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Abstract

We extend an uncertainty principle due to Cowling and Price to threadlike nilpotent Lie groups. This
uncertainty principle is a generalization of a classical result due to Hardy. We are thus extending earlier
work on R" and Heisenberg groups.
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Introduction

A classical theorem of Hardy [6] on Fourier transform pairs says that a non zero
function f on the real line R and its Fourier transform f cannot both be very rapidly
decreasing. More precisely, let the Fourier transform be defined by

fA(Y)=ff(x)e—2"i‘ydx, y € R.
R

Hardy’s theorem says that if |f (x)| < Ce ™ forall x € R and [fA(y)l < Cehm’
for all y € R with ¢8 > 1 then f = 0 a.e. For a proof see {6] or [4, Theorem 3.2].
The following is a generalization of this theorem due to Cowling and Price [3].
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THEOREM (Cowling and Price). Let f : R — C be measurable and

@) lleaf llra < o0,
(1) llesf o) < 00,
where a, b > 0, e;(x) = e and 1 < min(p,q) < 0o. Ifab > 1, thenf =0
almost everywhere. If ab < 1, then there exist infinitely many linearly independent
Sfuncrions satisfying (i) and (it).

An analogue of the Cowling-Price Theorem has been proved in [1] for Euclidean
spaces, the Heisenberg group H,, and the Euclidean motion group of the plane. In this
paper we concern ourselves with results of this kind on certain nilpotent Lie groups,
thereby considerably extending the results for R" and H,,.

Threadlike nilpotent Lie groups

For n > 3, let g, be the n-dimensional real nilpotent Lie algebra with basis
X, X4, ..., X, and non trivial Lie brackets [X,,, X,_1] = Xn_2, ..., [X., X2] = X,.
Here g, is a (n — 1)-step nilpotent and is a semi-direct product of RX, and the abelian
ideal Zj";,' RX,. Note that g; is the Heisenberg Lie algebra. Let G, = expg,.

For ¢ = Z/";: § X} € g;, the coadjoint action of G, is given by

n—1

Ad*(e™)E =) P(§, DX,

j=1
where, for | <j <n -1, P;(§, t) is the polynomial in ¢ defined by
i1

P, 1) =) (/RN (=11 .

k=1
The orbit of & is generic with respect to the basis {X], X3,..., X} if and only if
& # 0, and the jumping indices are 2 to n; see [2] for details. The cross section Xy,
for the set of generic orbits is given by

XE[ = {E = (Slvov&%"-,grn—lvo):si € Rvgl 71‘_0}

For & € g;, let 7, denote the irreducible representation of G, associated with &.
Then the mapping & — m; is bijection of X, and the set of all generic irreducible
representations. Plancherel measure on G, is supported by these m¢.

Denoting by # the Fourier transform on R"~!, it follows that the Hilbert-Schmidt
norm of the operator m;(f ), f € L' N L*(G,) is given by

e O :/ | Zf (P&, D), ..., Po (6,01 — )| dsdt
RI

https://doi.org/10.1017/51446788700010144 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700010144

[3] An uncertainty principle 49

(for details see [2] and [S]).
Given a function f : G, —» Candy = (y2,..., y») € R*, letfy,f; :R—>C
be defined by

fyx) = f (e Tann),

and f *(x1) = fy(—x1).
The following lemma is proved in [7, Section 2 and Section 3].

LEMMA 1. Let f : G, — C be a measurable function such that |f (x)| < ce ™"V
forsomea,c > 0andallx € G,. Let g : R — C be defined by

gx)) = | fyxfjx)dy.

R}

Then |g(x,)| < Ce~"*/2 for some C > 0 and all x, € R and

(%) 8¢ = 14| e (F o5 dEs - - - dbnr.

Re-3

THEOREM 2. Let a, b and q be real numbers such that a,b > 0 and q > 2. Let
f : G, = C be a measurable function and suppose that f satisfies:

() If @) < Ce "W for some C > O and all x € G,.
() oo 601 B e (PN s d81 dEs -+ - dEney < 00
Then the following hold:
(1) Ifg=2andab > 1,thenf =0a.e.
Q) Ifgq>2andab > 1,thenf =0a.e.

PROOF. For @ € R, let ¢, : R — R denote the function e,(t) = ™. Let
g : R — C be defined as in Lemma 1. We apply the Cowling-Price Theorem [3] to
conclude that g = 0. Then Lemma 1 shows that 7;(f ) = O for almost all § € R"~2,
whence f =0 a.e.

For g = 2 by hypothesis (ii),

|\ezb§“1 = ‘/neZb(‘Sl) (/;H |§1|||7T5(f)||315d§3'"dEn—l) d§ < 0.

Since |g(x;)| < Cemxif2 by Lemma 1 and ab > 1 so the Cowling-Price Theorem
yields g = 0.
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For g > 2 and ab > 1, choose € > 0 such that ad’ > 1, ¥ = b — €. Then for
& = (&,...,8,_1), we have

Ilewéll%=/eb'q(§1)|§(§1)l””d€1
R

q/2
=/Reb',,(&)(/ léllllns(f)llf,sdé’) d§,
mn—]

q/2
< [ e,,,,,@.)lsmﬂ(f ew(llf'll)llﬂ;(f)llf,sdf') d,
R R

q/2
=/ezx,,(E|)|En|”/2 ([R e2b(”$,”)”7rs(f)”ilse—Ze(”S/”)dSl) db;.
R -3

Applying Holder’s inequality with ¢/2 and g/(g — 2) we obtain

(q/)~1
lew g2 < / (e,,q@.)lsm” ( / e_aw)/(q_n(nsn)ds’)
R R»-3

< [ e DIm OO dE') d
< Ko [ (emE0CeoaeEIE ) I
([ em O DIm OOy ")
<k [ enEDInsledE < o0,

for certain positive constants K, and K. Thus g = 0 by the Cowling-Price Theorem.
a

REMARK 3. If the formula () in Lemma 1 reduces to g(&) = & |ll7 (f ) ||%5 for
some G,, then for | < g < 2 and ab > 2 along with the hypothesis in Theorem 2
implies that f = 0 a.e. The proof can be given as in [1, Theorem 2.1]. The above
condition is satisfied if G, = G3, Gs,, Gs3 and Gs¢; see [9] for the definitions and
structure of these groups.

THEOREM 4. Let a and b be positive real numbers and 1 < min(p, g) < o0.
Suppose that f € L'(G,) N L*(G,) satisfies the following conditions:

@ [fg, €U (0O dx < oo,
(i1) fg(n—.' lEnIe"””"“’:I!ﬂg(f)IIZs dté < 0.
Ifg>2andab > lthen f =0ae.
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PrROOF. Easy computations show that when, as before, identifying G, as a set

with R”, the product of two elements y = (y;,...,y,) and x = (xy,... ,x,) of G,
isgivenby yx =y +x + Z}':(l/j Dy (xjs15 - -2 %01, 0, ..., 0). For |Ix|| > 1, this
implies
n-2 1 n-2 1
Iyxll = lxll =yl = x| }:j—,uy,.v = x| (1 = liyll - ZJ—.—,uynf) :
j=1v" j=17"

Define ¢ : (0,00) > R by () = 1 — € — 37-1(€/ /j1). Thus [lyx|l > lIxlle(e).
whenever |jx|| > 1 and ||y|| <e.

Let g be a continuous function on G, such that g(y) = g(y~!) forall y € G, and
g(y) = 0 for all y such that ||y|| > €. Since G, is unimodular, for x € G, such that
lixll > 1,

(gl * ealf Dx) = f ElealllyxIDLf )l dy
G,

> f leO)leallix @)L v"x)] dy
G,
= ealxlo(€) gl * If D).

By (i) e,|f | is an L”-function and |g| is an L? function (1/p +1/p’ = 1),s0 g*e,|f |
is an L™ function. Thus with C = |||g| * e,|f |llc < 00, we have

lg *f ()| < Igl*If 1(x) < Ce_a(lixll@(e))

for all x € G, such that ||x|| > 1. Since g x f is continuous, it follows that for some
constant C > 0, |g x f (x)] < Ce_,(||x|l¢(¢)) forall x € G,. In addition,

e (g * fMlus < (@ - N P lles < Ngllillme (F )l as

and hence, by hypothesis

/ 1&1lesq (1€ DI (g % Ty s dE < Ilgll7_/; [&1lesg (1€ ID s (FHNTys dE < o0,
Rr-2 n=2

Now for ¢ > O sufficiently small, abg(¢) > 1 so by Theorem 2 it follows that
g * f = 0. Taking for g an approximate identity, we conclude that f =0 a.e. O

The following result follows from Theorem 2, Remark 3 and Theorem 4.

THEOREM 5. If G, = G», Gs1, Gs3 or Gsg and a, b > 0. Suppose that p and g
are such that 1 < min(p, q) < oo and f € L' N L*(G,) satisfies
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) fp @MU (OPdx < 00 if p < 00 and |f () < Ce™ 'V if p = o0,

(i) oo &€ | (F )% 5dE < 00 if g < 00 and ||me(f )|l s < Ce WV if
q = 00.
Then the following hold:

(1) Ifg=>2andab > 1, then f =0a.e.
(2 Ifi<g<2andab > 2 thenf =0a.e.

Let G = exp g be a simply connected nilpotent Lie group. Let U denote the Zariski
open subset of g* consisting of all elements in generic orbits with respect to the basis
{X3,..., X} [2, Section 3.1, Theorem 3.1.9]. Let S be the set of jump indices, and
set T=1{1,2,...,n}\Sandg; =3, ,RX}.

Then X = UN g7 is a cross-section for the generic orbits and {7, : £ € X} supports
the Plancherel measure on G.

The following is a generalization of Morgan’s Theorem [8] which can be proved
using [7, Lemma 2}.

THEOREM 6. Let G = exp@ be a simply connected nilpotent Lie group. Let a, B
and C be positive real numbers and suppose that f : G — Cis a measurable function
such that

(i) If ()| < Ceoml,
(1) Hme(F)llus < Ce™ P BN forall ¢ = (£,&,...,&) € X,
wherep > 2, 1/p + 1/q = 1. If (ap)'"? (Bq)"? > 2 then f =0 a.e.
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