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Hypergeometric Abelian Varieties

Natalia Archinard

Abstract. In this paper, we construct abelian varieties associated to Gauss’ and Appell-Lauricella hy-
pergeometric series. Abelian varieties of this kind and the algebraic curves we define to construct them
were considered by several authors in settings ranging from monodromy groups (Deligne, Mostow),
exceptional sets (Cohen, Wolfart, Wiistholz), modular embeddings (Cohen, Wolfart) to CM-type (Co-
hen, Shiga, Wolfart) and modularity (Darmon). Our contribution is to provide a complete, explicit
and self-contained geometric construction.

Introduction

This paper provides an explicit construction of abelian varieties associated to Gauss’
hypergeometric series (one variable) and, more generally, to Appell-Lauricella hyper-
geometric series (several variables). Roughly speaking, to one hypergeometric series
F, one associates a family of nonsingular algebraic curves indexed by the variables of
F, on which the numerator of the integral representation of F is a period. The associ-
ated abelian varieties are abelian subvarieties of the Jacobian varieties of these curves.
They all have the same dimension depending on F only and multiplications by the
same field.

Abelian varieties T,;.(z) associated to Gauss’ hypergeometric series F(a, b, ¢;z)
appear in different settings. Defined by Wolfart [21], [22], they were the support for
his investigations about the size and nature of the so-called exceptional set, which is
the set of algebraic points at which the series takes algebraic values. Using a con-
sequence ([23] Satz 2) of Wiistholz’s Analytic Subgroup Theorem ([24] Hauptsatz),
Wolfart showed that, under some conditions on a, b, ¢, the points z € E(a, b, ¢) cor-
respond to isogenous abelian varieties (of the same dimension) defined over () and
having complex multiplication (see also Cohen and Wolfart [7]). The conditions on
a, b, c make the monodromy group A(a, b, ¢) a triangle subgroup of SL,(R). Wolfart
showed that the arithmeticity of the monodromy group implies the infinity of the
exceptional set. Cohen and Wiistholz [10] proved the converse assertion (under the
same conditions). For this they proposed and used a special case of a weak version
of André-Oort’s conjecture. This case of the conjecture was proved recently by Edix-
hoven and Yafaev [14]. Explicit determinations of exceptional sets of hypergeometric
series with monodromy group isomorphic to SL,(7Z) can be found in [4] for two of
them and in [3] for a wider family.

The geometric objects associated to hypergeometric series provide tools for the
study of the monodromy groups of these series. For instance, the families of alge-
braic curves that we will consider appear in Deligne and Mostow [13], where the
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monodromy group of the Appell-Lauricella hypergeometric series is shown to be,
under certain assumptions on the parameters, a lattice in a projective unitary group.
Embeddings of monodromy groups of hypergeometric series into modular groups
are constructed by Cohen and Wolfart in [7] for one variable and in [9] for several
variables. The monodromy group A of a hypergeometric series F is embedded into
a modular group acting on the universal covering space of some Shimura variety.
The subgroup fixing the subvariety parametrizing the abelian varieties associated to
F contains with finite index the image of A under the embedding. Using ideas devel-
oped with Cohen, Shiga and Wolfart [17] found a criteria for an abelian variety over
() with generalized complex multiplication to be of CM-type. They showed that for
hypergeometric abelian varieties, CM-type is equivalent to the algebraicity of all quo-
tients of periods. They conjecture that this should be equivalent to the algebraicity of
one quotient of periods, as Wolfart proved in the one-variable case.

In the context of the generalized Fermat equation, Darmon [11], [12] studied the
modularity of hypergeometric abelian varieties in one variable.

This paper is structured in the following way. Section 1 recalls the definition of
the hypergeometric series in one and several variables and shows how one can asso-
ciate a family of curves to one hypergeometric series via its integral representation.
Section 2 gives the precise definition of this family of curves and, in particular, the
hypotheses on the parameters. The possibly singular points of the curve are also de-
termined in there. In Section 3, we construct the nonsingular model of the curve
by first desingularizing locally (Section 3.1) and then glueing the local desingular-
izations (Section 3.2). The compositions of the desingularization morphism with
local parametrizations of the nonsingular curve at the points lying above the singu-
lar points are calculated in Section 3.3. One application is the computation of Euler
characteristic and of the genus of the nonsingular model (Section 4), another appli-
cation is the computation of the order of differential forms (Section 6), which are
eigenforms for the action of some roots of unity (Section 5). The dimension of the
eigenspaces for this action is given in Sections 6.2—6.4. So-called new eigenspaces
are selected which define an abelian subvariety of the Jacobian variety, called the
New Jacobian, whose dimension depends only on the family of curves (Section 7).
In the one-variable case, this New Jacobian is isomorphic to the cp(lcd(u, b, c)) -
dimensional abelian variety T, (z) defined by Wolfart, as shown in Section 8. Finally,
Section 9 treats the “zero-variable” case by constructing an abelian variety on which
the Beta-function lives as a period. This matches with Rohrlich’s construction in the
Appendix of [20]. The last two sections translate our general construction to Wol-
fart’s language in the special case of Gauss’ hypergeometric series, completing this
way Wolfart’s interpretation of the integral representation of F(a, b, c;z) as a quo-
tient of periods, the key for his study of the algebraic values of F via the consequence
of Wiistholz Analytic Subgroup Theorem (c¢f. Remark 11).

We wish to thank the referee for pointing out that different methods and existing
results could be used to shorten the proofs of Theorems 6.2 and 6.8 respectively.
For instance, the statement of Theorem 6.8 could be proved by applying the result
of [6], as Deligne and Mostow [13] and Wolfart [21], [22] did in the one variable
case (r = 2 in our notations) and Cohen and Wolfart [9] in the two variable case
(r = 3) (see also Note 2). Our proof of Theorem 6.8 is yet totally independent of
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[6] and relies on Theorem 6.2, which is itself based on the geometric construction
of the nonsingular model of the curve (Section 3). Although a different and shorter
method could be used to prove Theorem 6.2 (see Note 1), we hope that the explicit
geometric construction of the nonsingular model given in this paper will serve as an
example and have further applications.

Most of the material of this paper is contained in Chapter 1 of the author’s PhD
thesis [2].

Acknowledgements The author wishes to thank the Swiss National Science Foun-
dation for its support and McGill University for its hospitality while this article was
written. Special thanks go to Henri Darmon.

1 Hypergeometric Series

Gauss’ hypergeometric series is defined to be

(asn)(b; n)

(1) F(a,b,c;2) Z BTN n)

where (x;n) = H;':l(x +n—j)anda,b,c € C, —c ¢ N. It converges in the unit
disc, where it enjoys the so-called Euler’s integral representation

1
(2) F(a,b,c;2) = m/ R e
) 0

provided the integral converges, i.e. Re(c) > Re(b) > 0. The denominator is the
Beta-function B(o, 3) = fol x*71(1 —x)”~! dx. Using the change of variables x — 1

and the symmetry of (1) in a and b, we can rewrite (2) as

(3) F(a,b,c;2) = ;/ w = 1) (u—2) " du.
B(a,c—a) J,

Gauss’ hypergeometric series has been generalized in many ways to series in sev-

eral variables. We will be interested in the series Fj, named after Appell and Lauri-

cella, which has an integral representation of Euler type (see [1], [15], [18], [8]). In-

deed, consider the Appell-Lauricella hypergeometric series of the complex variables

Zly..924
= (@) Ty £,
Fp(a,by,...,ba,c521,...,25) = ! !
pla, by 1 Z o (€22 [T;(1s5np) = i
where a,by,...,bs, ¢ € C, —c ¢ Nand j runs from 1 to d. This series converges if
|zj] < 1foreach j =1,...,d. If Re(c) > Re(a) > 0, it has the following integral
representation
1 > b : b
—ct+), . bj c—a—1 —b;
(4) m/l u i%i(u—1) H(u —Zj) i du.

j=1

https://doi.org/10.4153/CJM-2003-037-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-037-4

900 Natalia Archinard

Remark 1 F(a,b, c;z) satisfies the so-called hypergeometric differential equation
da? d
z(1 _Z)d_z? + (c— (a+b+ l)z) d—: —abu = 0.

Similarly, the function Fp, satisfies a system of partial linear differential equations, as
can be found in [18].

Ifa,c — a ¢ Z, the two integrals in the integral representation (4) can be replaced
up to algebraic factors by periods on curves. For convenience of further notations,

we now consider the function Fp(a, by, ..., b,,¢c 5 A, ..., A;) of the r — 1 variables
A2, ..., A and write its integral representation as
1 g

5 S u—\) M du,

(5) B(M_a)/1 [T
where we have set A\ = 0, Ay = 1 and py = ¢ — Z;:2bj,u1 =1+a—cpj=b;
for j = 2,...,r. Suppose now that the y;’s are rational numbers and let N be their
least common denominator. Consider the projective curve Cy defined by the affine
equation

N = H(x — A)NH
i=0

Then the integral in the numerator of (5) is equal, up to an algebraic factor, to a
period fv % on Cy, where 7 is a loop on Cy whose image in P{. under the projection
(x, y) — x is a double contour loop (also called Pochhammer loop) around 1 and oo.
Note that the condition c — a ¢ Z implies N t >\ Np;.

2 The Family of Curves

As seen in Section 1, the projective curve associated to an Appell-Lauricella hyper-

geometric series Fp(a, by, ..., by c 5 A, ..., A,) is affinely defined by the equation
yN = [T, (x — X)), where the exponents are integers defined by the parameters
a,by, ..., b, c of the series. Letting the complex variables A,, ..., A, varying in C,

we can view the curves associated to Fp, as forming a family over C'1. If we let g
and \; vary and allow the \;s to be infinite, we get a family over (IP})™!. We will
restrict ourselves to the study of the nondegenerated fibers (i.e. those for which Vi,
Ai #ooand Vj # i, A\j # );), because the construction in the degenerated case can
be recovered from that in the generic case.

Concerning the exponents of the equation, we have from Section 1 the condi-
tion N { >_!_;A;. For technical calculations (Sections 6.3—6.4) leading to a nice
formula for the dimension of the New Jacobian (Section 7), we will make the as-
sumption N { Ay, ..., A,. We also want the curves to be irreducible, what amounts
to (N, Ao, ...,A,) = 1. This is no big deal, as the results for reducible curves can
be obtained from the results for its irreducible components. Furthermore, since our
results will be relevant only up to isomorphism of the curve, we can suppose the
exponents to be positive as showed in the following remark.
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Remark 2 Let X}, be the desingularization of the projective curve Cy, defined af-
finely by

yN =TI = At
i=0

where N € N, Ay, ...,A, € Z. Foreachi € {0,...,r}, write A; = k;N + r; with
0<r <N —1landk; € Z. Note that if A; < 0 then k; < 0. With these notations,
the equation reads

AN I CEPORAES | [CESNLE | [CEPYas

A;i<0 A;i<0 A;i>0

Let Cy denote the projective curve defined by the affine equation
=TT [T -
A;<0 A>0

Then we have a map p: C, — Cy given by

oy (L [T =20 7) =2 (e y)

Ai<0

o0 = 0.

It is well-defined, because for (x’, y’) € C{,, we have
N . .
JAESC | [CEPYRORE | [CEPOLE | [CEPh
Ai<0 A;<0 Ai>0

and (x,y) € Cy. Since A; < 0 implies —k; > 0, p is a morphism. It has a ra-
tional inverse given by (x, y) — (x, ¥ [] aco(x— M%) . The desingularization maps
m’: Xy — C{and 7: Xy — Cy are birational morphisms. Then por’ is a birational
morphism from X}, to Cy and there exists a unique isomorphism p: X{; — Xy such
that the following diagram commutes

X, —2 Xy

- |7

Cy —— Cn.
p
Let’s now define the family of curves we will be working on.

Definition1 For r € 7> and N,Ay,...,A, € Nsuch that N { A,... A,
> oA (N,Ag,...,A;) = land Xg,..., A\, € Csuchthat \; # \jifi # j, we
denote by Cy the projective algebraic curve defined by the affine equation

N = ﬁ(x — AN
i=0

and Xy for its desingularization.
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Both curves are irreducible projective algebraic curves defined over C. The pro-
jective equations of Cy read

Casel: N—3Y; Ax>0. Cy:x) = PRI [T — Aixo)™

Case2: N—3Y; Ax<0. Cy: xglx(;NJrZ;:“ A [Tio(x1 — Aixo) ™.

The point at infinity is respectively (0:1:0) in the first case and (0:0:1) in the
second one. It will be denoted by co when we do not wish to specify the case. Note
that the case N — >°;_, Ay = 0 is excluded by our hypotheses.

Recall that the singular points are those whose coordinates annihilate all the partial
derivatives of the polynomial defining the curve. One can verify that the only possibly
singular points are the point at infinity together with the affine points (1:;:0) for
i=0,...,r. More precisely, we have fori € {0,...,r}:

(1:);:0) is singular < A; > 1
and

.
00 is singular < |N— ZA]-| > 1.
j=0

3 Construction of the Desingularization

This section gives the explicit construction of the desingularization Xy of Cyy. We first
desingularize locally above the possibly singular points of Cy (Section 3.1). These
local desingularizations are glued together in Section 3.2 to build the nonsingular
model Xy of Cy. Finally, Section 3.3 gives the desingularization map in local coor-
dinates above the possibly singular points. This will be used to calculate the genus of
Xn (Section 4) and a basis of regular differential forms on Xy (Section 6).

3.1 Local Desingularizations
Let P be a possibly singular point of Cy. We will work locally on an affine open
neighbourhood of P.
3.1.1 AbOVEPj = (1:)\1'10)
In the neighbourhood of an affine point, we have the classical isomorphism

Cn — {00} = Cugt
X1 X1
(x0:%1:%2) — (—, —) .
X0 Xo
It induces a morphism rg: C,¢ — Cy given by (x, y) +— (1:x:y). Setting x := %,

y = i—é, we recover the affine equation of Cy

Car 1 yY = H(X — AN
i—0

https://doi.org/10.4153/CJM-2003-037-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-037-4

Hypergeometric Abelian Varieties 903
Let’s fix j € {0,...,r} and work locally in a neighbourhood of (A;,0) on which
gi(x) == Hi#j(x — )% £ 0. Set

N A;
N’ = and A’ = I
(N,Aj) (N,Aj)

Then there exist n, m € 7 such that
nN' +mA’ =1

and we have
N = (x — )\j)Alu and

NA;) gj(x).

(x,7) € Cair = 7
u

Remark that
™ (x — /\]-)”N = (x— Aju"

and that u = yN' (x — )\j)_A/. Hence, if we set z := y™(x — A;)" and define
Xj={(xu,z2) € c; N = (x — )\j)“mW(N"Aj) = gj(x),gj(x) # 0}
and Cuft,j := Caf — {(x, ¥) € Cyfr 5 gj(x) = 0}. Then the rational map

vi: Corj — X
() = (2 N = ATy = A"
becomes a morphism on the open dense subset Cui = Catr,j — {(Aj,0)} of Cug,j.
This morphism has an inverse given by the morphism
Tt Xj — Cagt j

(x,1,2) > (x,u"2").
In particular, 7; is a birational morphism, which restricts to an isomorphism from
Xj =X — (T;l{()\j, O)}) to Capt = Cagr — {(M\,0); k=0,...,r}. Moreover, since
Caft is isomorphic to Cy — { oo} under ko, Caf is isomorphic to Cy — {Py,...,P,;, 00}

and
X; = Cn —{Py,..., P, 00}

In particular, X; is birationally equivalent to Cy under the morphism 7; := kg o 7;.
Remark 3 The point ()}, 0) € C, j has exactly (N, A;) preimages under 7}, which

are the points (A}, u, 0), where u runs among the (N, A;)-th roots of g;(};). (They
are distinct, because g;(A;) # 0.) P; € Cy has then also (N, A;) 7;-preimages on X .
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Remark 4 X; is nonsingular. Indeed, calculating the Jacobian matrix of X, we get

u” gj(x)
m(x — A)u"" —(N,A;)uNA)-1
—N/ZN'-1 0

Remember that u # 0 on X;. If x = A;, then the upper square looks like ( 520 ;0

and has rank 2. If x # )}, then z # 0 and the lower square looks like ( jg %0) and
the matrix has rank 2.

3.1.2  Above Infinity

Case1: N —Y;_,Ar>0. Inthis case, the projective equation of Cy is
r
= [T = Aixo)™
i=0

and the point at infinity has coordinates (0:1:0). We choose the neighbourhood of
(0:1:0) on Cy, on which x; # 0, and have the isomorphism

CNﬁ{xl 750} l>Cool
Xo X2

(x0:x1:%2) = (— —) =:(x,y).

xl’xl

Its inverse is given by 1 : (x, y) — (x:1:y). Remark that the affine possibly singular
points with coordinate x; # 0 also lie on Cy N {x; # 0}. In the coordinates (x, ),
the equation of Co is

Coor 1 yV =24 [T = ),
i=0

the point at infinity is (x, y) = (0,0) and the affine possibly singular points are the
points (/\ik7 0), foreach k € {0,. .., r} such that Ay # 0. Let’s set

. - Y A . N /. N_ZAk
h(x) == gu Aix)d, N = NN-SAY and A’ := NN-Say

Then there exist n, m € 7 such that
nN' +mA’ =1
and we have

N = d
y u an
(x,y) € Coo1 = {u(N’N_Z A — ().
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Note that
mN’ nN' m

AV
y™N N — xy™ and  u=yN x4,

Set further z := y"x", then
Xoor := {(x,u,2z) € C N = xu, uNN=2ZA) = p(x), h(x) # 0}
and C/_, := Coc1 — {(x, ) ; h(x) = 0}. Hence we have a rational map
Voo1: CLoi — Xoot
(x, y) = e, N x ),

which restricts to a morphism on the open dense subset Coo; := C., — {(0,0)} of
C!_,- This morphism has an inverse given by the morphism

Tool « Xool — Céol
(x,u,2) — (x, 2% u").
Too1 is then a birational morphism and restricts to an isomorphism of Xoo; := Xoo; —

7'0_011{(07 0)} to Coo1. Since Coo; is isomorphic to Cy N {x1 # 0} under &, Coot is
isomorphic to Cy — {Py, ..., P,,00} and so is Xoo1, i.e.

Xool :—> CN — {Po, . ,Pr, OO}

In particular, X, is birationally equivalent to Cy under the morphism 701 1= K ©
Tool -

Remark 5 The point at infinity, which has coordinates (x, y) = (0,0) on Coo1, has
(N,N —>" Ay) preimages under 7o.;. They are (0, u,0), where uisa (N, N — > Ay)-
th root of h(0). Since h(0) # 0, this implies that the point at infinity on Cy has also
(N,N — > Ay) preimages on X;. One verifies that X is nonsingular.

Case2: N — Y ;_ Ak <0. Inthis case, the projective equation of Cy reads
r
By N2 = T — Ao)™
i=0

and the point at infinity (0:0:1). We choose a neighbourhood of (0:0:1) on Cy, on
which x, # 0. On this neighbourhood, there is no other possibly singular point than
(0:0:1), because they all have coordinate x, = 0. We have the isomorphism

CNm{Xz 750} —>C002

Xy X1

(x0:%1:%0) — (x_z’ X_z) =: (x,y),
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with inverse s, : (x, y) — (x:y:1). In these coordinates, the equation of C; is

Coop 1 x N2 A = H(y — \ix)A

i=0

and the point at infinity (x, y) = (0, 0). But the equation in this shape is not easy to
handle. We will see that after having blown up the point (0, 0) on C,, everything
becomes easier. In order to do this, we will use the expressions of the blow-up map
in local coordinates.

In the first coordinates’ set, the point (0, 0) has no preimage on the preimage of
Coo2 bereft of the exceptional divisor. In the second coordinates’ set, the preimage of
Cooz under the map ¢: (u,v) — (uv, v) is given by

u N Ay mNHS A — )30 A H(l — Nu)
i=0

v =0 (exceptional divisor) or
A / —N+Y A r A;
Cl,:u e =N T, (1 = N

and the preimage of (x, y) = (0,0) is (1, v) = (0, 0).
We can apply to C/_, the same procedure as in the other cases, though it will be
slightly more technical. As usual, we begin by setting

_ r o /._L /.__N+—2:Ak
h(u) .—g(l Aw), N° = (N,—N+5 Ap) and  A”:= (N, =N+ > Ap)

and letting n, m € 7Z be such that tN’ + mA’ = 1. Then (u,v) € C._, implies
it = N'w,
wN=N4E A — ().
h(u) # 0.
Note that 4" v = yw" and w = uA'v~N'. Set z := u"v" and define
Xooz := {(u,v,w,z) € C*; A= ' wNTNFE A — ) h(u) # 0}.
Then we have a rational map
Voo Céoz — Xoo2
(u,v) = (u, v, v N umym),

which restricts to a morphism on the open dense subset C._, — {(0,0)} of C._,. This
morphism has an inverse given by the morphism

. /
Toor: Xoo2 = Cooy

(u,v,w,z) — (wmzN',v).
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!, is a birational morphism and restricts to an isomorphism of X, :=
Xoo2 — {(725,)71(0,0)} to C., — {(0,0)}. Remembering that the blow-up map
©: CL, — Cuoy is a birational morphism and restricts to an isomorphism on C/_, —
{»7{(0,0)}} and that o='{(0,0)} = {(0,0)}, we get a birational morphism

Hence, 7’

— I
Too2 = PO Too2+ XooZ - C0027

which induces an isomorphism from X, to Cooz = Coz — {(0,0)}. Now, since
Cooz is isomorphic to Cy — {Py,...,P,} under k,, Cw is isomorphic to Cy —
{Py,...,P,, 00} and so is X0y, i.e.

Xooz l> CN — {P07 e 7Pra OO}
The birational morphism from X, to Cy is given by ooz 1= K2 © Too2-

Remark 6 X, is nonsingular and the 7..;-preimages of (0,0) € Coo, are
(0,0, w,0), where w runs trough the (N, =N+ Ax)-th roots of h(0). Since h(0) # 0,
their number is (N, =N + > Ax) = (N, N — > Ap).

3.2 Construction of Xy by Glueing

We refer here to the construction described in [16], Volume 1, V.3.2. Let X, resp.
Too denote X1 Tesp. Too1 in the case N — >~ Ag > 0 and Xo; resp. moo, in the case

N-Y A <O.
Remember that, for each j € {0, ...,r, 00}, the morphism 7;: X; — Cy restricts
to an isomorphism of the open dense subset Xj of Xjto Cy — {Py,...,P;,00} and

that X; and Cy are birationally equivalent. Then one can define an equivalence re-
lation on the disjoint union [ X; by setting, for Q; € X i Qr € X, with
j,ke{0,...,no0}and j #k,

Qi ~Qr & mi(Qj) = m(Qx).

j€{0,...,no0}

Moreover, the functions 7, j € {0,...,r,00}, induce a well-defined function 7
on the quotient X := ] X/~ by setting, for C € X and Q; € X; with
Q] =€,

j€{0,....n00}

m(C) = m;(Q;).

By definition of the equivalence relation, this is independent of the choice of the
representative of the class C.

On the set X, we have the quotient topology and can define a sheaf induced from
the sheaf of regular functions on each X, for which 7 is again a birational and finite
morphism. This implies that X is again a projective curve. Since X is moreover non-
singular, because so is each X, and, as we have seen, birationally equivalent to Cy;,
it provides a model of the desingularization of Cy, hence is isomorphic to Xy. The
desingularization map is given by the map 7 such that 7|x, = 7; for each j. Another
isomorphic construction is given in [16] Volume 2, I1.5.3, Theorem 6, Theorem 7.

Since, to our purpose, we only need to know the desingularization up to isomor-
phism, X will be identified with Xy in the following.
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3.3 Compositions of = with Local Parametrizations of Xy

Because the restriction of 7 to Xy — {7r_1({P07 e, Py oo})} is an isomorphism
to Cy — {Py,...,P;, 00}, we only need to know the compositions of 7 with local
parametrizations at the points of 7 ~}({Py, ..., P,, 00}), which are isolated on Xy.

3.3.1 Above P; = (1:1;:0)
Fix j € {0,...,r} and remember that the local desingularization above P; is

X; = {(x,u,2) € C 35 2Y = (x = A\pu", u®™4) = gi(x), gj(x) # 0}.
We have then the composition

Tj :HOOT]‘:X]‘ —>CN
(x,u,z) — (l:x:u”zAJ{).

Recall that X; is nonsingular and open in an affine variety, hence each point has a
neighbourhood for the complex topology which is isomorphic to an open neigh-
bourhood on €. Choose a complex open neighbourhood U; of s = 0 in € on which
gj(sN/ + Aj) # 0. Then the image of U; under s +— gj(sN/ + ;) is included in €
bereft of a half-line through 0. Thus, branches of roots of g;(sV ) ;) can be well-

defined as holomorphic functions of s on U;;. Then choosing fixed branches, we have
a well-defined holomorphic function

PS> (sN/ +)\j,gj(sN/ + )\j)“"]Tf),sgj(sN/ + )\j)%)
from U; to X;. Indeed, u™-41) = gj(sN/ + ;) = gj(x) and
AN = N g AN = (N A = Ag (N AT = (x— A
On the image of ¢, we have a well-defined holomorphic inverse map
(x,u,z) — zgj(x)_%.

Hence, ¢; is an analytic isomorphism and a local parametrization of X; at the point
1

©(0) = ()\j,g]-()\j) wAp 0) , which is one of the 7-preimages of P; € Cy. Remark

again that the choices of branches for the (N, A ;)-th root of g; (sN DY ;) are in bijective

correspondence with the 7-preimages on Xy of P;.

The expression of 7 in this local parameter s at each 7-preimage of P; is given by
the composition ;0 ¢;: U; — Cy

N Aj N
(6) PR (1 LA 4 )‘j :S(N,Aj)gj(S(N.AJ» + AJ)#)
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3.3.2 Above Infinity

Casel: N—Y;_,Ar > 0. Wearelooking for an analytic parametrization of X1
at the points (0, u, 0), where u satisfies u™N=2 4 = }(0). Let’s choose a complex
neighbourhood Uy, of s = 0 in C on which h(sY") # 0, N’ being here m.

On such a neighbourhood, we can define roots of h(s™ /) as analytic functions of s.
Fix an N-th root h(s¥')¥. Then, for each branch of the (N,N — > Ap)-th root of
h(sN"), the map

Yool : Uso — Xoo1

1 rom

s (SN RN )T sh(sN)F)

is a well-defined analytic map such that ¢.;(0) = (0, u,0), where u is the corre-
sponding (N, N — " A;)-th root of h(0). ¢oo; has an analytic inverse on its image,
which is given by

(x,u,2) — zh(x)" ¥,

Thus ¢ is a local parametrization of X« at the preimage (0, h(O)W-N—lZ 9,0)
of 0o. Since Too1 = K1 © Too1: Xoot — Cn Is given by (x,u,z) — (x:1:24"u),
Tool © Yool : Use — Cl is given by

N=Y A
(7) S (S(N.N—NZ o] :S(N.N—Zith(s(N,N—NZ ) )ﬁ

)

and is a local expression of 7 at each point on Xy lying above (0:1:0).

Case 2: N — ZZZO Ar < 0. On Uy defined as in Case 1, we have a well-defined
holomorphic map

Poo2: Uoo - X()02

—N+3 A N

, > Ag , 1 ’ 1
S — (SN , SMmNRTAY h(SN )_N,h(SN )7(N,—N+2Ak)7sh(sN ) Na? )7

for a fixed choice of the branch of the roots of h(sN'). On its image, this map has an
analytic inverse given by

(u,v,w,z) — zh(x)%.
Each choice of the branch of the (N, —N + > Ax)-th root of h(sN/) corresponds to a

m-preimage of (0:0:1) at which ¢ is a local parametrization. The composition of
Yooz With 7 equals K, 0 @ 0 T/, © Yoor: Use — Cy and is given by

> A —N+)_ Ay N 1
(8) S — (S(N.—I\HE A+ NN AP - h(S(N.ﬂ\HE ) )ﬁ) .
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4 Genus of Xy

In this section, we calculate the algebraic genus g[Xy] = dim¢ Q![Xy] as the topo-
logical genus of the compact Riemann surface Xy (C) of complex points on Xy. In
order to do this, we apply Hurwitz’s formula to the covering map v: Xy(C) — P}
defined below.

Consider the projection p: Cy — P{ given by (xo:x1:x2) — (%o : x;) and com-
pose it with the desingularization map 7: Xy (C) — Cy. The composition

v:=pom: Xy(C) — ]P’}C

is nonconstant and regular (hence holomorphic). It is then a covering map between
compact Riemann surfaces to which we can apply Hurwitz genus formula. The de-
gree of v is N, because each affine point (x, y) € Cy with x # Xq,..., A, has N
distinct preimages on Xy corresponding to the N-th roots of H:zo(x — )4

It remains to calculate the ramification indices.

4.1 Above Nonsingular Points

Each point Q € Xy(C€) such that 7(Q) =: P is nonsingular is a regular point of the
covering v. Indeed, if P € Cy is nonsingular and P = (x, y) (resp. 00), then y (resp.
x; and x;) can be written as a function of x (resp. xp) in a neighbourhood of P. 7
being locally an isomorphism at Q, x (resp. xo) can also be taken as a local parameter
of Xy(C) at Q. With respect to this parameter, 7 is given by x — (x, y(x)) (resp. by
X0 — (x0:x1(x0) :%2(x0))) and v by x — x (resp. xg — x¢). Hence r,(Q) = 1.

4.2 Above P]- = (11/\]'20)

For j € {0,...,r},let Qj be one m-preimage of (A;,0) € Cy. The composition of 7
with a local parametrization of Xy at Q; is given in (6) Section 3. Composing it with
p, we get
N
s (Los™4 +Aj).

If we now choose the chart (xg : x;) — = - Lon {(xp : x;) € P& 5 x0 # 0} and
compose it with the above map, we get the expression of v in local coordinates as

S S(N-,A]) .

This shows that each 7-preimage of (A}, 0) has ramification index equal to (NN—A}»)'

4.3 Above Infinity

For the points lying above oo, we will choose the chart (U, %) on P}, where U; :=
{(x0:x1) €PLsx1 #0}and ): (xg 1 x1) — 2.

X1

Case 1: N —>";_,Ax > 0. The composition of p with the composition (7) of m
with a local parametrization of Xy at each preimage of oo reads

N
s (sN-E4) : 1),
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Composing it with 1), we get the expression of v in local coordinates at each 7-pre-
image of co as

N
S — S(N.N*E Ag) .

Case2: N — ZZ:O A < 0. Inthis case, we have to be a little more careful, because
the map p is not defined at co. If only to consider momentarily the restriction of p
to the punctured Riemann surface Xy (C) — { 7~ 1{(0:0: 1)}} , we can suppose s # 0
and consider the composition of (8) with p, which is

> A —N+)° Ap N
VO Qo2 S (S(N.—N-v-z A 2 gIN—NTY A,\.)) — (5<N_7_N+z AR . 1)'

If s tends to 0, v 0 ooy (s) tends to (0 : 1), the point at infinity in P{.. Hence, we can
extend the map continuously by setting 0 — (0 : 1). The composition with ¢ of the
extended map is

N
S sN=N+L AQ |

This shows that the ramification index of each point lying above oo is equal to
N/(N,—N + > Ai). In both cases, the ramification index of each 7-preimage of
oo isequalto (N, =N+ Ax) = (N,N — 3 Ay). The following table summaries all

these data.
‘ point P of Cy H nb of m-preimages Q ‘ r,(Q) ‘
o (A},0),j € {0,...,r} (N,A)) )
50 (NN =i, A0) | wn=s a0
other points 1 1

Theorem 4.1  Let Xy be the desingularization of the irreducible projective algebraic
plane curve Cy defined over C by the affine equation

r

A | [EEPY S

i=0

where \o, ..., \r € Caresuch that, Vi, j € {0,...,r} withi # j, \i # Aj. Let further
N, Ao, ..., A, € Nsatisfy

N#Y Ac and (N,A,...,A) =1L
k=0

Then the Euler characteristic of XN (C) is given by

X(Xn(©Q)) = —rN + (N,N - ZAk) £V, A)
=0

k=0

and the genus of Xy by

glXy] = (Xn(©) =1+ %(rN - (NN - Zr:Ak) - i(N,Aj)) .
pary =0
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Proof We apply Hurwitz’s formula to the covering map
v=pom: Xy(C) — P,
where m: Xy — Cy is the desingularization map and p: Cy — IP}. the projection
given by (xg:x1:x%2) — (o : x1). As seen above, it has degree N and the only possible
ramification points lie above the points co € P¢ and (1 : Aj), j € {0,...,r}. Us-
ing the ramification indices calculated above, the number of preimages calculated in

Section 3 (all recalled in (9)) and the fact that x (Pl) = 2, we get, by Hurwitz’s genus
formula

x(Xn(C)) =2N - (N,N — ZAk) (ﬁ - 1)
r N
_ Z(N,Aj)(—(N vl 1)
j=0 Y
=—rN+ (N,N— ZAk) +zr:(N»Aj)-
=0
To get the second formula, we use x (Xn(C)) =2 — 2g(Xn(C)).

gl] = g(Xu(0)) = 1= Sx(Xn(©)
1 r r
1+ (N (NNN=S"4) -SV,4)). =
(- (vv- 50 S0

5 Actions of py

Let pn be the group of complex N-th roots of unity. We will define an action of
iy on Xy and show how it induces a linear action on the C-vector space Q' [Xy] of
regular differential 1-forms on Xy.

For ¢ € py and an affine point (x, y) € Cy, define

¢ y) = (x,¢ ).
Further, set ¢ - 00 = 00,V( € puy. As ((T1)N = 1, we have € - (x,y) € Cy. This
is an action, because iy is abelian and 1 acts as the identity. Moreover, since py is

included in the definition field C of Cy, for each ( € puy, the map

<P§:CN_)CN
(x,y) = C-(x,p)

o0 = OO

is a morphism of algebraic varieties.
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Now we want to extend this action to an action on Xy. Remember that the desin-
gularization map 7: Xy — Cy restricts to an isomorphism on the dense subset
7 H(CRY) of Xy, where C® is the set of regular points in Cy. Let P € Xy, if 7(P) is
regular, set

¢-P:= 77_1((-7T(P)).
If P € Xy is such that 7(P) = oo or 3j € {0, ..., r} with m(P) = (A}, 0), set

(-P:=P

Note that, if (A}, 0) (respectively co) is regular on Cy;, this last definition is coherent
with the above one. This defines an action on Xy.
For ¢ € un, set

(I)CZ XN — XN
P—(-P
Then ®; makes the following diagram commute

P¢
XN —— XN

Tt

Cn — Cu.
e
Because ¢¢ and 7 are morphisms, ®. is also a morphism.
Let w be a regular differential form on Xy. Since ®: Xy — Xy is a morphism,
the pull-back 7w is again regular on Xy. Hence, the following map is well-defined

v x Q' [Xy] — Q' [Xy]
(C,w) — q)zw.

It defines an action of yy on Q'[Xy], which is linear, because, for every ¢ € uy,
the map Q!'[Xy] — Q'[Xy], given by w ®fw is linear. Furthermore, the C-
vector space ! [Xy] being finite dimensional, it furnishes a finite dimensional linear
representation of 1.

Such a linear representation admits a decomposition in isotypical components
(each isotypical component being the direct sum of all irreducible representations
associated to a given character). Forn € {1,...,N}, V,, will denote the isotypical
component associated to the character x,: ( — (". In these terms, we can write the
canonical decomposition of Q![Xy] as

(1 QX =PV

where the sum is taken over the indices # in {0, ..., N — 1} for which dim V,, > 0.

In the next paragraph, the dimension of V,, will be calculated for each n. It cor-
responds to the number of irreducible subrepresentations of 2! [Xy] having charac-
ter .
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6 Basis of Regular Differential Forms on Xy

In this section, we calculate a C-basis of regular differential 1-forms on Xy. In
view of the decomposition (11), it is sufficient to find a basis of V,, for each # in
{0,...,N — 1}. Once this being done, we will calculate dim¢ V,, by counting the
basis elements and also the sum dim V,, + dim Vy_,, in the case (n, N) = 1.

Let’s first make use of a result that goes back to Abel and Riemann and that is
stated in Satz 1 Section 9.3 of [5] in the following way.

Proposition 6.1 The nonvanishing holomorphic differential 1-forms on the Riemann
surface C’', which is the desingularization of an irreducible algebraic plane curve C with
affine equation f(x, y) = 0, where the coordinates are chosen in such a way that % is
not identically zero, are given by [the pull-backs under the desingularization map of]

D(x, y)dx
Ly
where ®(x, y) = 0 is the equation of an adjoint curve to C of degree (deg f) — 3.
We do not want to introduce what an adjoint curve is, but this proposition allows

us to choose a basis of regular differential 1-forms on Xy among the regular pull-
backs under 7 of the differential forms

D(x, y)dx

(12) N

)

on Cy, where ®(x, y) € C[x, y].
If (x,y) € Cy, each power y*N with k € N, can be replaced by a polynomial
expression in x. Hence, we can suppose that

P(x, y) = Po(x) + D1 (x)y + -+ Py (x)y"N

That is

D(x,y)dx  Do(x)dx  Py(x)dx Py_s(x)dx
YN = YN yN=2 toot

+ ®&n_1(x) dx.
Hence, if the regular pull-backs of the differential forms (12) generate Q![Xy], so
do the regular pull-backs of the differential forms

W(x) dx
yﬂ

)

where n € {0,...,N — 1} and ¥(x) € C[x]. Further, the polynomials ¥ (x) will be
replaced by polynomials that are fitter to reflect the topology of Cy (resp. Xy) and
that also generate the ring C[x]. Namely, polynomials of the form

H(x— A)% e Clx],a; € Z.

i=0
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This discussion may be summarized by saying that the regular pull-backs under 7 of
the following differential forms on Cy

[T — X)) dx

wn(x, y) == -

witha; € Zand n € {0,...,N — 1}, generate Q' [Xy].

6.1 Regularity Conditions for 7*w,

Let’s now fix n in {0,...,N — 1}. We are looking for conditions on ay, . .., a, for
T*w, to be regular on Xy.

6.1.1

On the dense subset U := Cy — {00, (A;,0)5j = 0,...,r} of Cy, the differen-
tial form w, is obviously regular, because (x, y) — x and (x, y) — yi are regular
functions on U. Since the desingularization map 7: Xy — Cy is a morphism, the
pull-back 7*w,, is regular on 71 (U).

6.1.2 Above (1:);:0)

Let j € {0,...,7} and Q; € Xy be such that 7(Q;) = (A;,0). As calculated in
Section 3.3.1, the composition of 7 with the local parametrization ¢ ; of Xy at Q; is
given in affine coordinates on Cy by (compare with (6))

N A N L
s (™ 4 X, sT g (s + NN,
where g;(x) := Hi#j(x — \;)4 and s takes values in a neighbourhood U;jof0in Con
which g;(s™ + X;) # 0. By definition, we have

(o)) (wn) (s) =w((mj0p)s)) ody(mjop))

and d(z ;o)X © ds(Tj 0 ;) = %(s) d,s. Hence

nAj

r
N N N

| |(5<N.Aj> + A — A WA)
i=0

((mjo @) (wn)(s) =

N .
g™ + X))V ds

N—nA;

-1

Ol wn Ry
= Cl(s)s '™ WA g,

_N N n
where C(s) := Wﬂj) H#j(S(N‘AJ) +Aj = Ai)%gi(s™ + )7~ does not take the value
N

zero on Uj and is regular (because g;(s™*’ + ;) # 0 on U;). Remark that this
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N

. . o .
amounts to replacing x and y by their expressions in s and dx by W—I\i‘_)s‘”“ﬂ dsin
bk}

wy(x, y). Since ; is an analytic isomorphism, it is an algebraic morphism and so
is its inverse. This has the consequence that 7*w, is regular at Q; = ;(0) exactly
when (7 0 ;)*(w,,) is regular at 0 (because 7r}-“w,, = (w;l)*((ﬂj o cpj)*(wn)) and
(mjopi)(wy) = (goj)*(w;-‘wn)). Hence, we have

nA;j+ (N, A;)
N

T wy, isregularat Q; & a; > 1.

Note that this condition ensures the regularity of 7*w, at each m-preimage of (};, 0).

6.1.3 Above Infinity

First of all, we have to write the differential form w, in projective coordinates. Setting
x:= X and y:= £, we get
Xo Xo

1 X1
dx = — dx; — — dxo
X0 Xo

and
Z r
—p n—=2=>"1_a .
wn (X0, %1, %2) = x5 "X o H(x1 — Aixg) " (xodx) — x1dx0).

i=0

Case I: N — 3 ,Ax > 0. The composition of 7 with the local parametrization
Yool Of X at each preimage Q of (0:1:0) is given by (cf. (7) Section 3.3.2)

N N—X A N 1
S (S(N.N—Z A ] s sNN=X Ak)h(S(N.N—E ) )ﬁ) ,

where h(x) = H::o(l — Xix)4 and s takes values in the complex neighbourhood U,

N
of s = 0 on which h(s™W~-%4J) £ 0. Noting that x; = 1 = dx; = 0 and inserting
the expressions for x, X1, X;, dxp into that of w,,, we get

nEA-N-NT o
(o1 © Poo1) wy) (s) = Cls)s™ ™=~ ds,

where C is regular on U, and C(s) # 0 for s € Un. Therefore

N,N — Z]::()Ak) _
N

T r
. nYy poAr —(
T w, isregularat Q < E a; < 2o
i=0

1.

Case2: N — ) ,Ar < 0. The composition of 7 with the local parametrization
Yooz Of Xy at each preimage Q of (0:0:1) is given, for s € U, by (cf. (8) Section 3)

¥ Ay —N+Y A N .
S — (S(N,—N+Z AP« N —NILAD - h(S(N,7N+Z a0 )ﬁ) .
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Replacing xo, x1, x2, dxg, dx; by their expressions in s, we get

. WS A-NTG-N
((77002 © Poc2) wn) (s) =C(s)s MVEm ds,

where C is regular on Uy, and C(s) # 0 for s € Uy,. Thus, we have

nY oAk — (N, =N +370 (A

1.
N

(m*wy,)(s) is regular at Q < Z a; <

i=0

Summary 1 Since (N,—N+3Y i, Ax) = (N,N — 3 Ay), we can summarize these
conditions by saying that the pull-back under 7: Xy — Cy of the differential form

[T — X)) dx

wn(x,y) = %

on Cy is regular on Xy if and only if

i“i < nY oAk — (NN =370 4 Ax) 1
N
(13) =0
A+ (N A; ,
aj_in] ]E] ])—1, vjedo,... r}

These conditions will be referred to as the regularity conditions for m*w,,.

Note1 As kindly noticed by the referee, there is no need to construct the non-
singular model by glueing the local desingularizations for computing the order of
differential forms on Xy. Indeed, it suffices to consider the local affine equation at
each singular point and reduce it into irreducible factors. It will be of the form

(14) 0=y —wh =TJON — ¢,
Ca

where d = gcd(N,A), N’ = %, Al = % and the product runs over all d-th roots of

unity. Let n,m € 7 be such that nN’ + mA’ = 1 and write z := y"w", then the
desingularization is locally given by

y = C;ZA/ and w= C{;mle.
So that each factor in (14) corresponds exactly to one branch of the desingularization
above the point (0, 0). Substituting w := x — A; at (A\;,0) and w := )—1( at 0o, one can

compute the order of differential forms on Xy.

Remark 7 We would like now to show that the pull-back 7*w,, of a differential form
wy(x,y) =y " ngo(x—/\i)“*' dx belongs to the isotypical component V,, of character
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X, if it satisfies the above conditions. If it is the case, 7*w, € Q![Xy] and it remains
to study the action of puy on 7*w,, for a fixedn € {0,...,N — 1}. Let { € un, then

¢ mrwy = O wy)
= (7m0 @) wy

= (¢com)*w, by (10).
Now, for P € Xy, we have

(0 ) wn)) (P) = wa( (g 0 M(P)) o dnlipg o )
= wi(pc(m(P)) © duipypc o dpm
= ("w(7(P)) odpr
= ("(m"w,)(P).

Hence, for every ¢ € uy, we have
< ' (W*wn) = Xn(<)7‘—*wn'

This shows that 7*w,, € V,,.

6.2 Dimension of V,,

Let n be fixed in {0, ..., N — 1}. In order to determine the dimension of V,,, we will
count the number of elements in a maximal family of linearly independent differen-
tial forms of the form y =" szo(x — \;)% dx, where n, aq, . .., a, € 7 and satisfy the
regularity conditions (13). Since ay, . . ., a, are integers and according to the regular-
ity conditions, the maximal possible value (3"} ai)max of >_;_, a; and the minimal
possible value (a;)min of aj, j € {0, ...,r}, are given by

(z’:ai) _ [nEAk—w,N—ZAk) _ 1] i

N

i=0

|:1 B nAj + (N,Aj):|
N

(aj)min:— R je{O,...,r},

where [x] denotes the integral part of x.
Definition 2 Let x € R, then x admits a unique decomposition as
x = [x] + (x),

where [x] € Z and (x) € [0, 1) are respectively called the integral part and the frac-
tional part of x.
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Write further (Z;:() ai)min = Z;:()(ai)min and ¢ := (Z;:() ai)max - (Z;:() ai)mim

If ¢ > 0, there is at least one solution. Write wy;, for the solution where each a; is
minimal. Then V,, = (x*wmin)k=o... ¢ and dimV,, = £ + 1. Indeed, one verifies that
each possible value for >_!_ a; brings exactly one element in the maximal family of
linearly independent differential forms. For instance, if 3j € {0,...,r} such that
(@j)min + 1 and (Z::O a;i)min + 1 satisfy the regularity conditions, then

yin(x N )\j)(dj)lnin+1 H(x _ )\i)(ﬂi)min = XWmin — )\jwmin € <wmin;xwmin>-
i#]
Note that this is independent of j and conclude by induction on 4.
Theorem 6.2  Let Xy be the curve defined in Theorem 4.1 and recall that the vector
space Q' [Xn] of regular differential 1-forms on Xy furnishes a linear representation of

un (cf. Section 5). Then, forn € {0,...,N — 1}, the isotypical component V,, of
character x,: ¢ — (" has dimension

dimV, = {d” ifdy >0

0 otherwise,

where

g n> Ay — (N,N = Ap) N - 1_nAi+(N7Ai)
T N i=0 N .

Proof Use [x — 1] = [x] — 1 to show that d,, = ¢+ 1 and apply the above reasoning.
|

Remark 8 1fdimV, = 0, then V,, does not appears in the canonical decomposition
(11) of Q' [Xn].

Remark 9 Since g[Xy] = dimc(Q'[Xy]), Theorem 4.1 and Theorem 6.2 together
imply the following relation

+%(rN— (NN =S 4) —Z(N,Aj)) - Y .
k=0 j=0

6.3 Dimension of V,,, (n,N) =1

Here will be used the conditions N { Ao, ..., A, > ;_, A. The goal here is to trans-
form the formula for dim V,, of Theorem 6.2 in the case where (1, N) = 1 into a more

treatable form. Some preparatory lemmata are given in order to prove Theorems 6.7
and 6.8.
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Lemma 6.3 Letxe R (€7, N,A€Nandn € {0,...,N — 1}. Then we have

L [x+/0] =[x]+¢

2. [x] =x— (x),

3. (x+0) = (x).

4. Ifx ¢ 7, then (—x) = 1 — (x).

5. If Nt Aand (n,N) = 1, then (%N’A” = (%) — XA

6. IfN{Aand (n,N) =1, then | — " NA] — _[mA-NA]

Proof The first four points follow directly from the definitions. For point 5., write
N’ = &%,A’ = (A;“ﬁ and nA’ = kN’ + r,withk € Zandr € {1,...,N’ — 1}.
Note that r # 0, because N { nA. Then

nA’ r nA’ —1 r—1
— =k+— and — =k+ .
N’ N’ N’ N’

Sincer — 1 € {0,...,N’ — 2} and k € Z, we have

nA’ r nA’ —1 r 1
(g (M) p
N’ N’ N’ N’ N’

nA/—1> _ <nA/> 1

This implies ( or equivalently

N’ N’/ — N’
<nA—(N7A)> _<nA> (N,A)
N AN N
6. With the same notations and hypotheses as above, we have | ”AI\/,,_I | = k. Now,
—nA’ —1 +1 +1
R
N’ N’ N’
because —;\J,r—,l € [—1,0). Hence, [—"A}\,—ITI] = —[”AI\/]—,_I] — 1 or equivalently
{ nA+(N7A)} B [nA—(N7A)} | -
N B N '

Lemma 6.4 Letn € {0,...,N — 1}, N, A,...,A, € Nand suppose (n,N) = 1
and N { Ao, ..., Ar, Yt Ak Then,Vj € {0,..., N}, we have

L. [—4"’4”1(\,1\]"41')} = <”WAJ> — % — 1land
2 [”ZizoAk_(NvN_lezoAk)] Dy < "ZL:UA’(>
* N - N N :

Proof The reference number refers to Lemma 6.3.
1. Fix j € {0,...,N}, then

{_“Aj +IE]NaAj)] :_{“Aj —I\(]N_’Af)} ~1 by(5)
_ " _I\(IN’AJ’) +<”Af _;]N’Af)> ~1 by(2)
:_%+%+<%>—(N]’\]7Aj)—l by (5)
:<LAJ> _n4j
N N
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2.
nZAk—(N,N—ZAk)} . HEAk—(N,N—ZAk)
N B N
nZAk_(N7N_EAk)
- N ) br@
- TlZAk _ (N,N—ZAk)
N N
ny Ar\ | (N,N—> Ay
_% N>+ N by ()
_nZAk_<nEAk> -
= N N .

Proposition 6.5 If (n,N) = land N { Ag,...,A,, Z}Z:o Ay, then the integer d,
defined in Theorem 6.2 is equal to

r

dn = _<”Z§<\?0Ak> " ,‘—0<%Ai>'

Proof

%:VEM—WW—qu+rP_MﬁWAﬂ

N ‘ N
1=0

{nEAk— (Z\Il\],N—ZAk)} +r+1+Z[—nAi +IE,N’Ai)}

:nZAk_<n%Ak>+r+1+z< >—Zn£i—(r+l)

- —(EEAy Y.

The second and third equalities are respectively obtained by applying (1) of Lem-
mas 6.3 and 6.4. u

TlA,‘
N

Under the hypotheses (n,N) = land N { Ao, ..., A, > ;_, Ak we still can get a
better result on dim V.. For this, we will use the following lemma.

Lemma 6.6 Let xq, . .., x, be real numbers. Then we have
r r
(> w) + > ) e {0, ).
i=0 i=0

Proof First remark that

<in> = <Z[xi] +Z<xi>> = <Z<xi>>,
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because of >_[x;] € Z applied to (3) of Lemma 6.3. Then we have

() w2 = ~(Xte0) + 3t = [Xote] =

by the above and by definition. Pay attention to the fact that ¢ is an integer. Since
S {x;y > 0and —(3>_ x;) € (—1, 0], the integer ¢ cannot be negative, because —1 can-
not be reached. Moreover, ¢ < r, because > (x;) < r+ 1. Hence cliesin {0, ...,r}.

|

Theorem 6.7  Let the notations be as in Theorem 6.2 and suppose (n,N) = 1 and
NtAo,...,Ar, > 1o Ak. Then we have

. 11277 Ak ! T’ZAI‘
dim ¥, = —( " Tkeadt) g
im N ; N
Proof By Proposition 6.5, we have

do= (Pl 3

and by Lemma 6.6, we know that d, € {0,...,r}. Finally, by Theorem 6.2, we get
dimV, =d,. [ |

6.4 dimV,+dimVy_,, (n,N)=1

Theorem 6.8  Let the notations be as in Theorem 6.2. Suppose that (n,N) = 1 and
NtAg, ..., A, > 1o Ak. Then we have

dimV,+dmVy_, =1

Proof

dim VN_,,

(N—n)ZAk> +z*:<(N—n>Ai

> by Theorem 6.7
N N

i=0

<
~(Ca ) (AR

_R2 AN L —=) by (3) Lemma 6.3

(%) ()
:—1+<%>+r+l—z<%‘i> by (4) Lemma 6.3
< (R X))

=r—dimV, byTheorem®6.7. ]
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Note2  As the referee kindly pointed out, the result of Theorem 6.8 could be de-
duced directly from a result of Chevalley and Weil [6] giving a formula for the mul-
tiplicities of irreducible representations in the representation given by the action of a
finite group on the space of holomorphic differential forms on a curve. This formula
amounts basically to the holomorphic Lefschetz formula, a recent account of which
can be found in the Appendix of [19]. This confirms our result based on a geometric
viewpoint.

7 New Forms and New Jacobian

We are now approaching our goal of constructing an abelian variety on which [ 7*w;
lives as a period. We could have taken the Jacobian variety of Xy, but its dimension
(equal to dim Q![Xy] = g[Xy]) would have depended not only on N but also on
A, ..., A, (¢f. Theorem 4.1). That is the reason why we will restrict ourselves to an
abelian subvariety of Jac(Xy), whose dimension depends on N and on the number
r + 1 of factors in the equation, but not on the exponents.

In order to define this subvariety, we will select regular differential forms on Xy,
which “do not come from under” and are therefore called new. This will be made
more precise.

First of all, let’s work at the level of the singular curve Cy;, because it is here possible
to work with explicit expressions for the differential forms, in coordinates that we
choose to be affine.

Let d € N. If d|N, then we have a well-defined morphism

Yq: Cn — Cy

(x,5) — (x,y7)

o0 = 0.

Let (1, v) € C, be an affine point, then
U {9} = {(uw0), (e, Cyvo), - (0, G o))

where vy is any fixed &-th root of v and Qv == e~ 4, We see that there is an open
dense subset of C,; of points having % preimages. The other points have exactly one
preimage. 1), is a ramified topological covering. The set of preimages of a point
P € C, is called the fiber over P with respect to 1.

As we have seen in Section 5, the group pyn of N-th roots of unity acts on Cy

un X Cy — Cn

Remark that the subgroup Iy := (¢%), Cy := e, of index d in juy acts transitively
on each fiber by permutation. Hence, the covering is Galois.
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The action of py on Cy induces an action of uy on the vector space ®[Cy] of
differential forms on Cy. This goes very similarly as for the definition of the induced
action on Q' [Xy] (see Section 5). Indeed, we set

pun X ®[Cn] — @[Cy]
(Cw) = plw.

Now, suppose that you have a differential form 7 on C. It is clear that its pull-
back 71 on Cy is invariant under the action of the subgroup I, because I; preserves
the fibers.

The converse is more subtle. Let w € ®[Cy] be invariant under the action of
I;. Does w define a differential form (;).w on C4? The answer to this question is
positive, because I; acts transitively on each fiber. Hence, for Q € C,, we can define
((d)d)*w) (Q) to be the unique linear form on ¢, o such that, for P € Cy with
Ya(P) = Q, ((wd)*w) (Q) o dptpg = w(P). This is well-defined, because VP’ € Cy
with 14(P") = Q, 3¢ € I; such that p¢(P’) = P and then

w(P) = w(pe(P) odpripe = (pfw)(P') = w(P"),

by invariance of w under I;. Remark further that w;((z/}d)*w) = w. Indeed, let
P € Cy, then

Vi ((Wa)ww) (P) = ((a)sw) (1a(P)) o dpthg = w(P).

The so-defined differential form (¢4) .w € ®[Cy] is called the push-forward of w with
respect to 1.
For a differential form w on Cy and d|N, we have shown

w is fixed under the action of I on ®[Cy] < 3In € ®[C,] such that Yjn = w.
Let’s now consider the differential form w,(x, y) = y=" Hfzo(x — \)% dxonCy,
where the g;’s are integer. Under which condition on 7 is w, fixed by the action of ,;?
Well,
V¢ € 1, c,oZ‘w,, =w, Vel ("w,=w,
N
o Vke {0,...,5 —1}, (€Y, = w,

<:>E|£€Zs.t.n:€%.

The differential forms which satisfy this for a d dividing N and different from N are
the ones we want to get rid of, because “they come from under”. This is equivalent
to the fact that (N,n) # 1. Indeed, if the above equivalent conditions hold, % is
# 1 and divides both N and n. Conversely, suppose that (N, n) # 1, then w, is fixed
under the action of I AL
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Definition 3 A differential form w, (resp. 7*w,) on Cy (resp. Xy) such that
(n,N) = 1 and the linear combinations of such differential forms are said to be
new. The vector subspace of Q![Xy] consisting of all new forms on Xy which are
holomorphic is

Q! (XN ]new == @ Vo,

where the sum is taken over the n € {0,...,N — 1} such that dimV, > 0 and
(n,N)=1.

The Jacobian variety Jac(Xy) of Xy is the abelian variety defined by the following
quotient:
Q' X"/ 1(Hi (X6(€),2)).
The vector subspace Q' [Xy]new defines a subquotient of this quotient which cor-
responds to abelian subvariety of Jac(Xy). This abelian subvariety will be called

the New Jacobian of Xy and denoted by Jac,,(Xy). Its dimension is equal to
dimc(Q! [Xn]new)- By definition, we have

(15)  dimc(Q' [Xn]new) = Z dim(Vn):% Z (dimV,, + dim Vy_,).

(n,N)=1 (n,N)=1
0<n<N 0<n<N

Under the assumptions N { Ay, ..., A,, > ;_, Ak, we can apply Theorem 6.8 to get
dim V,, + dim Vy_, = r. This implies

ro(N)
2 b

(16) dim Jac., (Xn) =

where o(N) := >, n)=1 1 is Euler’s function.
0<n<N

Remark 10 'The endomorphism algebra of Jac ., (Xxn) contains Q ().

8 Abelian Varieties Associated to Gauss’ Hypergeometric Series

The family of curves, which is often associated to Gauss’ hypergeometric series, as in
[21], [22], is isomorphic to but not equal to the one we defined in Section 2. Indeed,
our construction is based on the second integral representation (3) of F(a, b, ¢; z) and
not on Euler’s. Since the two families of curves are isomorphic, so are their Jacobian
varieties. Hence, the New Jacobian defines an abelian subvariety of the Jacobian of
the curve coming from Euler’s integral representation, which is precisely the abelian
variety T, (z) used by Wolfart. On the way to show this, we will have all intermedi-
ate results about genus, order of differential forms, dimensions, some of which will
slightly correct some of Wolfart’s assertions (see Remark 12). Remark 11 gives some
light about the motivation coming from Wolfart’s work.

Let’s consider a hypergeometric series F(a, b, ¢ ; z) with rational parameters a, b, ¢
and —c ¢ N. For |z| < 1and ¢ > b > 0, Euler’s integral representation (2) can be
written as

P(=)

1
(17) F(a,b,c;z) = W, where P(z) :/ 71— )1 — zx) T dx.
0
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Ifz#0,1and b, c — b ¢ Z, this integral can be replaced up to an algebraic factor by
a period | , % on the projective curve C(N, z) defined affinely by the equation

N =1 - x)B(1 - 2x)°,

where N :=lcd(a, b,c), A:= N(1 —b), B:=N(1+b —¢),C := Na. If we choose ~y
to be a loop on C(N, z) whose projection in P} under (x, y) +— x is a double contour
loop around 0 and 1 with interior not containing %, we have the relation

1
/@ =(1-¢yhHa— CEB)/ N1 = x) N — zx) .
vy 0

Let X(N,z) denote the desingularization of C(N,z) and 7, the desingularization

morphism. We have
d d
[ ] %),
ol y Ty Y

where ﬂj(dy—x) is the pull-back of % on X(N, z) and 7}y a lift of v to X(N, z).

Remark 11  These relations are the motivation for the whole construction, taking
into account that a similar relation can be worked out for the integral in the de-
nominator, as we shall see in Section 9. Indeed, these relations allow us to interpret
(17) as a quotient of periods defined over Q)(z) (this is the point of the assumption
a,b,c € Q). As Wolfart pointed out, this is a key tool for the study of the set of
algebraic points at which the series takes algebraic values (the so-called exceptional
set). Indeed, if z € (), then the abelian varieties and the periods are defined over
 and one can apply a consequence ([23] Satz 2) of Wiistholz’s Analytic Subgroup
Theorem to get a necessary condition on the corresponding abelian varieties for this
quotient to be algebraic. This is a central observation in Wolfart’s work [21], [22].
An explicit condition for z to lie in the exceptional set is determined in [4] for two
hypergeometric series with monodromy group isomorphic to SL,(Z) and in [3] for a
wider family of these series.

In order to apply the construction of New Jacobian to construct an abelian variety
on which P(z) with z # 0, 1 lives as a period, we first note the existence of an iso-
morphism between the curve X(N, z) and a curve of the same shape as those defined
in Section 2.

We define Cn(z) to be the projective algebraic curve defined affinely by the equa-

tion
)/N — XN_A_B_C(X _ I)B(X _ Z)C,

XN (2) to be its desingularization and 7: Xy(z) — Cy(z) the desingularization mor-
phism. Then the map

k: C(N,z) — Cyn(2)

(x0:x1:%2) = (X1:%0:%2)
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is well-defined as one can verify using the equations in projective coordinates

C(N,z): xY = ng_A_B_CX?(Xo —x1)%(xp — 2x))¢ and
Cn(2) sty = ugy A7 C g — up)B(uy — zuy)°.

Moreover,  is clearly a morphism of algebraic varieties, which is equal to its inverse.
Hence it is an isomorphism and the composition k o m,: X(N,z) — Cn(z) is a
birational morphism. It follows that X(N, z) is a nonsingular model of Cy(z). By
the uniqueness up to isomorphism of the desingularization, X(N, z) and Xy(z) are
isomorphic (call this isomorphism &). Following Definition 1, we will suppose that

N{N-A-B-C,B,C,N-A and (NNN—A—B—C,B,C)=1.
In particular, this implies a, b, c —a,c — b ¢ Z.

The two curves X(N, z) and Xy (z) being isomorphic, they have the same Euler
characteristic. By Theorem 4.1, we find

x(X(N,2)(C)) = —2N + (N,A) + (N,B)+ (N,C)+ (N,N—A—-B—C)

gIX(N,z)] =N+1— %[(N,A)+(N,B)+(N,C)+(N,N—A—B—C)].

Letn € {0,...,N — 1} and w, denote the following (rational) differential form

on Cy(2)
xM(x — 1)"(x — z)" dx

yﬂ

Then, by the regularity conditions (13) Section 6.1, the pull-back 7*w, on Xy(z) is
regular exactly when the following four conditions hold

S nN-A—-B—-C)+(N,N-A—-B-C) _

ay = N 17

B+ (N,B

a1Zn IE] - )_17

(18)

nC + (N, C)

a2 —— — L,

N
n(N — A) + (N, A)
agta+a; < — 1.

- N

Forn € {0,...,N—1},let V, be the isotypical component of Q! [Xy(z)] of character
Xn for the action of . Then, Theorem 6.2 implies

. d, ifd,>0
(19) dimV, = .
0 otherwise,
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where d,, is equal to

11(A+B+C)—(N,N—A—B—C)}_i_[1 nA + (N, A)
N N
nB+(N,B)} N {1 nC+(N7C)}

N N

dy= |
+P—

In order to get d,, in this form, use that for k € Z, [x + k] = [x] + k.
Remark 12 Let 1, denote the differential form y*”xbo(l — x)1(1 = zx)? dx on
C(N,z). We can use the conditions (18) to determine when 77, is holomorphic

on X(N, z), since 71, is holomorphic on X(N, z) exactly when 7*(x~!)*1), is holo-
morphic on Xy(z). This is the case exactly when the following four conditions hold

b > PATNA)
N
e BN
(20)
nC + (N, C)
by > ————1
N
nA+B+C)— (N, N—A—-—B—-C) _

bop+b+b, < 1.

N

These conditions correct slightly the assertion of Wolfart ([22] Section 4) on the
holomorphy conditions for differential 1-forms, while his assertion on the dimen-
sion of the isotypical components V,, forn € {0, ..., N — 1} is corrected by (19).

Consider now the case (1, N) = 1. Theorem 6.7 implies

dm, = (L | (ANACBZC (o2

Using that Vx € R\ Z, (—x) = 1 — (x), we obtain

A B C A+B+C
o= (3) + (2 +{5) - (242222
N N N N
Finally, in the case (n, N) = 1, Theorem 6.8 implies
(21) dimV, +dimVy_, = 2.

By definition, the isomorphism & makes the following diagram commute

X(N,z) —— Xy

= | |7

C(N, Z) —> CN-
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By (15) and (21), the vector space of newforms Q! [Xy(z)]new has dimension ¢(N).
It defines a vector subspace of Q! [X(N, z)] of the same dimension by pulling-back

QX(N, 2)]new = & (2" [XN(2) ] new) -

This vector subspace defines a ¢(N)-dimensional abelian subvariety T,;.(z) of the
Jacobian variety X(N, z), which is the abelian variety considered by Wolfart in [21],
[22].

If 70 ( %) is regular on X(N, z) (cf. the regularity conditions (20)), we have

ﬁ;(%) _ ri*(w*m—l)*(%)) € 7" (9 [Xy(@)lnew) -

In this case, P(z) is, up to multiplication by an algebraic constant, a period on T p.(2).

9 Abelian Varieties Associated to the Beta Function

In order to interpret Euler’s integral representation (2) of F(a, b, ¢;z) with a, b, c € Q
as a quotient of periods, we are left with the construction of an abelian variety on
which the denominator of (2) lives as a period. We refer to Section 8 and specially to
Remark 11 for a motivation. Also the procedure to derive this construction from the
construction of the New Jacobian will be totally similar to that of Section 8. After all,
it is only a (degenerated) specialization at z = 0.

The integral P(0) in the denominator of Euler’s integral representation as it is
formulated in (17) is the Beta function

1
B(b,c—b):/ K71 — %)

0

Let M :=lcd(b,¢), P := M(1 — b), Q := M(1 + b — ¢) and X(M, 0) be the desingu-
larization of the projective curve C(M, 0) defined affinely by

yM = xP(1 — %)<

a d
ro = [ -k [
o Y 7)/

where k € Q, % is a differential form on C(M, 0) and +y a lift on C(M, 0) under
(x, ) — x of a double contour loop around 0 and 1 in C. By the same argument
as in Section 8, it is sufficient to work on a curve isomorphic to C(M, 0). Hence, we
define Cy(0) to be the projective curve with affine equation

M = M=P=Q(x — 1)Q
and X)/(0) to be its desingularization. The projective equations are
C(M,0) :xgd = xgd_P_Qxf(xo —x)? and
Cr(0) : 8 = xBxMP7 e — )@

Ifb,c — b ¢ 7, we have
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and there is an isomorphism
k: C(M,0) — Cp(0)
(xo:x1 2X2) [ad (Xl ZXO2X2).

The unicity up to isomorphism of the desingularization implies the existence of an
isomorphism &: X(M, 0) — Xj;(0) such that the following diagram commutes

X(M,0) —Z— Xp(0)

ﬂol lﬂ

C(M,0) ——— Cum(0).

In order to apply our general construction, we will suppose that
MIM—P—-Q Q M—P and (M,M—-P—Q,Q) =1.

This implies b, ¢, c — b ¢ 7. Since the two curves are isomorphic, they have the same
Euler characteristic. By Theorem 4.1, we have

X(X(M,0)(C)) = —M + (M, P) + (M, Q) + (M,M — P— Q)
SIXOM,0)] = 1+ S (M — (M, P) — (M, Q) — (M, M ~ P~ Q)]

Forn € {0,...,M — 1}, let w, be the (rational) differential form on Cy; defined by
x(x — 1) dx
A
By the regularity conditions (13), 7*w, is regular on X, if and only if

S nM—-P—-Q+(M,M~—-P—-Q) _

ap = M 17
+ (M
(22) QIZM_L
M
M—-P)—(M,P
ao+a1§n( )~ ( ’)—1.
M

Remark 13 Forn € {0,...,M — 1}, let 1, be the (rational) differential 1-form
y~ixbo(1 — x)" dx on C(M,0). Then TNy is regular on X(M, 0) if and only if
7*(k~1)*n, is regular on X)/(0). By the conditions (22), this is the case exactly when
the following three conditions hold.

by > MPHMP)
M
b s QEMQ
M
b0+b1§n(P+Q)—(l\A/f[,M—P—Q)_1_
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Forn € {0,...,M — 1}, let V,, be the isotypical component of Q2'[X)(0)] with
character x,. Theorem 6.2 implies

d, ifd,>0
dimV, =< " 1 -
0 otherwise,

where
g [n(M—P)—(M,P)}
" M
| MM-P-Q+MM-P-Q | "R+ MQ
+{ M ]”L[ M
_ [n(PJrQ)—(M,M—P—Q)]
M

N {1_ nP+A(/IM,P)} N [1_ nQ+Z£/IM,Q)}'

In the case (n, N) = 1, it follows from Theorem 6.7 that

< (D (0P
(22)
() ()
-(252)

and from Theorem 6.8 that
dimV,+dimVy_, = 1.

Together with (15), this implies that the vector space 22! [Xy/]new of new differen-
tial forms on X, has dimension f@ Set Q' [X(M, 0)]new := &* (' [Xprlnew). Then
QUX(M,0)]pew defines and abelian subvariety T,;:(0) of ]ac(X(M, O)) of dimen-
sion # Ifwg(%) is regular on X(M, 0) (¢f. Remark 13), then P(0) = B(b,c — b)
is, up to multiplication by an algebraic factor, a period on T,:(0).

Remark 14 In its Appendix to [20], Rohrlich constructed an abelian variety on
which the Beta function is a period as a quotient of the Jacobian of the Fermat curve.
That construction and the one given here are isomorphic.
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