?). O

In the next theorem we determine the set of all extreme points for the class
T?P.
R

THEOREM 5.2. Let p > 1/4. Then the following relations hold:

() ETR") = {459/ q2passy1en-1: —1 = s = 1/2p)—1 =t = 1},
and hence

@) TRP = {fu = [pl4s4:/q2p149040-11-dpls, 1) - p € Pe},
where E = {(s, N €R*: =1=s5=<1/2p)—1=1=1}.

Remark. Observe that for every (s, t) € E we have

4sq:/92p04s) 1401 = (1 — N)gs + Agy,
where A = [1-2p(1+s)](1+1)/(t—s) € [0,1],if s <t,and A =Oor lifs =1 =
1/(2p) — 1. Furthermore, if —1 <s <t £ 1, then gsq;/q2p(1+s)140-1(—1) = —p.

Proof. We have Tg? = {f : f/p+1 € (To)r and f'(0) = 1}. Using Theorem
4.1 (ii) and the relation g,/q—; = 1 +2(1 +1)g, we get

==

(1 +0)qdpu@) : p € Py
[-1,1]

and Zp/ (1 +0dp@®) = 1}.
-1, 1]

Next, we want to apply Lemma 2.3. Since the correspondence p — f, is an
affine homeomorphism, we get

'Z:(TRP)I {f,‘:ue f{VEP[_lyl]

such that Zp/
[=1,1]

(1 + tdv(t) = 1}}

Putting ®(v) = 2p f[_l { ]( 1+1)dv(t) we get from (2.5) that f is an extreme point
of T? if and only if f = 2p(1 — A)(1 + s)gs + 2pA(1 + t)q; under the condition
that £/(0) = 1 = 2p(1 = \)(1+s)+2pA(1 +1). Without loss of generality we may
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assume that s < . The last condition shows that —1 < s < 1/2p)— 1=t =1
and the result follows. O

Let L € H'(A) and let L* be as defined in (2.6). Then any linear optimisation
problem over the class Tg?, M = max L*(Tg?) (min L*(Tx?) resp.), can be
reduced by means of Theorem 5.2 to a classical optimization problem involving
a real-valued differentiable function of two real variables, i.e.

M = max(min){F(s,1): —1 S s = 1/2p)—1 =t = 1},
where

(5.2)  F(s, 1) = L*(459:/ q2p1+s)140)—1)-
In all the calculations it is convenient to use the following relations:
(53) (g —qs)/(t —5) =2q5q;, qi/qs = 1+2(t —5)qs,
(g /or" =2"nlg"!, ¢, =@ —1)qj,
(A +0g: — (1 +5)g5)/(t — 5) = q5q: /91,
(t —$)F(s, 1) = [1 —2p(1 + $)](1 +)L*q,)
—[1 =2p(1 + 0] + 5)L*(gy).

The classical necessary and sufficient conditions for a local maximum
(local.minimum resp.) of F' are summarized in the Lemma below.

LEMMA 5.3. Let J(t) = L*(q,). Then the following statements hold.
(i) If (s, 1) is a critical point of F in {(s, 1) : =1 <s < 1/(2p)—1 <t < 1},
then it is a solution of the two equations

54 JO—=JE)/t—s)=TOA+D/(1+s5)=J'(s)(1+s)/(1 +1).

(i) Let (s, 1), -1 <s < 1/(2p) — 1<t <1, be a critical point of F. Then
(s, t) is a local maximum (local minimum resp.) of F if

(5.5)  (1+s)J"(s)+2J'(s) <0 and (1 +1)J"(t)+2J'(t) <0

(5.6) (1 +5)J"(s)+2J'(s) >0 and (1 +£)J"(t) + 2J'(t) > O resp.).

~(iii) If s is a critical point of G(s) = F(s, 1),—1 < s < 1/(2p) — 1, then it
is a solution of the equation:

(5.7 () =)/ —s) = J'(s)1 +5)/2.

If, in addition, (1 + s)J"(s)+2J'(s) <0 (> O resp.), then s is a local maximum
(local minimum resp.) of G.
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In Proposition 5.1 we have seen that the convex hull of Sg” is contained in
TR? but there are functions in Tg” which do not belong to the convex closure
of Sg?. The next Proposition is an easy application of Lemma 5.3 and could
also be shown by the same way as Proposition 3.1 (iii).

ProposITION 5.4. If f € TR”, p 2 1/4, then we have for all x, —1 < x < 1,

the sharp inequalities:

q1/2p-1(x) = f(x) = q1(x).

Proof. The upper bound holds for all functions in Tg. Fix x € (—1,0) U
(0, 1) and put L*(f) = f(x). Condition (5.4) becomes
(q1(x) = gs(0)) [t — $) = 24,(X)qu(x) = 2q; (xX)(1 + 1) /(1 +5)
=2¢2(x)(1 +5)/(1+1) >0

which implies that g,(x)(1 + ) = g;(x)(1 +s). But there is no point (s, #), —1 <
s <1/(2.p) — 1 <t <1 such that

(1 +0)gi(x) — (1 +5)g5(x)) /(t — 5) = g5(x)ge(x)/g-1(x) = 0.

In other words, there is no critical point in —1 <s < 1/(2p)—1 <t < 1. On
the boundary part {(s, 1) : —1 = s = 1/(2p) — 1} the function G(s) = F(s, 1)
is a homography of the variable s. Therefore, G has no critical point on {(s, 1) :
—1 < s < 1/(2p)—1}. The same fact holds for the function H(r) = F(—1, t) =
J(#) on the boundary part {(—1, r): 1/(2p) — 1 =t < 1}. Observe furthermore
that F(s, 1/(2p) — 1) = F(1/(2p) — 1, 1) = q1@p)-1(x). Therefore, the extremal
functions are g; and qi /2p)—1. The first gives the maximum value and the second
the minimum value of f(x). O

THEOREM 5.5. Fix p > 1/4 and z € A, Im{z} # 0. Then the set
(58) E={w=f@:feT’"}

is the closed circular lens which is bounded by the two arcs

Y ={q@):1/2p)—1<t<1} and
Y2 = {q1(2)45(2) /qapa4s—1(2) : =1 = s £ 1/2p) — 1}.

Furthermore, 7Y, is tangent to the straightline segment from q_(z) to q:(z) at
the point q,(2).

Proof. Consider the functional L(f) = ¢*f(z) where « is a real number. The
equations (5.4) lead to the equalities

Re{e™*qs(2)q7(2)/9-1(2)} = Re{e“q,(2)g}(z) g-1(2)} = 0.
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Hence, ¢,(2)/q:(z) € R. Since ¢(z) and g,(z) lie on a circle passing through
the origin, this situation is impossible for ¢ # s. Therefore, there is no critical
point of F in —1 <5 < 1/(2p) — 1 <t < 1. On the other hand, through each
boundary point of the compact convex set E defined by (5.8) passes a straight
line which supports E. Thus, by theorem 5.2 (i),

E = co{[459:/q2p(1+5040-11(2) = (s, 1) € ([—1, 1/(2p) — 1]
x [1/(2p) — 1, 1))}
= co{Y1U",}. Finally, v; U7, = JE. m]

The next Theorem gives estimates for the derivative of f at a given point in
-1, D.

THEOREM 5.6. Let p > 1/4 and let x, be the unique solution in (—1, 0) of
Xo+1/x, = =1—(1+2/p)/2 Put s = [(x+1/x)*+2(x+1/x)—4] /4. I f € TR",
then

i) ‘1,1/(2p)—1(x) Sfx)Sqix), f0sx <1

(i) ¢i(x) = f'(x) = q’l/(zp)_l(x), ifx, =x=0.

(i) q1(x) = f'(x) = (9195 /qapesy—1 T (x), if —1 < x = x,.

Proof. First observe that xf’(x) = xq|(x) for all x € (—1, 1). Let L(f) =
f'(x), =1 <x <1, x# 0, and put J(¢) = ¢g/(x) = (x> —1)g?(x). We now show
that F(s, t) has no critical points in —1 < s < 1/(2p) — 1 < ¢ < 1. Indeed,
Condition (5.4) becomes

(@7 () = g5 () /(¢ = ) = 25(x)qi(O)gs(x) + gi(x)]
=4q; )1 +0)/(1 +5) = 4g2(x)(1 +5)/(1 +1)

which implies that [g,(x)g,(x)(g;(x)+q:(x))* = 44} (x)q; (x) or [q(x)q.(x)(qs(x)—
g:(x)))*> = 0 which leads to a contradiction for s # t. Therefore there are no
critical points in —1 < s < 1/(2p) — 1 < t < 1. Consider now the function
H(t) = F(—1, 1) = J(r) on the boundary part {(—1,1): 1/2p)—1 =1t = 1}.
Since xJ'(t) > 0 for all x € (—1, 1)\{0}, we have

G jop—10) =J(1/2p) = ) S J@) S J(1) = ¢\(x), fO<x<1
and

@\ jopy-10) =J(1/2p) — 1) 2 J(®) 2 J(1) = ¢)(x), if —1<x<0.

Consider now the function G(s) = F(s, 1) on the boundary part {(s, 1): —1 <
s £ 1/(2p) — 1}. Then the condition (5.4) becomes

(59 @a®Igix) +q,x)] = 1 +5)g(x), =1 <5 <1/Q2p) — 1.
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Substituting 0 = q1(x)/gs(x) in (5.9) we get Q(Q + 1) = 1 +s. Since Q > 0,
we obtain Q = (—1 + (1 +4(1 +5))"/2]/2. Put w = (x +1/x)/2. Then |w| 2 1
and

5+4s =20 +1)* =[2w—s)/(w— D)+ 1],
and therefore

(s—1(s—w>—w+1)=0.

Since —1 < s < 1/(2p)— 1, the only possible solution is s* = w? +w — 1 which
implies that —[1 + (1 +2/p)'/?1/2 <w < —1 or —1 < x < x,. Therefore, if
X, = x < 1, the only extremal functions are g; J2p)-1 and g and the statements
(i) and (ii) are proved.

It remains the case (iii). For all x € (—1, 0), we have

(A +5"(s*) +2J'(s*) = 8(x 2 — 1)@ (x)[3(1 +5™)gs(x) + 11 < 0.

Therefore, the function G(s) has a local maximum at s* and we have the in-
equalities

g = f'(x) = max{q} ap)-1); [919s5 /Gapcies-11' (0},
—1<x=x,.

It remains to show that for all x, —1 < x = x,,

(5.10) (9195 /qapis)—11(X) Z g} )1 (%)-

For convenience put u = —w and m = 1/(2p)— 1. Then we have s* = w—u—1

and 1 <u < [l +(1+2/p)'/?]/2. First, observe that

(5.11)  q1gs /qapaesy—1 = (1 — N)gs= + Aqu

where A = [2—4p(1 +s*)]/(1 —s5*) =[2—4pu(u— 1)]/[(1 +u)2—u)] € (0, 1).
Using the fact that u + s* = u? — 1, we are lead to show that

(5.10) [A =X +Au— D)@ —1)* —1/(u+m)*> 2 0.
But

[(1 =)+ e — 1?1/ — 1)* = [1 = M2 — w)] /@ — 1)
= (4pu* — 1) [[(u* — 1)(u + 1)*].

From the identity

@pu® — Dw+m)? — (@ — Dwu+1? = @p — DW? —u—1—m)?

https://doi.org/10.4153/CJM-1990-033-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-033-x

640 W. HENGARTNER AND W. SZAPIEL

we conclude that (5.10) holds. Equality holds if and only if x = x,. O
The following Lemma will be useful for our next result.

LemMa 5.7. For all positive integers and all x € (0, T) we have

(5.12)  sin(nx)/[nsin(x)] < [2 + cos(nx)]/[2 + cos(x)].

Proof. Put u(x) = sin(x)/[x(2 + cos(x))] and v(x) = xu(x). Since
[ (0)x%(2 + cos(x))?] = 2. sin(x)[sin(x) — x] < 0

we conclude that u/(x) < O for all x € (0, m) and therefore u(x) is strictly
decreasing on [0, w]. Moreover, v(x) is strictly increasing on [0, 27r/ 3] and
decreasing on [27r/ 3, 7]. Therefore, for 0 < x = 7r/n, we have:

(5.13)  sin(nx)/[2 + cos(nx)] = v(nx) = nxu(nx) < nxu(x) = nv(x)
n sin(x)/[2 + cos(x)].

Next we show that (5.12) holds for all x € [n(n — 1)/n, 7). If n is even and
n(n—1)/n = x <, then

sin(nx)/[nsin(x)] = — sin(n(r — x))/[nsin(r — x)] £ 0.

For odd n and m(n — 1)/n = x < 7 we have cos(x) < cos(nx) and, according to
(5.13), we get
sin(nx)/[nsin(x)] = sin(n(r — x))/[nsin(r — x)]
< [2 + cos(n(m — x))]/[2 + cos(m — x)]
= [2 — cos(nx)]/[2 — cos(x)]
< [2 + cos(nx)]/[2 + cos(x))].

Observe also that it is sufficient to show (5.12) for the subset of x € (0, 7) for
which sin(nx) 2 0, i.e. if the integer part of nx /= is even. Let now 7/n < x <
(n — 1)m/n be fixed and let the integer part of nx/m be equal to 2k where k is
an integer in (0, (n—1)/2). Then we have 0 = x —2kn/n < 7/n and, by (5.13),
we conclude that

v(nx) = v(n(x — 2k /n)) < nv(x — 2tk /n) < nv(r/n).

If x € (m/n, 2r/3], then, by the monotonicity of v we have v(nx) < nv(m/n) <
nv(x). Similarly, if x € 2 /3, ® — 7/n), then

nv(x) > nv(m — m/n) Z nv(r/n) > v(nx).

This completes the proof. 0O
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In what follows, we are interested in sharp estimates of some coefficients of
functions in the class Tg”. Using the same proof as for Proposition 3.1 (i) and
(ii) we have

ProposITION 5.8. If f € Tg?, p 2 1/4, then the following sharp estimates
hold:

DH2Z2a(f)2 -2+ l/p

— — i <p<
(ii) 3 Z a(f) 2 {(1 1/pB—1/p), f1/ASp=1/2 ©

-1, ifp = 1/2
functions are q1/@p)+1 or qo for the minimum and q, for the maximum.

Evidently, a,(f) = n for all n, € N, since q; € Tg” for all p = 1/4. The
situation is quite different for the minimum of a4(f). We shall use the same
method as we have applied for the previous Theorems. Put J(¢) = a,(q,) and

(5.14)  F(s, 1) = an(gsq:/ qapai+sia+n—1) = (1 — Nan(gs) + Aan(qs),

where A = [1-2p(1+5)](1+1)/(t—s) € [0, 1]and —1 S s = 1/2p)—1 == 1.

LEMMA 5.9. Let p > 1/4 and put A,(p) = min{a,(g;) : 2p) —1 =t = 1}.
Denote by B the set of all critical points of (5. 14) in the open rectangle {(s, 1) :
—1<s<1/2p)—1<t<1}. Then we have:

min{a,(Tx")} = min{A,(p), min{F(s, ) : (s, 1) € B}}.

Proof. First, observe that F(—1, 1) = a,(q,), F(s, 1/(2p) — 1) = F(1/(2p) —
1, 1) = an(q1/@p)-1)- Put s = cos(x). Then, by Lemma 5.7, we conclude that

[0F /9s](s, 1) = (4p — Dn(2 + cos(x))

{ sin(nx) 2 + cos(nx) }
nsin(x) 2 + cos(x)

for all x € (0, ). ]

In contrast to the cases of min{a,(Tg?)} and min{a3(Tg")} we get for the
problem min{as(Tg”)} extremal functions which are not univalent for some
values of p.

TueoreM 5.10. If f € Tg?, p > 1/4, then we have the sharp estimate

a(f)2{4m(2m2"1)7 ifl/4<p§3—\/70rp23+\/7
T m1—p/a, F3-VT1SpS3+VT

where m = 1/(2p) — 1. The extremal function is qn for the upper case and

Gs*qr [Gop4styi+ry—1 for the lower case where s* = —(1 + \/7)/4 and t* =
+T1—1)/4
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Proof. Put J(t) = as(q,) = 4t(2t*> — 1) and Y(s, 1) = (1 +s)(1 + H(J (@) —
J(s))/(t —s). Then Y(t, 1) = (1 + 1)2J'(t) and (5.4) can be written in the form

(54 Y, D=Yt,H)=Y(@s,s), -1<s<1/2p)—1<1<1.

or

(54" [Y(s,)—=Y(t, D/t —s)A+D] =[Y(s, ) = Y (s, )I/[(t — 5)(1 +5)]
=0, -1<s<1/2p)—1<r<1.

But Y (s, 1) = 4(1 +s)(1 + )[2(? + ts + s%) — 1] and, by (5.4"), the critical points
in {(s, ©): —1 <s <1/(2p) — 1 <t < 1} have to satisfy the equations

20 +s)t—s)—6t(1+s+1)+1 =0,
20+ 1)t —s)+6s(1+s+1)—1=0.

The only critical point in {(s, ): —1 <s <1/(2p) —1 <t <1} is

s*=—(1+vV7/4 andr* = T—-1)/4

which is, by (5.6), a local minimum provided that 3 — \/7 <p<3+ \/7 . The
correspondent value for a4 is F(s*, t*) = —(p+4)/4 = —1 — 1/[8(m + 1)]. Let
A4(p) be as in Lemma 5.9 and put m = 1/(2p) — 1. Then we get

4m2m? — 1), if1/4< p < (6 —6)/10
A4(p) = orp 2 (3+6)/2
—4v6/9, if (6 — v6)/10 < p < (3+6)/2

Next, observe that ,
4m2m? — 1)+ 1+ 1/[8(m+ 1)] = (8m* + 4m — 3)* /[8(m + 1)] 2 0.
Furthermore, we have —1 —p /4 < —4\/6 / 9, whenever p = 3 — \ﬁ and the
interval [(6 —/6)/10, (3+1/6)/2] is contained in the interval [3 — /7, 3+/7].
By Lemma 5.9, we conclude that for the case 3 — \/7 <p< 3+\/7 the function
F attains its global minimum at the point (s*, #*). For the remaining values of
p the extremal function is gy,. a

It is a natural question to ask under what conditions the extremal functions
are univalent. The following Lemma gives a partial answer to it.

LemMA 5.11. Let L € H'(A) and J(t) = L*(q;), —1 = t < 1. Suppose that
there is a t* € [—1, 1) such that J is convex and increasing on [t*, q] and J
attains the global minimum at t*. Then

min L(Tg?) = min L*(Sg?) = min{L*(g,) : 1/2p) — 1 < t < ¢}

forallp >1/4.
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Proof. Let m = 1/(2p) — 1 be fixed. If —1 < m = r*, then g~ € Sg”
and J(t*) = minL*(Tr) < minL*(Tg?) = minL*(Sg?) = J(r*). Hence, the
result follows for this case. It remains to verify the case —1 = r* = m < L.
Consider the linear functional K(f) = ax(f)/2 + i.L*(f), f € H(A). Since
K(g;) = t+iJ(t), we conclude from Proposition 5.8 that K(Tg?) lies in the strip
{w : m = Re{w} = 1}. Furthermore, Theorem 5.2 and the above assumptions
on r* imply that K(Tg?) is contained in the set {w : m < Re{w} = I and
Im{w} 2 J(Re{w})}. Therefore, we get

J(m) = min{Im{w} : w € K(Tg")} = min L*(Tg")
< min L*(Sg”) < L*(gm) = J(m). O

The next result is an application of the above Lemma.

THeOREM 5.12.  For all odd integers n 2 3 and all p > 1/4, we have
min a,(Tg?) = mina,(Sg”) = min{sin(nx(/sin(x) : 1/(2p)— = cos(x) < 1}.

Proof. Put t = cos(x), ty = cos(xx) and xx = kw/n,k=1,2,...,n— 1.1t
is sufficient to check that the polynomial

n—1

J@ = a(g) =2 [J¢ = 80) = wix) = sin(uo)/ sin(x)

k=1

satisfies Lemma 5.11 for a suitable #*. For n = 3, J(f) is a convex parabole.
If n =5, then J(1) = 16* — 12¢> + 1 satisfies Lemma 5.11 with * = v/6/4.
Let now n 2 7. Then J(—t) = J(¢) and J'(¢) has exactly n — 2 distinct zeros
Sk € (tee1, k), Kk = 1,2, ..., n—2, on the interval (—1, 1). Moreover, J"(t)
has exactly n—3 distinct zeros ry € (Sg+1, Sk), Kk =1,2, ..., n—3,0n (-1, 1).
Thus we conclude J > 0 on (t;, 1], J' > 0 on (sy, 1] and J” > 0 on (rq, 1].
Put t* = s5;. Then, J is convex and increasing on (¢*, 1). It remains to show that
the global minimum of J is attained at ¢*. Observe that the local minima of J
are at the points sy = cos(x3,_;), x—1 < x3;,_; < x2¢. By the symmetry it is
sufficient to check the interval 0 < x < /2. Put 1 = x3,_, —2(k—D7/n €
(x1, x2). Then we get

w3y 1) = sin(néx—1)/ sin(xz;_;) 2 sin(n€x—1)/ sin(§x—1) 2 w(xy)

and Theorem 5.12 is shown. O

The problem of sharp lower bounds for even coefficients of functions in Sg”
is still open. However, for p large enough (depending on n), there is a g,» which
minimizes a,(f).

THEOREM 5.13. For every L € H'(A) there is a constant p;. such that for all
p > pr we have min L*(Tg?) = min L*(Sg”) = min{L*(¢,) : 1/2p)—1 =t = 1}.
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Proof. Let J(t) = L*(q;),—1 = t = 1, and suppose that J attains its global
minimum at a point t* € (—1, 1]. Then Theorem 5.13 holds for p;, = 1/(2+21*).
Assume therefore that * = —1 is the only global minimum of J. We shall
proceed in two steps.

Step 1. Denote by B the set of all critical points of the function F(s, t) =
L*(gsq:/q2p(1+s)1+0—1) on the domain {(s, £) : —1 <s <t < 1}. Suppose first
that B is nonempty. Then J” is not identical zero on [—1, 1]. We want to show
that s, = inf{s : (s, f) € B} > —1. Assume that the contrary holds. Then there
is sequence (sy, ;) € B such that lim, . s, = —1 and lim,o t, =7 € [~1, 1].
The case T# —1 is excluded. Indeed, if 7# —1, then (5.4) implies that

@O —=J(=Dl/r+1)= lir&]'(s,,)(] +5)/(1+12,) =0

which contradicts the assumption * = —1 is the unique global minimum of
J. Since J is analytic on [—1, 1] and J” does not vanish identically there,
there is a & > O such that J'(r)J"(r) # O for all t+ € (—1, —1 + §). From
the fact that 0 < [J(#) — J(—D]/(t + 1) = J'() for all t € (—1, —1 + )
and some 0 € (—1, t) we conclude that J' > 0 on (=1, —1 + §). Moreover,
if n is sufficiently large, then, by (5.4), we get —1 < 5, < 1, < —1 +¢ and
0 < J'(ty) < J'(tn)(1+2) /(1 +54) = J'(52)(1 +5,))/(1 +1,) < J's,). In other words
we have J”(f) < 0 for all ¢t € (—1, —1 +8) and we conclude that J'(—1) > 0.
Next we use again (5.4) and (5.3) and we get for points (s, t) € B

2L*(gsq) = L*(q: — g5)/(t — 5) = 2L*(gD)(1 + D) /(1 + 5)

and hence

0 = (1 +5)L*(gs-q) — (1 + L*(gD) = (s — DL (gsq7 /9 -1)-

In particular, J'(—1) = 2L*(g% ) = 2 lim,_os L*(¢5,g; /g—1) = O which leads to
a contradiction. Therefore, if B is nonempty, s, > —1. Put p; = 1/4, if B is
empty and p; = 1/(2 + 2s,), if B is otherwise.

Step 2. Let G(s) = F(s, 1),—1 < s < 1 and consider the condition (5.7).
First, we claim that there are only finitely many solutions of (5.7). Indeed, if
not, then (5.7) holds for all s € [—1, 1], since J is analytic on [—1, 1]. But the
only analytic solution for (5.7) on [—1, 1] is the constant function. Therefore,
there is an interval (—1, —1 + p), p > 0, which contains no critical points of G.

Put p, = 1/(2p).
Finally, put py = max{p;, p»}. By Lemma 5.3, Theorem 5.13 follows.
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