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DOUBLE OPTIMAL STOPPING
IN THE FISHING PROBLEM

ANNA KARPOWICZ,* Wroctaw University of Technology

Abstract

In this paper we consider the following problem. An angler buys a fishing ticket that
allows him/her to fish for a fixed time. There are two locations to fish at the lake. The fish
are caught according to a renewal process, which is different for each fishing location.
The angler’s success is defined as the difference between the utility function, which is
dependent on the size of the fish caught, and the time-dependent cost function. These
functions are different for each fishing location. The goal of the angler is to find two
optimal stopping times that maximize his/her success: when to change fishing location
and when to stop fishing. Dynamic programming methods are used to find these two
optimal stopping times and to specify the expected success of the angler at these times.
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1. Introduction

The solution to the double optimal stopping problem, in the so-called ‘fishing problem’,
will be presented. Starr [10] was the first to consider a basic version of this problem, with
further generalizations given later by Starr and Woodroofe [11], Starr ef al. [12], and Kramer
and Starr [8]. For a detailed review of the literature on the fishing problem, see [5, p. 1]. The
simple formulation of our double optimal stopping problem is as follows. An angler buys a
fishing ticket that allows him/her to fish for a fixed time #y. There are two locations to fish at the
lake and the angler can change his/her location at any time s. The fish are caught according to a
renewal process {N;(¢), t > 0}, where N; () denotes the number of fish caught during time ¢ at
location i = 1, 2. Let 7; , denote the capture time of the nth fish at location i (we fix 779 = 0
and 7> o = s). Then the random variables S; , = T; , — T; ,—1 are independent and identically
distributed with continuous cumulative distribution function (CDF) F;. The weights of the fish
caught at location i are given by a sequence of independent and identically distributed random
variables X; o, X; 1, X;2,... with CDF H; (we fix X; 0 = 0 and X2 ¢ = 0). The renewal
process is independent of the order in which the fish are caught. The angler’s success is defined
as the difference between the utility function g; : [0, co) — [0, G;], which is dependent on the
size of the fish caught, and the time-dependent cost function ¢; : [0, o] — [0, C;]. We assume
that g; and ¢; are continuous and bounded functions, and, in addition, that ¢; is differentiable.
The utility function and the cost function differ at each location. In this way, based on the
opinion of the angler, each location can be modeled. For example, the angler may consider
one of the locations to yield a higher probability of catching the ‘best’ fish or to have a more
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comfortable pier. The mass of the fish caught up to tlme t by an angler who changes location
at time s is given by M} = I(MI X1, + NZ((t ) X3, where a A b = min{a, b} and
(@)™ = max{a, 0}. Let Z(s, t) denote the angler s payoff for stopping at time ¢ if he/she
changes location at time s. The payoff can be expressed as

g1(My) — c1(1) ifr <s <1,
Z(s,t) = { g1(My) —c1(s) + g@2(M] — M) —c2(t —5) ifs <t <1, (1)
-C if g < ¢,

where C = C| + C,. With the notation wy(m, s, m,t) = wi(m, s) + go(m — m) — co(t — s)
and wi(m, t) = g1(m) — c1(¢), (1) reduces to

Z(s, 1) = Vypeg<ioy wi(My, 1) 4+ Vg<p <y w2 (M, s, M,Sa 1) —1y<n C. ()

The extension considered here is motivated by the natural, more precise models of known real
applications of the fishing problem. The typical process of software testing consists of checking
subroutines. The consecutive stopping times are moments when the expert stops testing one
module and starts checking another module. Similarly, in proofreading the natural parts for
corrections are chapters or volumes. The consecutive stopping times are moments when the
proofreading process switches from one part to another.

2. The optimization problem

Let F; = 0(X1,0, T1,0, X1,1, T1,1, - - - » X1,§,(0)> T1, N, (1)) denote the o-field generated by
all events up to time ¢ if the parameters remain unchanged, and let %5 ; = o (¥, X2.0,
1,0, ..., X2, Ny(t—s)s 12, No(1—s))» § =< t, denote the o-field generated by all events up to
time ¢ if the parameters change at time s. For simplicity of notation, we set ¥, := fr,,
and F; , = Fy1,,. We will let M(F,) denote the set of nonnegative and F,-measurable
random variables. From now on, 7 and 7* stand for the sets of stopping times with respect
to the o-fields {¥;, t > 0} and {¥;;, 0 < s < t}, respectively. Furthermore, define the sets
ok ={teT:t>0,T1, <t < Tl,K}and’J'nS’K ={reT:0<s<t,Th,<71<
Tr k) forn =0,1,..., K. Obviously, the angler wants to have as much success as possible
before his/her fishing ticket expires. Therefore, the angler’s goal is to find two optimal stopping
times 7;" and 75 such that the expected gain is maximized:

E[Z(r{,7)] = sup sup E[Z(11, )],
T1€ET 1peT ™l
where 7} is the time when the angler should change location and 5 is the time when the angler
should stop fishing. These stopping times should be less than the fixed fishing time, #y. The
process Z (s, t) is piecewise-deterministic and belongs to the class of semi-Markov processes.
The optimal stopping of similar processes was studied in [1]. We use dynamic programming
methods to find these two optimal stopping times and to specify the expected success of the
angler. The methods used to obtain the solution are similar to those of [7]. Let us first observe
that by the properties of the conditional expectation we have

E[Z(z{, 1)1 = sup E[E[Z(t1, 3) | 7,11 = sup E[J ()],

Tes €T

where
J(s) =E[Z(s,15) | F5] =esssupE[Z(s, 1) | F]. 3)

7eTs
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Therefore, in order to find rl* and 7:;, we have to calculate J(s) first. The process J(s)
corresponds to the value of the revenue function in the single stopping problem if the observation
starts at time s.

3. Construction of the second optimal stopping time

In this section we find the solution to the single stopping problem defined by (3). We first
solve the problem for a fixed number of catches, and then we consider the case in which an
infinite number of fish are caught. In this section we fix s, the time when the angler changes
location, and m = Mj, the mass of the fish caught at time s.

3.1. A fixed number of catches

In this subsection we look for an optimal stopping time 7) := 75 ; such that

E[Z(s, 15 k) | F5]1=esssupE[Z(s, ) | F],

a5
TGJ(),K

where s > 0is the (fixed) time when the angler changes location and K is the maximum number

of catches which can occur. Let us define, forn = K, ..., 1,0,
I8 g = esssupE[Z(s, 7) | Fyul = E[Z(s, 15, k) | Fonl, @
€T’

n,K

and observe that F%’K = Z(s, T»,x). The following lemma (see [2, p. 308]) plays a crucial
role in our subsequent considerations.

Lemmal. Ifty € T and tp € T°, then there exist R1, € M(F,) and Ry, € M(Fs.p),
respectively, such that t; A Tins1 = (Tin + Rin) AN Tiny1on{t = T;,}, i = 1,2, almost
surely (a.s.).

Now we derive the dynamic programming equations satisfied by I') . To simplify the
notation, we write M; = M; fort <s, M, = Mr, ,, M, = M}Z . and F; =1 — F;.

Theorem 1. Let s > 0 be the time when the angler changes location. Forn = K — 1, K —

2,...,0,
F%’K = Z(Sa TZ,K)5
FZ,K = €ss sup ﬁn,K(MYa s, sz T2,n, Rz,}’l) a.s.,
Ry n€M(Fs.n)
where

Onx (m, 5,1, 1,7) = L<r) (B (1) [Lp<tg—ry wa(m, s, 7, t + 1) — C Lypsgg—)]
+ By, < Tngr x| FonD) — C sy

Proof. First observe that the form of Ffl’ x for the case in which T3, > t¢ is obvious from
(1) and (4). By Lemma 1, for T > 75 ,,, we have

[t <Dur}={t ATuy1 < Tops1} ={T2n + Ropn < T2 nt1},

and this gives

{r < T2,n+l} = {SZ,n—H > RZ,n}» {r > T2,n+l} = {S2,i1+1 =< R2,n}- (5)
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Assume that 75 k1 < tp and take any 7 € ‘Tlé_ | k- According to Lemma 1 and (5) we obtain

E[Z(s,7) | F.k-11 =ElZ(s, (To.k-1 + Rok-1) A T2 k) | Fs k1]
=E[ls, k<ry g1} Z(s, To,x) | Fs,k-1]
+E[ls, x> Ry g1} Z(s, T2 k-1 + Rk —1) | Fy k1]

From (2), and by the definition of "} K.Kx> e conclude that, for t € ‘Tlg_l, K>
E[Z(s, ) | Foxk-1]1 = YRy x_<to-To 1) W2(Ms, 5, Mg, To k1 + Ro k1)

-C I{RZ.K—I>10—T2.K—l})F2(R2,K—l)
+ E[I{Sz,KSRz,K—l} F?{,K | fv,K—l]-

Now suppose that T>,,—1 < to and that the lemma holds for some n = 1, — 1. Let us
take any v € 7" | . According to (5) and the properties of the condmonal expectanon

E[Z(s,T) | Fsn—1] = Ell(s,,,<ry, ) EIZ(s, TV T2.0) | Fsul | Fsn-1]
+ E[I{Sz,,l>R2,,,,1} Z(s, Tt ANTy) | Fyn-1ls (6)
where a V b = max{a, b}. Note that, by Lemma 1,
Ells, > R0 1} Z(5, T A T2 ) | Fsn—1] =B, ,,> Ry 1) Z(8, T2 n—1 + Rop—1) | Fyn—1l,
and this clearly forces
E[Z(s,7) | Fsn—11=Ells,,<r,, ) EIZ(s, TV T20) | Fsnl | Fsn-1]
+ F2(Ron-0) (AR <tg-Ts 1) W2(Ms, 5, My_y, To 1 + Ra 1)
-C 1{R2.n71>t0_T2.n71})'
Sincet vV T, €7 ” x» we apply the induction hypothesis and obtain
E[Z(s, )| Fsn—1] < Ells,, <Ry, 1} Tk | Fsn—1]
+ Fa(Ron—1) MRy 1 <t0—Tp1} W2 (Ms, 8, M3 _ 1, To 1 + Ro 1)

-C l{Rz,n—l >107T2,n—|})

< esssup  Ou_1,k(Ms,s,M,_;, > n—1,R2—1) as.
RZ,nfleM(‘(Fx.nfl)

This gives

[, g < esssup &1 k(My,s, M,

1> 2 n—1,Ran_1) as.
RZ,nflet/\’{(fr,nfl)

Let us define, for any R» ,, the stopping time
o= 120k if Ron—1 = S2.n,
Dop—1+ Ron—1 ifRyp—1 < S2n,

where 12 K is such that 1“ K= = E[Z(s, 12 . &) | Fs.n]l. We conclude from (4) that Fn LK =
E[Z (s, a) | F5.n—1]for all Rzn 1€ ,M(j—} n—1), and it follows that

> €ss sup On—1,k My, s, M _, o n_1, R2 n—1),
R2,n—IEM($}.n—1)

S
1—‘nfl,l(

which completes the proof.
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The following remark results from the analytical properties of the function ¥, k.
Remark 1. There exists an Ré‘,n such that F;;,K =V kM, s, M), T> p, R;’n).

Theorem 2. Let {Rzi iK=0 € M(Fy,;) for everyi = 0,1,...,K, and let R} = 0. More-

over, for n = 0..... K, set m, g = KAinfli = n:Ry; < Spivi) Then Ty =
E[Z(S, T2,n,K) | fS,n]r where TZ,n,K = T2,7]fl_K + Rz’nz.K'

Proof. Note that Tik,n, x can be expressed as

k : *
Gk = Bk R, 2 S, )
S, :
Tn+ R;,n if R;,n < 82041,

and 7y g, = T k. Letus check the backward induction hypothesis forn = K — 1. From (7),
carrying out similar calculations to those in the proof of Theorem 1, we obtain

E[Z(s, 5 k1 x) | Frk—1] = BIZ(s, (Tok—1 + R ) ATok) | Frx1] =T, ¢-

Now assume that E[Z (s, f2*,n,1<) | Fsnl= F;)K forsomen =1,..., K — 1. From (7),

E[Z(s, 75, 1 k) | Fsn1l= E[l{sz,,,>R;n71} Z(s, D1+ R3,_1) | Fsn-1]
+E[Ls, ,<ry, 1 205,15, k) | Fon—1l-
Proceeding as in the proof of Theorem 1 (see (6)) and using the induction hypothesis, we find

that E[Z(s, 75,y x) | Fon—1] = T5_ 4.

Lemma 2. We have I'; j = y;(ﬁ/[; (M}, Tr,) forn = K, ..., 0, where the sequence of func-

tions y;’m is given recursively as
V(A)Y’m(’%’ 1) = Ljr<gp) w2 (m, s, m,t) —C Lo 1)

y; " (@, 1) = L <gy) Sup g,y (ms s, s 1, 1) = C Lig=pg), (®)
r>0 -

where
KZ,S(ma s, %7 z, r) = FZ(r)(l{rgto—t} wz(ma s, %7 t+ r) - C 1{r>t0—t})

—i—/ sz(z)/ S(m+x,t+z)dHy(x)
0 0

for any function é.

Proof. Asthecaseinwhicht > fyisobvious, weassumethat 7> , < foforn =0,..., K—1.
Note that, according to Theorem 1, Ff( K= yg M (M3, T k); thus, the lemma is satisfied for

n =K. Letn = K — 1. Then Theorem 1 and the induction hypothesis yield

Tk_1k = ess sup (E[I{SZ.KfRZ,K—l}VS’MS(M;{9 k) | Fsk-1]
Ry gk —1€EM(Fy, k1)
+ {l{RQ,Kflfto—TZYKfl} wZ(MSv s, Ml[q(f]s T2,K—1 + RZ,K—I)
-C 1{R2_K71>t07T2_K71}}F2(R2,K71)) a.s., (9)

where My = M | + X2k, o, x = T2 k-1 + S2,k, and the random variables X3 g
and S; g are independent of F; k1. Moreover, the random variables Ry x 1, My _,, and
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Tr k-1 are Fs x—1- measurable The expectation under the ess sup in (9) can be expressed
as fOR” "R () [y v, S(Mf( |+ X, Ta k-1 +2) dHy(x), and it follows that T} _, , =

‘(MK 1ok — 1) a.s. Suppose that Fn K= yK rz( s, Thy)foranyn =1,..., K — 1.
Slmllarly to before, we conclude, by Theorem 1 and the induction hypothesis, that

s
Fn—l,K

_ esssup ({1{R21n_15mTz’n_l}wz(Ms,s M | Ton 1+ Ron1)
RZ‘n—IEM(fﬁn—l)

-C 1{R2,n,1>t()—T2,,,,1}}FZ(RZH—I)
Ron-1

+/ sz(z)/ vl (M) +x, o 1+z)dH2(x)> a.s.;
0 0

therefore, I'y | x —)/K n—1)(Myy 1 Tan—1).

From now on, we will use «; to denote the hazard rate of F; (i.e. «; = fi/ Fi) and, for
notational ease, set A;(a) = E[gi(a + X;) — gi(a)].

Proposition 1. For j =0, 1, ..., K, the sequence of functions y]“" can be expressed as
", 1) = Yy (walm, s, i, 1) + yo j(m —m, t — s, 19 — 1)) — C L=},
where y; j(a, b, ¢) is given recursively as
y2.0(a,b,c)=0,  y jab,c)= (max $2,y,,1(a, b, c,r),
and
r
$as(a,b,c,r) = / Fy(2)(@2(2){A2(a) + E[8(a + X2, b + z, ¢ — )1} — ¢5(b + 2)) dz.
0

Proof. Clearly,

,
/ dF(2) / Y@+ x, t+2) dHo(x) = Ellis,<r) v G+ Xa, 0+ $))],
0 0

where S» has CDF F, and X, has CDF H,. Since Ky, v (m,s,m,t,r) is continuous for
r € [0, ty — t], the supremum in (8) can be changed into a maximum. Let r > to — t. Then

Kz)y‘;’_": (m’ s, nfjiv t’ r) = E[I{Ssz()ft} V;’_ni (ﬁ’i + X27 t + S2)] - CFZ(IO - t)
= E[I{Szfto—t} )/;’_ni (7% + X2, 1t + $)]

+ Fa(ty — t)ywa(m, s, i, to)
= K2»V,’-YLW§ (m,s,m,t,tyg —t).

The above calculations yield, for j =0, 1, ..., K,

(m t) = 1{t<t() maX (p/(m S, m t, r) Cl{t>to}7

where ¢;(m, s, m, t,r) = Fg(r)wg(m, s,m,t +r) + E[l{g,<r y]‘?’_”{ m+ Xo,t + S5)]. We
have t +z <ty forz <r, r < ty — t, and for this reason we can consider the cases in which
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t <tpandt > ty separately. Consider the t < fy case. Then yg’m(n'?, t) = wa(m, s, m,t) and
the hypothesis is true for j = 0. The task is now to calculate y;ﬁ (m, t) given y;’m (-,-). The
induction hypothesis implies that, for t < 1,

@jrim, s, 7, t,r) = Fa(rywa(m, s, i, t + )+ E[lisy<) ¥;" (1 + X2, 1 + $1)]
= g1(m) — c1(s) + Fa(r)(g2( — m) — c2(t — s + 1))
+ /Or £ (@) (Elg2(m —m + X2)] — ca(t — s + 2)
+Ely2,jm—m+Xo,t —s+2z,00—t —2)])dz.

It is clear that, for any a and b,

F(r)(g2(a) = c2b + 1)) = ga(a) — c2(b)

- /o (f2(Dlga(a) — ca(b + 2)1 + Fa(z)ch (b + 2)) dz;
therefore,

Qjr1(m,s,m,t,r)
= wo(m, s, m,t) + /Or F(2)(—ch(t — s +2)
+ a2 () { A2 (m — m)
+E[y2,jm—m+ X2, t —s+z,10—t —2)]})dz.
The case in which ¢ > fg is trivial. This completes the proof.

Following the approach of [4], we find a second optimal stopping time. Let B = B([0, c0) x
[0, tp] x [0, to]) be the space of all bounded, continuous functions with the norm ||| =
sup, p.c [8(a, b, ©)|. Itis easy to check that B equipped with the supremum norm is a complete
space. The operator ®,: B — B is defined by

(P26)(a, b, c) = max ¢ s(a, b, c,r). (10)
O0<r<c

Let us observe that y; j(a, b, ¢c) = (®2y2,j-1)(a, b, ¢). Remark 1 now implies that there exists
a function r;j such that y» j(a, b, c) = qﬁz,yz’jfl (a,b,c, ri“’j(a, b, ¢)), and this gives
y]‘?vm(%7 1) = 1{,510}(¢2’y2’j71 (I% —m,t —s,t)—t, r;j(% —m,t—s,tg—1))
+ wz(m5 s, %7 t)) -C 1{I>t()}'

The following theorem, which determines the optimal stopping times 75, ,, is a consequence
of the above considerations.

Theorem 3. Let R;i = r;K_i(MiS — M, T —s,to—Tr;) fori =0,1,..., K. Moreover,
letn, x = K ANinf{i = n: Ry ; < S2,i41). Then the stopping time ©5, =T ,5 + R; "
. . . ’ >n,
is optimal in the class T};K and F;,K = E[Z(s, r{n,[() | Fs.nl
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3.2. An infinite number of catches

The task is now to find the function J(s) and the stopping time 75 that is optimal in the 7*
class. In order to obtain the solution to the single stopping problem for an infinite number of
catches, it is necessary to set the restriction that F,(79) < 1.

Lemma 3. If F>(ty) < 1 then the operator ®: B — B defined in (10) is a contraction.

Proof. Leté$; € B fori =1, 2. Itis easily seen that there exists a p; such that

(®26)(a, b, c) = ¢a5(a, b, c, p;).
Thus, we obtain

(CDZSI)(av bv C) - (¢)282)(a7 b1 C) = ¢2,51 (av bv c, pl) - ¢2,52(a7 ba c, p2)
= ¢2s(a,b,c, p1) — $25,(a, b, c, p1)

Pl 00
:/ sz(z)/ b1 —68)a@a+x,b+z,¢c—s)dHy(x)
0 0

Pl 00
< / sz(z)/ sup |(81 — 82)(a, b, c)|dHa(x)
0 0 a,b,c

< F2(pDlIé1 — 2]l
<olé =l

where 0 = F,(tp). Similarly to before, (®2872)(a, b, c) — (P261)(a,b,c) < ol|dr — b1]-
Finally, we conclude that ||$28] — ©28;]| < 0|81 — 82]|, where o € [0, 1).

Remark 2. Applying Remark 1, Lemma 3, and the fixed point theorem we conclude that there
exists a yo € B such that yo = ®2y2 and limg o0 |y2,x — ¥2/ = 0.

According to Remark 2, y> is a uniform limit of y, ¢ when K tends to co, which implies
that y; is measurable and y*" = limg o yg is given by
Yo" m, 1) = Ly<gy(wa(m, s, m, 1) + yo(m —m, t — 5,19 — 1)) — C Ly~
We now calculate the optimal strategy and the expected gain for an angler who has changed
fishing location.
Theorem 4. If F>(ty) < 1, with density function f;, then

1) forn € N, thelimitty =limg .50 T a.s.existsand T,y < tyis an optimal stoppin,
() N, the limitt5, =1 S n K tsandty , <t ptimal stopping
rule in the set T° N {1t > Tp ,},

(i) E[Z(s,73,) | Fsul = y*"(M,, To,n) acs.

Proof. (i) Let us first prove the existence of 7, . By the definition of I') 41 We have

FZ’KH =essSsupE[Z(s, 7) | F5n]lV esssup E[Z(s, 1) | F; ]l
TET TETR ki1

=EIZ(s, 15, ) | Fsnl VEIZ(s,0%)|Fnl;

* . * * * G5 * s
thus, we observe that T K+118 equz.ll tq 72,;1:1< or o *, where Tk € Jn:K ando™ € .JK’K_.H.
It follows that 75 | > 75, &, which implies that the sequence 75, ; is nondecreasing with
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respect to K. Moreover, R;‘,i <ty—Tp;foralli =0,..., K; thus, r{m x = to and, therefore,
Tz*,n < I exists.

Now define the process £°(¢t) = (t, M], V(t)), where s is fixed and V(t) =t — T2 N, (1)-
Here £°(¢) is a Markov process with state space [s, o] x [m, 00) x [0, 00). In general, the
infinitesimal operator for £° is given by

~ 9 - 0 ~
Ap*"(t, m, v) = Ep‘x'm(t, m,v) + ﬁps'm(h m, v)

+ Otz(v)(/+ p*"(t, x,0)dHy (x) — p*™ (¢, m, v)>,
R

where p*™ (¢, m, v): [0, 00) x [0, 00) x [0, 0c0) — R is continuous, bounded, and measurable,
with bounded left-hand derivatives with respect to t and v (see [1] and [9]). Note that, for ¢t > s,
the process Z (s, t) can be expressed as Z(s, t) = p*"(£°(¢t)), where

g1m) —c1(s) + g2(M;] —m) —co(t —s) ifs <t <1,
—C iftg < t.

PP EN D) = {

It easily follows that in our case Ap*™ (¢, m, v) = 0 for fp < t and
Ap*"™ (t, m, v) = a2 () (E[g2(7 + X2 —m)] — g2(i — m)) — c5(t — 5) (11)

for s <t < tg. The process p*>™(£%(¢)) — p*"(§5(s)) — f; (Ap*>™)(£°(2)) dz is a martingale
with respect to o (£°(z), z < t), which is the same as ¥; ;. This result can be found in [3].
Since tﬁkn’ x < to, applying Dynkin’s formula we obtain

¥

Elp™" (" (x5, k) | Fsnl = p""E (T2) = E[/ " ap e @) dz

T2,n

\?},ni|- 12)

From (11) we conclude that

.
&)

/T AP E ) de = Elgo (M + Xo —m)] = oM —m) [ aae - o) de
2,n

T2,n
r2*,n.K , d
— cy(z —s)dz.
TZ,n

Moreover, let us check that

1 T;,n,K f ( T )d 1
== 202 —12p)dz = = < 00,
F (1) J1,, " F(10)

TZ*,n,K
/ ax(z — T ) dz
T

2,n
TZ*.n.K ’
Cy (z —s)dz
T

2,n

= |ca(t5, gk —8) — c2(Tan — 8)| < 00,

[Elg2(M;, + X2 —m)] — g2(M,, —m)| < oo,

where the two last inequalities result from the fact that the functions g, and ¢, are bounded. On
account of the above observation, we can use the dominated convergence theorem to obtain

?] - E[ / AP E (2)) dz

T

lim E[ f AP E (2)) dz
T2,n

K—oo

E,n}- 13)
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Since 12*’ . =< 1o, applying Dynkin’s formula to the left-hand side of (13) we conclude that

E[ / AP E (2)) dz

Ton

fr,n} =E[p"" (¢ (13,)) | Fsul = p*"(E (T20) as. (14)

Combining (12), (13), and (14) we see that

Jm E[p™"( (3, k) | Fsnl =E[p""(E (13,) | Fonl s 15)

hence,
Jim E[Z(s, 75, x) | Foul = BIZ(s.73,) | Fonl.

We now prove the optimality ofrz*n intheclass 7° N{ry, > Trn}. Lett € T N{map, = 120}
Itis clear that T A To x € 7' . As T3, g is optimal in the class 7.° ., we have

lim E[p*"(&° (75, k) | Fsnl = lim E[p"" (& (t A T2.k)) | Fynl (16)
K—oo K—o0

From (15) and (16), we conclude that E[ps”"(ss(r{n)) | Fs.n] = E[p*>™(&°(7)) | F5.n] for
any stopping time T € 7° N {r > T3 ,}, which implies that 73, is optimal in this class.

(i1) Lemma 2 and (15) lead to E[Z (s, ‘L'zn) | Fsnl= ySMs (M3, T ).

The remainder of this section will be devoted to the proof of the left-hand differentiability
of the function y*" (m, s) with respect to s. This property is necessary to construct the first
optimal stopping time. Let 6(0, 0, ¢) € B be denoted by §(c).

Lemma 4. Let v(c) = ®,8(c), where §(c) € B and |8/ (c)| < Ay, Ay € RY, for ¢ € [0, to).
Then |\_Jf|_(C)| < Ay, Ay e RT.

Proof. First observe that Djr(c) exists because v(c) = maXo<,<c¢ 432(c, r), where de(c, r)
is differentiable with respect to ¢ and r. Let us fix & € (0, typ — ¢), and define the functions
81(c) =8(c+h) € Band 8>(c) = 8(c) € B. Itis obvious that || 28] — P28 > |P281(c) —
®3285(c)| = |P28(c+h)—DP28(c)|. On the other hand, using Taylor’s formula for the right-hand
derivatives we obtain

61 — &2l = sup [8(c+h)—8(c)| <h sup |8, () +lo(h)|.

cel0,19) cel0,19)

From the above and Lemma 3, it follows that

[®28(c+h) = @25 <afh sup 18]+ loh)}:

c€l0,19)
therefore,

—0{ sup |8’ (c)| + |O(hh)|} < ]_)(C—i_h; — () < 0{ sup |8, ()| +

c€[0,19) c€l0,19)

lo(h)] }
Pt

Letting h — 07 gives [V (c)] < 0 A; = As.

The significance of Lemma 4 is such that the function y(ty — s) = y2(0, 0, 9 — s), where y;
was introduced in Remark 2, has bounded left-hand derivatives with respect to s for s € (0, #g].
The following remark is an important consequence of this fact.
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Remark 3. The function y*™ can be expressed as
y M m, s) = Ls<pyu(m, s) — C sy},

where u(m, s) = g1(m) — c1(s) + g2(0) — c2(0) + y>(t9p — s) is continuous, bounded, and
measurable, with bounded left-hand derivatives with respect to s.

At the end of this section, we determine the conditional value function of the second optimal
stopping problem. According to (3), Theorem 4, and Remark 3, we have

J(s) =E[Z(s, 1) | Fs1 =y M (My,5) as. 7)

4. Construction of the first optimal stopping time

In this section we formulate the solution to the double stopping problem. Let us first note that
the function u(m, s) has similar properties to the function wy (m, s, i1, t) and that the process
J (s) has a similar structure to the process Z(s, t). Therefore, we can proceed as in Section 3
to obtain J (s). Let us again define

Iy x =esssupE[J(71) | Ful, n=K,..., 1,0,

7] ET;L K
which fulfills the following representation lemma.

Lemma S. We have 'y, k = yxk—n(My, T1 ) forn = K, ..., 0, where the sequence of func-
tions y; can be expressed as

yi(m,s) = Ls<py(u(m, s) + y1,;(m, s, to — 5)) — C L{s54),
where y1 j(a, b, c) is given recursively as
yi0(a, b, c) =0, yi,ja, b,c) = orgf;(cqbl*»‘"J-l(a’ b,c,r),
and
d1s(a,b,c,r) = /Or Fi(x)(«1(x)[A1(a) +E[8(a+ X1,b+ 2, ¢ — 2)]]
— Y5 (c—2z)+ (b +12))dz.

Lemma 5 is a combination of Lemma 2 and Remark 1 from Subsection 3.1. Let the operator
®;: B — B be defined as

(®18)(a, b, c) = max ¢y s(a,b,c,r). (18)
0<r=<c
Lemma 5 implies that there exists a function rf j such that

vi(m, s) = Vi) (u(m, s) + @1y, ;_, (m, s, 10 — s, 1] ;(m, 5,19 = 5))) — C s>}
We can now state the analogue of Theorem 3.

Theorem 5. Let Ry ; =r{ _;(M;, T1;,t0 — T1 ;) fori =0, 1, ..., K. Moreover, let n, x =
K Ainf{i > n: RT,i < St.i+1}. Then rl*,n’K =Ty, ¢+ RTJ’In.K is optimal in the class T, k
and Ty x = E[](rf’n’K) | Ful
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The following results may be proved in much the same way as the analogous theorems in
Section 3.

Lemma 6. If Fi(ty) < 1 then the operator ®1: B — B defined in (18) is a contraction.
Remark 4. There exists a y; € B such that yj = ®1y; and limg_, o [|y1,x — y1ll = 0.
Remark 4 implies that y = limg_, », yk is given by
y(m,s) = Y (w(m, s) + y1(m, s, 1o — 5)) — C Lissgg)-
We can now formulate our main result.

Theorem 6. If Fi(ty) < 1, with density function f1, then

(i) forn e N, thelimitt, =limg . T{, g a.s. existsand T{", < to is an optimal stopping
rule in the set T N {t > T ,},
(i) E[J(z],) | Fal = y(My, T1») a.s.

Proof. The proof follows similarly to the proof of Theorem 4, except that the form of
the infinitesimal operator is different. Define the process £(s) = (s, My, V(s)), where V (s) =
s—T1,n,(s)- Asbefore, &(s) is a Markov process with state space [0, 7] x [0, 00) x [0, 00). Note
that J (s) can be expressed as J (s) = p(£(s)), where p(s, m, v): [0, 9] X[0, o0) x [0, 00) — R
is continuous, bounded, and measurable, with bounded left-hand derivatives with respect to s
and v. It is easily seen that

Ap(s,m, v) = a1 (V)(E[g1(m + X1)] = g1(m)) — (F5_(to — s) + ¢} (s)) fors <10.

The rest of the proof follows that of Theorem 4.

Summarizing, the solution to the double stopping problem is given by
E[Z(t, ©;)]1 = ElJ (t])] = y (Mo, T1,0) = v (0, 0),

where 7| and 75 are defined according to Theorem 6 and Theorem 4, respectively.

5. Examples

The form of the solution means that it is difficult to calculate analytically. In this section we
present examples for which an analytic solution can be calculated.

Proposition 2. If the process {r(t) = Ap*™(£°(t)) has decreasing paths then the second
optimal stopping time is given by tZ*,n = inf{t € [Tan, t0]: Ap*>™(E°(¢)) < 0}. On the other
hand, if {2(t) has nondecreasing paths then the second optimal stopping time is equal to t.
Similarly, if the process ¢1(s) = Ap(§(s)) has decreasing paths then the first optimal stopping
time is given by rfn = inf{s € [T1.,t0]: Ap(&(s)) < O}. On the other hand, if ¢1(s) has
nondecreasing paths then the first optimal stopping time is equal to ty.

Proof. We conclude from (14) that

*

E[Z (s, f2*,n) | fs,n] =Z(s, T2,n) + E|:/ > (Aps’m)(SS(Z)) dz:| a.s.

T2,n

Applying the results of [6] completes the proof.
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Corollary 1. If Sy has exponential distribution with constant hazard rate o, g is increasing
and concave, ¢y is convex, ty , = T» ,, and m;, = M, then

Ty, = inf{t € [12,0, t0]: @2 (Elg2(m;, + X2 —m)] — g2(m;, —m))] < c3(t — )}, (19)

where s is the time when the angler changes fishing location. Moreover, if S1 has exponential
distribution with constant hazard rate 1, g1 is increasing and concave, cy is convex, t1 o = T1.,
and m, = M,, then

T}, = inf{s € [t1,n, f0]: @1 (E[g1(my + X1)] — g1(my)) < ¢} ()}

Proof. The forms of 7], and 7}, are given in Proposition 2. Let us observe that, by our
assumptions, &2(t) = ax Ao (M} — m) — c’z(t — s) has decreasing paths for ¢ € [T, T2,4+1)-
It suffices to prove that

() — {2(T2;1) = (Ao(M; —m) — Ay(M;,_; —m)) <0 foralln e N.

It remains to check that &éf(to — ) = 0. We see that 1'; = rik (s) is deterministic, which is
clear from (19). Let us note that if s < ¢y then combining (14), (15), and (17) gives

)

73 (s) 3 (s)
y2(to —s) = E[f ’ (Ap™"™)(E°(2)) dz] = / (2282(0) — ¢5(z — 5)) dz,

y " (m, s) =E[Z(s, 13) | F1= Z(s,5) +E[/ ’ Ap*") (€% (2)) dz

By Remark 3, it follows that

and this yields

75 (s)
Vo_(to —s) = / Az —5)dz + 73 (5) (@2 A2(0) — A (T3 (s) — ) — (2 A2(0) — c5(0))

= (15 (s) — 5) — c5(0) — (@2 A2(0) — ¢5(0))
=0. (20)

The second part of the proof follows similarly to the first part.

Corollary 2. If, fori = 1, 2, the functions g; are increasing and convex, the functions c; are
concave, and the S; have exponential distribution with constant hazard rate «;, then ] 0=
Ty, =1t forneN.

Proof. The proof is a straightforward consequence of Proposition 2. It suffices to check that
y;_ (to — s) is nonincreasing with respect to s. First observe that tz*(s) = 1. By (20), it is
obvious that ) _(t9 — s) = a2A2(0) — ¢;(to — 5). This completes the proof.

6. Conclusions

In this paper we presented the solution to the double stopping problem in the fishing model
for a finite horizon. The analytical properties of the reward function in the single stopping
problem played a crucial rule in our considerations and allowed us to extend the problem to
double stopping. Let us note that, by repeating the considerations of Section 4, it is easy to
generalize our model and the solution to the multiple stopping problem. Key assumptions in our
model were connected with the properties of distribution functions. Hypothetical extensions
of the above model include admitting general distributions and an infinite horizon.
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