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MAD Saturated Families and SANE Player

Saharon Shelah

Abstract. 'We throw some light on the question: is there a MAD family (a maximal family of infinite
subsets of N, the intersection of any two is finite) that is saturated (=completely separable i.e., any X C
N is included in a finite union of members of the family or includes a member (and even continuum
many members) of the family). We prove that it is hard to prove the consistency of the negation:

(i) if2%0 < R, then there is such a family;

(ii)  if there is no such family, then some situation related to pcf holds whose consistency is large
(and if ax > N; even unknown);

(iii) if, e.g, there is no inner model with measurables, then there is such a family.

1 Introduction

We try to throw some light on the following problem.

Problem 1.1 Is there, provably in ZFC, a completely separable MAD family A C
[w]®0; see Definition[3(1) and (4).

Erdos—Shelah [5] investigates the ZFC-existence of families A C P(w) with sep-
arability properties, continuing Hechler [7], which mostly uses MA. Problem [[.T]is
[5, Problem A, p. 209]; see Miller [8] and Goldstern—Judah—Shelah [6] on the exis-
tence for larger cardinals. It seemed natural to prove the consistency of a negative
answer by CS iteration making the continuum X,, but this had not worked out; the
results here show this is impossible.

The celebrated matrix-tree theorem of Balcar, Pelant, and Simon [IJ], Balcar and
Simon [2]] is related to our starting point. Gruenhut and Shelah try to generalize it,
hoping eventually to get applications, e.g., “there is a subgroup of “Z that is reflexive
(i.e., canonically isomorphic to the dual of its dual)” and “less” (see [4, Problem
D7]), but have had no success so far. We then had tried to use such constructions to
answer Problem [L.T] positively, but this does not work. Simon [3] proved (in ZFC),
that there is an infinite almost disjoint A C [w]™ such that B C w and (I®A €
A)[B N A infinite] = (JA € A)(A C B). Shelah and Steprans [[10] tried to continue
it with dealing with Hilbert spaces.

Here s and ideals (formally ] € OB) are central. Originally we had a unified
proof using games between the MAD and the SANE players (SANE is naturally the
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opponent of MAD) but with some parameters for the properties. As on the one hand
it was claimed this was unreadable and on the other hand we have a direct proof,
which was presented (for s < a.), in the Hebrew University and Rutgers, we use
the later one. A minor price is that the proof in Section 2 says to repeat the earlier
one with the following changes. The major price is that some information is lost: we
use smaller, more complicated cardinal invariants, and there are some points in the
proof that we hope will serve other proofs (including covering all cases), so we hope
to return to the main problem and relatives elsewhere.

A related problem of Balcar and Simon is: given a MAD family B we look for such
A refining it, i.e, (VB € id};)(3A € A)(A C* B). At present there is no difference
between the two problems (see also Theorems2.1] 3.1} and[3.6)).

Conclusion 1.2

(1) If 2% < N, then there is a saturated MAD family.
(2) Moreover, in (1) for any dense J, C [w]™ we can find such a family contained
in J..

Definition 1.3

(1) We say A is an AD (family) for B when A C [B]™ is infinite and almost disjoint
(i.e, Ay # Ay € A = A1 N A, finite). We say A is MAD for B when A is AD for
Band is C-maximal among such A’s. If B = w, we may omit it.

(2) For A C [w]™, idy is the ideal generated by A U [w] <™,

(3) A MAD family A is saturated when: if B € id}; (see [L7Z(3)), then B almost
contains some member of A (equivalently, if B € id}, then B almost contains
continuum many members of A, because if B € id;rl, then there is an AD family
B C [B]™ n id}; of cardinality 2%).

Definition 1.4

(1) Let a be the minimal cardinality of a MAD family.

(2) Let a, be the minimal  such that there is a sequence (A, : @ < K+w) of pairwise
almost disjoint (i.e., with finite intersection) infinite subsets of w satisfying: there
is no infinite set B C w almost disjoint to A, for & < k but where BN A4, is
infinite for infinitely many #-s.

Observation 1.5 Wehaveb < q, < a.

Remark 1.6

(1) Note that if there isa MAD family A C [w]™ such thatB € id}; = (EIZROA cA)
(BN A is infinite), then there is a MAD family A C [w]™ such that B € id;l =
(3* A € A)(A C B); equivalently B € id} = (JA € A)(A C B). Just list our
tasks and fulfil them by dividing each member of A into two infinite sets to fulfil
one task.

(2) So the four variants of “there is A ...” in[[.3(4),[T.6[ 1) are equivalent.
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Notation 1.7

(1) ForA Cw,let Al be Aif¢ =1 and w\A if £ = 0.

(2) For J C [w]™,let J* = {B: B € [w]™ and [A € ] = AN B finite] }, and also
forA = (A;:s€8),let At = {A,:s€ S}t

(3) id4 (B) is the ideal of P(B) generated by

(AIB)U[B]*™ and id%(B) = [B]™\ id4(B),

(on A[B, see (7)); if B = w, we may omit it.

(4) A C* B means that A\B is finite.

(5) If€ C P(B) and n) € ©2, then Ie ,(B) is {C C B: C C* Al for every A € C};
if B = w we may omit it.

(6) In part (5), if v is a function extending 7, then let Ie , = I¢ .

(7) For A C P(B,) and B; C By, let A|B; = {ANB; : A € Aand ANB, is infinite}.

Definition 1.8

(1) Let OB = {I C [w]™ : T U [w]<™ is an ideal of P(w)}.

(2) For A Cw,letob(A) ={B:B¢€ [w]® and B C* A} so ob(w) = [w] ™o,

(3) n L vmeans ~(n < v) A=(v dn).

(4) Wesay Ais ADin J C [w]™ when A is AD and A C J.

(5) We say A is MAD in J C [w]™ when A is AD in J and is C-maximal among
such A’s.

(6) J C [w]™ is hereditary when A € [W]NM NAC*Be J=Ac J.

(7) J C [w]™ is dense when (VB € [w]®)(3A € J)[A C B].

2 The Simple Case: s < a,

We here give a proof for the case s < a,.

Theorem 2.1

(1) If s < a,, then there is a saturated MAD family A C [w].
(2) Moreover, given a dense J,. C [w]™ we can demand A C ..

Proof Stage A: Let k = s, so cf(k) > Ng. For (1) let J, C [w]™ be a dense (and
even hereditary) subset of [w]™, i.e., as in part (2) and in both cases without loss of
generality every finite union of members of J, is co-infinite, i.e., w ¢ idy, .

Choose a sequence (C} : @ < k) of subsets of w exemplifying s = &, i.e.,

—(3B € [w™) A(BC* C: VB C*w\C)).

Fori < kandn € '2,let C;, = C;. The aim of this notation is to simplify later proofs
where we say “repeat the present proof but . ..”.

Stage B: For o < 280 let AP,,, the set of a-approximations, be defined by the follow-
ing conditions:

Bi(a) T = T; is a subtree of “~2, i.e., closed under initial segments;
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(b) let suc(T) = {n € T : Lg(n) is a successor ordinal} and]] cl(T) = {n €r22:
ifi < £g(n),thennli € T};
(0) 1 <|T] < Ro+af;
(d)I=L=(,:necT)= (I, = m € cl(Ty));
(e) A=A, = (A, :n € suc(7)) = (A} :n € suc(Ty));
such that
(f) Ay eIl,N J. oA, = @and .7 = {n € suc(T,): A, # @}
@I, ={A¢€ [w]™o: if i < £g(n), then A C* (C;;H)["(’A)], and ifi + 1 < £g(n),
then A N A, j(i11) is finite}; so I, is well defined also when 1 € c/(7).
We let
(h) CZ = C, (for generalizations);
B, AP = [J{AP, : @ < 2%}
Hs s <ap t if and only if (both are from AP and)
(a) (‘Ts c (‘Tt;
(b) I_s = I_t FCZ(TS);
(c) A = A suc(7y).

Stage C: We assert various properties of AP; of course s, t denote members of AP:
Hy(a) <ap partially orders AP;
(b) nav e cl(T,) =1I, C Ifz;
(c) ifn € cl(T;), then I} € OB, ie., I} U [w] <M is an ideal of P(w) ;
(d) <A§] 1 € ) is almost disjoint (so A% € ob(w) and
n#ves= Aﬁl N Al finite; recall that here we can assume .%; = suc(J;));
(e) ifn € cl(T;) and £g(n) = K, then I,’] = o
(f) if s <ap t, then cl(T;) C cl(T;) and n € cl(T,) = I = I,,t] (and clause (b) of
f; follows from clauses (a),(c));
(g) o ifv e cl(T)\T,;and n € S and B € I}, then BN A, is finite
e ifv € Tyand n €  but ~(v < n) and B € I, then BN A, is finite.

[Why clause (d)? Letny # m € 7 if g L ny, let p = 19 N 1y, hence for
some £ € {0, 1} we have p*(£) <o, p’(1 —£) A, 504, €I, C I;)A<k> C
ob((C;)[kJ) fork = 0,1, hence A, NA, C* ob((C;)[“)ﬂ ob((C;)“_”) = .
If 7o < my, note that A} € I C ob(w\A], ) by clause B, (g). Also if 71 <1
similarly, so clause (d) holds indeed.

Why Clause (e)? Recall the choice of (C7, : @ < k) and (C;, : 7 € "72), hence
a<k=CH =C:SoifBe If], then B € I)(a+1), hence (B C* C; vV B C*
w\C¥) for every « < K, a contradiction to the choice of (C* : @ < k).]

Ms(a) a < B < 2% = AP, C APg;
(b) APy # & (e.g., use t with T = {( ) });
(c) if (t; : i < 0) is <ap-increasing, t; € AP, fori < d, {a; : i < 4) is increasing,
d alimit ordinal and a5 = (J{ : i < 6}, thent; = |J{#; : i < §} naturally
defined belongs to AP, and i < § = t; <pp ts;
'So cl({()}) = {(),(0), (1)}

2the case “A; = @7 is not needed in this proof
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Hs let J; be the ideal on P(w) generated by {Aﬁl 1 € S} U [w]M.
Fors € AP and B € ob(w) we define:

()1 Sp = S} := S} U S}, where
(@) Sy =S5 =={n € cl(T): [B\APY NI # & forevery A € J,};

(b) S = ng = {n € cl(T;): for infinitely many v,n < v € .7 and the set
BN A, is infinite};
(c) S =Sy :=Sp.

()2 SPy = SPy" = {n € T, : n°(0) € S3' and n*(1) € S’} forv = 1,2,3, and

Sp = Si = S3.

Note that
(x); fore =1,2,3,

(a) Sjisasubtree of c/(T5);

(b) ()eSseBe JF & () e Sk

(c) SPy C T

(d) if B C A are from [w]™°, then S C€ Sy, SP; C SP,.
[Why? For ¢ = 1, the first statement holds by recalling H,(b). The second,
() €Sy« BeJ holdsasIj, = ob(w). The third, SPy C T; as by
the definition of c¢/(T;) we have n"(¢) € cl(T;) = n € T,. The fourth is
obvious. For ¢« = 2 this is even easier and for ¢ = 3 it follows. ]

(%)g Ifn € Spand vy <vy <4+ <A, isalisting of {v <y : v € SPg} (so this set
is finite) and we let Cy(n), B) := ﬂ{(Cf,f)["’([g(W))] : £ < n}, then Sgnc,(np) =
{veSg:v<dnorn v}

[Why? Clearly (VA € [;)(A C* Cs(n, B)) by the definition of[fl (see HH;(g)), but
(3A C I;)(JA N B| = Xy), hence BN Cy(n, B) € ob(w).
As BNCs(n, B) C B, clearly Sgnc,y, C Sp. Alsoasn € Sgpand (VA € L)(AC
Cs(n, B)), clearly n € Sgnc,(n,p) and moreover {v € Sprc,yp : 1 I v} ={v €
Sp :n < v} by Ba(b).
Also, as S and Spnc, (5,p) are subtrees, clearly {v : v I n} C Sp N Spnc,(y,p) and
n<ved(T) = [veSpeve Spnc,upl
So to prove the equality it suffices to assume o < lg(n),v € Sp,lg(n Nv) =
a,lg(v) > «, and v € Spnc,(y,p) and get a contradiction. If { < nand o =
lg(vy), then (VA € IJ)[A C* (Cfm)“_"’(“)]], so it is an easy contradiction. If
a ¢ {lg(vy) : £ < n}, we can get a contradiction to n[a ¢ SPp. So we are done
proving (x).]
(*)s (a) Foreveryn € cl(T;) the set {B € ob(w) : ) ¢ Sp} belongs to OB;

(b) ift =1,2,3and B=ByU---UB, Cw,then Sz =S U---USp;
(c) if A € Jand B, = B)\A, then Sj = Sy , SPy = SPy fort =1,2,3;
(d) S; C T, for B € ob(w);
(e) ifn<av € cl(T;), thenn € Ty
(f) if B € ob(w) and s <ap ¢, then

o ;' DS Nel(TL);

o, Sif - ng N T (inclusion in different direction? yes!);

o3 S D SY N el(Ty), in fact (S N cl(T)\SF C S’
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(clause (f) is not used here).
(x)s Fort =1,2,3 we have
(@) if BC w,l < 2,v e SnNT;,and B C* (C) then v*(¢) € Sk, but
v(1—0) ¢ Sy
(b) if BC wand v € S N Ty, then for some ¢ < 2 we have v"(¢) € Si;
() wé
[Why? Read the definitions recalling («)s(c). For clause (c) recall thatv € .7, =
A € J;and by H, (f) we have J; C J, and by Stage A, w ¢ ob(J,).]

Stage D:

M, Ifa < 2%, s € AP, and B € ob(w)\J, then we can find t € AP, such that
s <ap t and B contains A, for some n € 7\ T..

This is a major point, and we shall prove it in Stage F below.

Stage E: We prove the theorem.
Let (B, : a < 2%) list P(w), each appearing 2™ times. By induction on o < 2%
we choose t,, such that

® (a) t, € AP,
(b) B<a=ts <apta
(c) if @ = B + 1, then either B, € J;, or B, contains A, for some n € 7, \T;,.
For o = 0 use H5(b).
For « limit use H5(c).
For o = 3 + 1 use H;.

Nowlett € AP be | J{t, : @ < 2%} and recalling B,(d) it is easy to check that A,
is a saturated MAD family, enough for Theorem[2.1{1), and recalling that by B (f) it
is C J., also enough for Theorem2.11(2).

Stage F: The rest of the proof is dedicated to the proof of B, so «, s and B are given.
The proof is now split into cases.

Case 1: Some v € Sg is such that v € ¢f(T,)\Ts.

By (*)5(d) we have v € S}. Clearly, as v € S, there is B; € [B]® N I’. Note that
lg(v) > 0as () € T, by clause (c) of H;.

Note that, A € [, An € .7 = AN A is finite, e.g., by the proof of H,(d) or better
by B4(g).

Subcase 1A: Assume {g(v) is a successor ordinal.

Let B, C B; be such that B, € J, and B;\B; are infinite. Now define ¢ as follows:
T, =T, U {V};A; is Aj, if p € suc(Ts) and is B, if p = v; lastly define I/t, for p € T,
as in clause (g) of H;. It is easy to check that ¢ is as required.

Subcase 1B: Assume £g(v) is a limit ordinal.

Clearly (g(v) < Kby By(e), as I}, # @ because B, € I}. Clearly thereis ¢ € {0,1}
such that B] := (C$)!) N By is infinite. Let B, C B] be such that B, and Bj\B; are
infinite and B, € J.. We define r by T, = T, U {v, VA<E>},A;) is A} if p € suc(T),
and is B, if p = v"(¢) and I:) for p € T; is defined as in clause (g) of H;.

It is easy to check that ¢ is as required.
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Case 2: SPp = @ but not case 1.

Letvj .= J{n:n € Ss}.
Subcase 2A: v}, € S.

As Sp C cl(T;) by the definition of Sp, and since we are assuming “not case 1” we
have S C T; hence v € T, so lg(vg) < k.

We define B} as BN Aps if Ay is well defined and B = @ otherwise; and for

— - * 14

£=0,1,let Bj := BN (Cjy,.)) " \B3.

Then we have
()7 (Bg, BY, B3) is a partition of B.
Hence by (x)s(b), for some £ = 0, 1, 2, we have

* 1

(*)8 Vg c SBZ"
(x)g £ # 2,
and

(%)10 p:=v3"(L) € Sp:.
[Why? By the definitions noting p € cf(7;).]

Also as B C B, clearly
()11 Spr C Sp.
But (%)19 and (x);; contradict the choice of v/j.

Subcase 2B: v} ¢ Sj.

By (*)3(b) and (x)s(c) and the assumption of H;, we have ( ) € S, and by (x)¢(b),
clearly (0) € S} or (1) € Sk, hence v}, # (). If vj; = v"(£), by the definition of v/},
we have v € Sp, contradicting the subcase assumption. Hence, necessarily £g(vy) is
a limit ordinal < k; callitd. Soa < d = vjla € Sgbutp<p e d(T,) = p e T,
hence o < 0 = vila € T.. Now for every a < 0 let v, == (v5[a) (1 — v5(a)),
so clearly v , € cf(T,)\Sp. Hence as vj;,, ¢ S2, by the definition of S C S the
set A, = {A, : p € F, Vo < pand BN A, is infinite} is finite. So we can find
n=n(a) <wand A}, ..., A} | enumerating A,, but also v, ¢ Sk C S,
hence ob(B\|JA,) = ob(B\|U{A}, : ¢ < n(a)} is disjoint to Ly N JI and by
the choice of A, and (x)s, ob(B\ |JAs) = [B\(A} U --- U A;;n(a)_l)]NO is disjoint
to I. . Let A7 ) be Ayro when defined and & otherwise. By the definitions of

If,gﬂ , If/g 1o We have, for a <4,

@1(a) [BN(Co ) ON(AL U UAT L,
(b) A%, € {A, : p € L and vz, < p(hence Ay C (Cye m)“—’jg(“)])} for
¢ < n(a) (not needed presently).
[Why clause (b)? By the choice of A,,.]

N . . e . .
)™ is disjoint to I« .5

Let A* ={BNA:A =A%, forsomea < J,k < n(a) and BN A is infinite}.

So A* is a family of pairwise almost disjoint infinite subsets of B, and if A* is finite,
B\ |U{A : A € A*} is still infinite because A* C J; and we are assuming B ¢ J..

Let A :={v e S :v; <v,|A, NB| =R}

®, There is a set By such that
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(a) B; C Bis infinite;

(b) By is almost disjoint to any A € A*;

(c) if Ais finite then v € A = [BiNA,| <Ny

(d) if A is infinite then for infinitely many v € A we have |B; N A, | = N,.

[Why? First assume A is finite, so without loss of generality, it is empty. If A* is
finite use the paragraph above on A*. Otherwise as |A*| < [§| + Ry < k = sand
by the theorem’s assumption, s < a, < a, and by the definition of a, it follows
that ®, holds.
Second, assume that A is infinite and choose pairwise distinct v, € A for n < w.
Now recall that we are assuming s < a,, and apply Definition [[4lof a, to A* and
(Ay, : n < w) to get an infinite B; C B as required.]

®s3(a) B; € ]SL H
(b) if ~(vz < n) and n € &, then By N A, is finite.
[Why? For clause (a), note that first B; C B C w, second B, is infinite by clause (a)
of @, third B; ¢ J, is proved by dividing into two cases. If A is finite, use clause
(b) of ®3, proved below, and clause (c) of ®,; and if A is infinite, use ®,(d)).

IA

So let us turn to proving clause (b); we should prove that € suc(7;) A =(vj

1) = B; N A, finite.

IfA, € {A], : a < d,n < n()}, then either A, N B is finite hence A, N B; C

A, N Bis finite, or A, N B is infinite, hence A, N B € A*, so B; N (A, N B)

is finite by the choice of B;. But B; C B hence B; N A, is finite. So assume

Ay ¢ {A},, o < d,n < n(a)}. By the choice of A, u(a) for @ < & necessarily

—(n <vg). Recall that we are assuming that =(v; < 7). Together, for some a < 9,

we have v = fg(vz N'm) < § and v§[a < n, and we get a contradiction by the

choice of A, = {AZ[ : ¢ <n(a)} and Al )

We shall now prove by induction on o < ¢ that B; € If,g jo- Fora =10 recall
that I, = [w]™ for o limit Ly = ﬂ{If,g 15+ B < a} and use the induction
hypothesis. For « = 3 + 1, first note that by ©,(b) B, is almost disjoint to A,x 5 if
vilp € C suc(7;), and second, B is almost disjoint to (Cf/g rﬂ)“”’g(m]. (Other-
wise, recalling ®3(b), we get a contradiction to the assumption SPg = @ by (x)¢(a)
and the induction hypothesis.) Together with the definition of IZ;; 1501 ;E 1o We have
B, € If,g o Having carried the induction, in particular B, € If,g 15 = Loy . Now recall-
ing first B; ¢ J; by ®3(a), second By C B by ®,(a), and third, the choice of A*, J..
Together they contradict the subcase assumption v}, ¢ S.

Case 3: None of the above.

Without loss of generality:

@, if By C Bbut By ¢ J;, then none of the two cases above holds.
We try to choose 7" = (), : p € "2) by induction on 7 such that:

(a) Ny € SPg;
(b) if p = 0*(¢) then n,"(€) < 7,5
(o) {v:van,andv € SPg} = {n, : k < Lg(p)}.
For n = 0, since SPg # & as this is not Case 2 (and not Case 1), we can choose
7, € SPp with minimal length. If » = m+1 and p € "2, by the induction hypothesis,
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1, € SPg, hence 1, € T, and by the definition of SPg for £ = 0, 1, the sequence
1,"(¢) belongs to Sp.

First assume {v € SPp : 1,"(¢) < v} = &. So B; := BN Cy(n,"(¢),B) ¢ J,
noting that C(7,"(¢), B) = ﬂ{CLi(@] : k < m}, recalling it is defined in (x)4 from
Stage C using 1,"(¢) € Sg; hence 17,"(¢) € Sg,.

Now by ()4 we know Sp, = {v € Sg : v < 1,"°(¢) or n,"(¢) < v}, so case 2 or
case 1 holds for By, a contradiction to ;.

Second, assume that we have (3)(1,"(¢) < n € SPp), so choose such Ny ey of
minimal length.

Hence we have carried the inductive choice of (7" : n < w).

For each p € “2letn, = U{mpin : n < w}, so clearly n, € cl(T;). Also (1, :
p € “2) is without repetitions and each 7, belongs to c/(T5), so as |T;| < 2% there is
p € “2such that n, ¢ 7. By clause (c) above we have {p : o<1, and p € SP} =
{Npn 11 < wh.

Note that
@2 (Cs(Mpik, B) : k < w) is C-decreasing.

Let W = {a < fg(n,): for some v € . we have {g(v N7n,) = aand A, N Bis
infinite}.

First, assume W is an unbounded subset of £g(1),). In this case we choose a, € W
such that o1 > a, > €g(n,p) for n < w, and we choose v, € 7 such that
lg(v, N1my) = a, and A, N Bis infinite. So we can choose an infinite By C B such
that n < w implies Bo\ [ J{A,,,, : k < n} C* Ci(n,[u, B) and (B (1A, € ob(w)).

So,

®3 By C B,By ¢ Js;

@4 the set SPp, is empty.
[Why? By (%), for each n < w we have Sg, € {v : v <q 1,1, V 1,1, < v}, hence
S, NTs C {v:v<an,orn, Jv} butn, ¢ T, so SPy, = @.]

@s Sp, is not empty.

[Why? By (x)3(b).]

By @4 and @5 for the set By, Case 1 or Case 2 holds, so we get a contradiction
to @1.

Second, assume sup(W) < fg(n,), so we can choose n(x¥) < w such that
sup(W) < Lg(Mpin(x)). Now v € F Anyin+) < v implies that BN A, is finite, as oth-
erwise, recalling 1, € c(T;)\ T, necessarily o = £g(n, N v) < £g(n,) and of course
a > £g(1y1n(x))> but see the choice of n(x), $0 7 1u(x) & S5. Hence 1,1n(+) € Sk, s0 we
can choose an infinite B; C Bsuch thatB; € If]pm(*). Checking by cases, B, € ob(w) is
almost disjoint to any A,, v € .%;. Obviously By € I} , so Case 1 holds as exemplified
by 7,, again a contradiction to &;. ]

3 The Other Cases

Theorem 3.1 (1) Ifk = 5 = a, and cf([s])™, C) = s, then there is a saturated MAD
family.
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(2) Ifk = 5 = a, and U(rk) = k and J, C [w]™ is dense, then there is a saturated
MAD family C J,.

Definition 3.2 (1) For cardinals 0 < o < 6 < ) (also the case § < ¢ is OK) let
Uy, 0(A\) = Min{|P| : P C [A]=° such that for every X € [A]’, for some u € P,
we have [X Nu| > 0}. If O = 0, we may omit J; if 0 = 0 = Ny, we may omit them
both; and if 0 = 0 = Ry A § = X we may omit 6, o, 0. In the case of our theorem, it
means: U(k) = Min{|P|: P C [x]=™ and (VX € [x]")(Fu € P)(|X Nu| > Ry)}.
(2) Ifin addition J is an ideal on 6, then let Uy, ;(A) = Min{|P| : P C [A]=7 such
that for every function f: 6 — A, for some u € P, the set {i < 6 : f(i) € u} does
not belong to J}.

(3) Let Pr(k,0,0,0) mean: k > 6 > ¢ > 0, and we can find (E, P) witnessing it (if
0 = o, we may omit 0; if o = 9 = N;, we may omit them; ifc =9 =Ny A 0 = &,
we may omit 0, o, @) which means:

(a) P=(P,:a€E)
(b) Eisaclubof k and y € E = || divide
(¢) ifu € P, then u € [a]= has no last member
(d) o, Pis C-increasing,
) |Ta| < R,
(e) if w C k is bounded and otp(w) = 6 and sup(w) € acc(E), then for some u, j
we have (so 6 > 0):
o |[unw| >0,
®, j € acc(E),
o ucpP;
o, [wNj| < b, ie., j<sup(w);
(f) ifi € {0} UEand j = min(E\(i + 1)),w C [i, j), otp(w) = 0, then for some
set u;
e, uc Pjandu C (i, j),
o |[unw| > 0.

Explanation 3.3 The proof of Theorem [3.1]is based on the proof of Theorem 211
The difference is that in the proof of ®, of subcase 2B of stage F, if {g(v;) = &,
it does not follow that we have |A*| < a, so we have to do something else when
|A*| = a, = s. By the assumption U(k) = & there is a sequence (1, : w < a < K)
of members of [x]™ such that u, C « and for every X € [k]” for some o, u, N X
is infinite. Now if e.g., g(v) = « > w, we can use u, and apply 3.5 below to an
appropriate B, getting P,. We then add it to the family {C} : o < k}, witnessing
s = k by the family P, as in Observation[3.5] So now we really need to use C;, rather
than C}.

Observation 3.4 1If Pr(k,0,0,0) is witnessed by (E, P), then we can find (E’, P’)
as in[3.2[(3), but

(d)'e; if j > sup(j N E’), then [P}| < j,

(e) as above but require just sup(w) € E.
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Proof Use any club E’ C acc(E) of s such that 6 € E' = |P;| < |min(E’\(5 + 1))|
and § € nacc(E') = cf(d) # cf(0), and let P be P, if v € acc(E’) and let P be
U{Ps: 8 € ENn~}ify € nacc(E). [ |

Observation 3.5 Assume B* = (B! : n < w) satisfies B} € [w]™, B, C B}, and
|Bi\B:,1| = Ry for infinitely many #’s. Then we can find P such that
(x)(a) P C [w]™ is of cardinality b;

(b) if A C [w]™ is an AD family, B C w and (3%°n)(B N B!\ B;,,) or just for
some sequence ((n;,A;) : i < w) we have n; < nj1,A; € &/ \ {Aj: ] < i}
and (B,, \ By,+1) N A; is infinite for every i, then for some countable (infinite)
P’ C P there exists for 2% functions n € ?'2 such that for some id 4 -positive
set A C* B we have: A C* C©O)] for every C € P’ and A C* B! for every n.

Proof of Observation[3.5] Let B = {B : B = (B, : n < w), where B, C w is
infinite, B, O B,+1, and B, \B,4; is infinite for infinitely many n < w}, i.e., the set of
B satisfying the demands on B*.

For B € Band A C [w]™ let pos(B,A) = {B C w : Basin (¥)(b)}. So Ob-
servation [3.5] says that for every B € B there is P C [w]™ of cardinality b such that
if A C [w]™ is an AD family and B € pos(B,.A), then there is a countable infinite
P’ C P as required in (x)(b) of Observation[3.5]

Consider the statement:

B if B € B, then we can find B such that
(a) B=(Bs:d € SI§20>, recalling Sgo ={d <Db:cf(0) =No};
(b) 6 €S}, = By € Bs
(c) if Aisan AD family and B € pos(B,.A), then for some club E of b, for every
d€EN S?%n we have (3°°1)[B N (Bs.,\Bs.ns1) € id4 ];
(d) if 6; < 6, are from SI?)%’ then for some n < w the set B, , N By, ,, is finite.

Why is this statement enough? Because it allows us to find a subset B’ of B of car-
dinality b such that B* € B’ and for every B € B’ for some B = (Bs : § € Sy ) as
in B, we have § € SE&U = Bs € B’. Now P, the closure by Boolean operations of
{B,:B € B’and n < w} is as required.

Why? Let B € B’ (e.g, B*) and an AD family A C [w]™ and assume B €
pos(B, A) is given.

We choose by induction on n < w a sequence (B,,, m, : ) € "2) such that
* B, € B’ moreover (3°n)(B,,\By 1 € id}) forn € "2;
* B,=Bifn={()son=0;
* B € pos(B,,A),my,and (\{By,sm,,} € pos(B,, o) ifn € "2
* if 1°(0),v"(1) € "2, then the set B, (g N B,y is finite.
For n = 0 this is trivial and for n = m + 1 we use H(c), i.e., the construction of
B’. Forevery n < w,9 € "2, let B, = ({Byjtm,, : k < n}. So B, € id} and
m < fg(p) = B, C Bym and if g1 # g, € "2 then we have B, N B, is finite.
Obviously [p € “2 = (Vn < w)(Tk < w)(Bypn\Byik € id’;)], and for each p € “2
thereis C, € id}; such that C, C* By}, for n < w.

sy (o) My (1)

[Why? We try by induction on k < w to choose AQ’k,Aéﬁk € ob(w) such that
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kE.AAQkCA kandm<k:>A’ # Ay mand Ayp C* B,y Now first, if
we succeed, then we can find C € ob(w) such that for every n < w we have that
CNA,, isinfiniteand C\(J{A, ,, : m < n} C By, If thereis an infinite C’ C C
almost disjoint to every member of A, then C, = C' is as required. If there is no
such C’, then we can find pairwise distinct A," € A\ {A, ,, : m < w} such that
C N A/ is infinite for every n < w. Clearly AY N C C* B,,, for every n,m < w,
and there is an infinite C, C C such that C, C* By}, and C, N A}/ is infinite for
every n,m < w, so C, is as required.
Second, if k < w and we cannot choose A, then we can choose C, € ob(w) such
thatn < w = C, C* By, and C, N A, = & for m < k, and C,, is as required,
so we are done. |

So P" = {Byjkm : k,m < w} is as required.

So proving H is enough.

Why does this statement hold? Let f = (f,, : @ < b) be a sequence of members
of “w witnessing b, such that without loss of generality f, € “w is increasing and
a<5<b:fa <]5d f/j.

Fora < bletC, := J{B, N[0, fa(n)) : n < w}, so clearly
(9)1(2) a < B = Co C* Cp,

b)) a<bAn<w=C, "B,

We choose a. = a(e) < b by induction on € < b, increasing with ¢ as follows:
fore = 0let o = min{a < b : C, is infinite}, fore = ( + 1 let . = min{a <
b:a > acand C,\Cy(c) is infinite}, and for € limit let oo. = (J{ar¢ : ¢ < €}. By the
choice of f, every a. is well defined; see the proof of &, below.

So (e : & < b) is increasing and continuous with limit b. For each § € S} let
(e(d,n) : n < w) be increasing with limit § and, lastly, let

35:<M\Uc n<w>

m<n

50 Bsn = Ca(5)\ U< Cates,my)» hence Bs i1 C Bs, and B ,\Bj 41 is infinite by

the choice of (5 )+ - Clearly Bs € B (which also follows from the proof below).
Why is (Bs : 6 € Sl;:o} as required in H? Clauses (a) and (b) are obvious, and

clause (d) is easy; as, if 1 < d;, then for some n we have §; < a(e(d;, n), hence

Bs,.n N Bs, . € Baetsy,m) N Basy) \Catesrm)) S Ba) N (Bawy) \Bas) = @

Lastly, to check clause (c) of H let A be an AD family and B C w be such that
(#) u=wup:={n <w:BNB,\Bu1 ¢ idyg} is infinite, or just u = {n; : i < w}
where ((n;,A;) : i < w) isasin (x)(b) of the observation.

It is enough to prove that for every o < b:
@, thereis 3 € (a,b) such that BNC3\C, € id};.
[Why is it enough? Because then for some club E of b, for every § € EN Sgo we would
have (Ve < §)(a. < ¢) and (Vo < 0)(FB)(a < B < § ACs\C,, € id};), hence

(3%°1)((Caes.n41) \Caeamy) € idy), which means (3°°n)(B; ,\Bs »11) € id}) as
required. ]
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So let us prove @,. If @, fails, for every 8 € (a,b) there are n = n(/3) and
Ao, ..., An—1 € A such that BN Cs\C, C* Ago U -+ UAgup—1. Without
loss of generality, n(/3) is minimal, hence by (x), the sequence (n(8) : 8 € [«,D))
is non-decreasing, but b = cf(b) > W, hence, for some a,. € [, b), the sequence
(n(B) : B € [au, b)) is constant, so let n(a,) = n,.

As Ais AD and BN C, \Cy C* Ay, 0 U - UAq, n.—1and § € (ay,b) =
BNCy, \Co CTBNC\Cqo CAgoU---UAg,,_1, using “A is almost disjoint” and
the minimality of n,, = n, it follows that {A,_ ,: ¢ < n.} C {Ag,: £ < n,}, hence
they are equal.

So,

® B€(a,b)=BNCs\Co TF Ay oU---UAqy, n.—1.

Foreachn € w = {n; : A; ¢ {Aa.0: ¢ < n.}},as BN B,\By1 € id}; and
Aq, 05> Aa, n.—1 are fromidy, clearly there is

kn S (B N Bn\BnH\Ca)\Aa*,O\ T \A(y*,n*—l\{km e 7kn—1}-

By the choice of f there is 3 € (a,b) such that u; := {n € w: k, < f3(n)} is
infinite. As f3 is increasing, clearly n € u; = k, < fzg(n) = k, € Cs\Cs. So
{k, : n € u;} € [w]™ is infinite and is a subset of BN C5\Cu\Aa, 0 - - - Aay s —1>
which is a contradiction, so @, indeed holds, and we are done. [ ]

Proof of Theorem[3.1] We prove part (2), and part (1) follows. We imitate the proof
of Theorem [2.11

Stage A: Let k = 5. Let P C [x]™ witness U(k) = k. For transparency we assume
w € Pandu € P = otp(u) = w. this holds without loss of generality asb < a, =
5 = K.

[Why? It is enough to show that for every countable u C & there is a family P, of
cardinality < b of subsets of u each of order type w such that every infinite subset of u
has an infinite intersection with some member of P. Without loss of generality, 1 is a
countable ordinal «, and we prove this by induction on «. For « a successor ordinal
or not divisible by w? this is trivial, so let (a, : n < w) be an increasing sequence of
limit ordinals with limit o, but ag = 0. Let (B, : k < w) list [y, atye1) With no
repetitions, let (f; € “w : € < b) exemplify b, each f; increasing, and let

Po=|J{Ps:B8<a}U{{Bux:n<wk< film}:e<b}.

Clearly P, has the right form and cardinality.

Lastly, assume v C u is infinite. If for some v < a, u N 7y is infinite, use the choice
of P,,.. Otherwiselet f € “w be defined by f(n) = min{k : (3m)[n < mABux € v]},
and use € < b large enough.]

Let (u, : a < k) list P, possibly with repetitions. Without loss of generality
n<w=u,=wanda > w = u, C a. Fora < klet (y(a, k) : k < w) list 4, in
increasing order and v, x = y(«, k).

Let (U, : a < k) be a partition of x into sets each of cardinality x such that
min(Uj+a) > sup(uy) + 1 and w C Up. Let (CF : « € Up) list a subset of P(w)
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witnessing s = , and, as in Stage A of the proof of Theorem 2] the set J, C ob(w)
is dense, and w ¢ id;, .
If B is as in the assumption of Observation[3.5land a € (0, k), let P be as in the

conclusion of Observation[3.3} and for v < k let (C} , ; : i € Uy) list Pp.

Stage B: We proceed as in the proof of 211 but we use C;,(p € T;), which may really
depend on s, and where C;, Blt/,;@ are defined in clauses H; (e),(g),(h),(i), and (j) below

(so the E(e),(g), and (h) from TheoremZ.I] are replaced), and depend just on T;, A,
and I, todJ, where:

B, (a)-(d) and (f) as in Theorem[2.1] of course and
(e) 1 asbefore,ie, A= (A} :n € suc(T,)),
©C=C = (C,:n¢€ M) where A, = {n:nc i2andi € Uy or
a>0,i € U, and n[(sup(u,)) € T; or (for Theorem[B.6) n € T;},
o3 A, =@ ifn e T\ suc(7)
(g) as in Theorem2ZTbut rgplacmg Coi by Chpis
(h) ifi € Upand v € T; N*2 then C;, = C7,
(i) if 8 € (0, k) and v € )2 and both (C},,; : i € us) and (AL, : i € ug) are
well defined then we let B}, ; = (B, ; , : n < w) be defined by

B,k .
Bl/ﬁn ﬂ{(cf,m(g,k))[yh( ' )]\A,t,h(ﬁ’k) k< 71}7

(G)if 8 € (0,k),i € Ug soi > sup(ug) and p € 2 andB

defined, then, recalling stage A, C}, = C}, s
Pl sup(ug).8”

| sup(uy), 3 is well

Note that T;, A, determine t, i.e., I, A, C;, and (B, 5 : v, (3 as above).

Stage C: As in Theorem 2.1 we just add:

B, (h) ifs <aptand B V8 is well defined then B¢ x is well defined and equal to it;
(i) ifs <ap t and C} is well defined then C‘ is well defined and equal to it, so
As C A,
(j) C is well defined when v € cf(T;) N "2.

In the proof of B, (e) use the choice of (C3, : v € '2,i € Uy), i.e., of (C} : @ € Uy)
in Stage A.
Stages D and E: As in Theorem[2.1]

Stage F: The only difference is in the proof of ®; in subcase (2B). Recall:
Case 2: SPy = &, but not Case 1, i.e., Sy C T, recall BC w,B ¢ J..
Subcase 2B: v} ¢ Sp, where v, = |J{n : n € Sp}.
(®, there is a set B; such that

(a) B; C Bis infinite;

(b) B, is almost disjoint to every A € A*

(c) if Ais finite thenv € A = |B; NA,| < Ng;

3also here we require € suc(Ts) = A, # &
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(d) if A is infinite then for infinitely many v € A we have [B; N A, | = N,.
The rest of the proof is proving ®,. If |[A*| < k then A* has cardinality < K = s
hence by the theorem’s assumption |[A*| < s = a,; so ©; follows as in the proof
of 2] So we can assume |A*| = &, but |[A*| < Ny + |[¢g(vf)], hence necessarily
lg(vg) = k follows.
Let

W:={a<k: forsomel < n(a)wehaveA;, NBe A"
(equlvalently A}, N Bis infinite) but
ALy AL 4 roa <aand f < n(ar)}}

For @ € W choose /(o) < n(a) such that BN A” o 18 infinite and AM @ ¢
{Am oo <a and ¢; < n(a)}. In fact by @;(b) the last condition follows. As
n(a) < w for o < k, clearly |W| = k&, because |A*| = &, hence by the choice of P
thereis u, € P such that [WNu,| is infinite; let a(*) € [w, k) be such that 1,y = 1,
and let v = v} [ sup(u,); recall that otp(u,) = w. Note that
@21k<w=>Bya(*)k+1CB C w,

by their choice in H; (7).
Recall also that (ya(s)k : k < w) list u, in increasing order and so:

©22 vi={k < w: Yok € W} is infinite;

©23 [B} i)™ 2 I for k < w.
[Why? As for k(l) <k, (C;, b (a(x )) N and w\A k(1)) belong
to {X Cw: [X]™ D L ae, k)} hence by the definition ofB y in B () it
satisfies ©, 3.]

@24 k €v=BNB; ) \B) 4(s) 41 i infinite.

[Why? For k € v let B =v(a(x),k),n =n(B),and £ = £(3). On the one hand

v,a(*),k

v,a(x),

[BNAS I C[A5,)% C Lrs

On the other hand A} , is trivially disjoint to (CS )[”B #)] \A g ifAG, = Af

and is almost disjoint to (Csy; ' 5)[”(ﬁ)] otherwise, ie., as

[—w(B)]7 R .
[(Cosrs) 17 2wz iora-msy 2 {4

Hence (Cs )[un 3] \Ag ; is almost disjoint to BﬂAd pan infinite set from L5
and hence by ©23 from [Bj, ) M. So

[vi(
BN B, 004 \By a1 = BN Bls/‘ry(*),k\(Blsj,a(*),k N (C; 18 5) " \Aﬁ v

almost contains this infinite set and hence is infinite as promised.]

So by the choice of :Pgswa(*), i.e., Observation B5land clauses (i) and (j) of B, for
some 3 € Uny(s), 50 B > a(x) > lg(v), we have B\(C;B* m)[é‘] ¢ Jfor £ = 0,1. Hence
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B, = B\(ijg w)[”g (1 ¢ J.. Recalling that for 3 € U,, a # 0 and p € 72, the set C,
depends just on £g(p) and p|[ sup(u,) (and our s).

Now consider B, instead of B. Clearly S, is a subset of Sg and v [(5 + 1) is not in
it, but B; € ob(B), hence Sp, C Sp, and hence Sg, is C {v}; 7 : v < §} and B, falls
under subcase (2A) as f < k = g(vg). [ |

Theorem 3.6 When a, < k = s,]J, C ob(w) is dense and Pr(k, a), there is a
saturated MAD family A C J,; see Definition[3.2(3).

Proof of Theorem[3.6] We imitate the proofs of Theorems 2.1l and 3.1l Note that
b<a, <s.

Stage A: Similarly to Stage A of the proof of Theorem 3.1} let (E, P*) be as in Defi-
nition[3.2(3) and Observation[3.4l As b < &, without loss of generality u € P’ =
otp(u) = w for @ € [w, k). As we can replace E by any appropriate club E’ of x
contained in acc(E) (see Observation[3.4) there, without loss of generality otp(E) =
cf(k), min(E) > wandy € E= v+ 1+Db < min(E\(y +1)). Let (v} : i < cf(k))
list E in increasing order.

Let (4, : v < ) be such that (u, : v/ <y < 77,)) list P« (which includes P.,-)
and u; = w for j < 5.

Let (U, : @ < k) be a partition of {2i + 1 : i < x} such that min(U4,) >
a+w, |Ual =0, U] = 8,1 <a<vf = U, CTH.

Let (Cr : i € Up) list a family of subsets of w witnessing s = k. Also J, is as in the
proof of Theorem[2.1]

Let Pg, (C: . :i € U,) beasin Theorem[3.} Stage A.

B,a,i
Stage B: As in[31] i.e., the case s = a,, but we change 8, (f):

Hi(f) e A,cl,N],orA, =@and
o Si={neT A #2}C{neT, :lg(n) =~+1forsomei < k}.

Stage C: As in the proof of Theorem 3.1}
Stage D: Here there is a minor change: we replace H; in Theorems 2.1] and B.1] by

H;, Hs, and Hy below:

M; ifa < 2%, s € AP, and B € J!, then there are a limit ordinal £ € «\E and
t € AP,y such that s <up t and [S5 N ¢2| = 2%; we may add .}, = ...
This is proved in Stage E
To clarify why this is acceptable, recall H; (f) and note that:
() ifs <ap t,B € ob(w),n € S;\T;andn ¢ T;, thenn € Sf.
Now we need:

Mg if € € k\Eis alimit ordinal, o < 2™t € AP,,B € ob(w) and |S N 2| = 2%,
¢ = min(E\§), then foreveryt; anda+( < 8 < 2% such thatt <ap t; € APj
there is a 1, satisfying t; <ap t, € APgy; and (In € suc(T,))[n ¢ Ty, /\Aﬁl2 S
ob(w) N A C BJ.

The proof of H is like the proof of Case 1 in Stage F in the proof of Theorem 21}
but we elaborate. We are given /3,&, ¢, and t; such thatt <ap t; € APg; now we
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choose p € St N ¢2\T;, which exists since |S5 N 2| = 2% > |T; |. Recalling (%),
necessarily p € Sg"l. Choose B; such that B C B, B € I:}.

Note that for every e € [€,( + 1), either C}! is well defined for every o € ©2
such that p < p and its value is the same for all such ¢ (when ¢ is odd), or CZ‘ for
p < o € “2is not well defined (when ¢ is even). So B = {C}} : p<g € ¢+122 and Cy
is well defined} is a family of < |(| < kK = s subsets of B;. Hence there is an infinite
B, C Bysuchthatp < p € 2 A (C; well defined) = B, C* C; V B, € w\Cj, and
without loss of generality, B, € J..

We choose 7 such that p<an € <*12: [lg(p) < v < C+1A (C,fm is well defined)
AB, C* (Cfm)m Ap € {0,1} = n(y) = £]. Letus define t, € APgicir = APpn
(asa+(+1<Pand|ay| = |az| = AP, = AP,,) as follows:

(@ T, =T, U{o:0<dn}

(b) A} is A} if well defined, is B if o = 7, and is @ if € suc(T;,) but A2 is not
already defined;

(c) C;isC} if o € Ty, and we choose C;ng by induction on € € [&, ¢ + 2] as follows:
if it is determined by M, we have no choice otherwise let it be w!"),

The other objects of t, are determined by those we have chosen. So Hs holds
indeed.

Hy If s € AP, and p € cf(T;), then for some t, we have s <pp t € AP,43, T, C T; C
ToU{p,p0),p" ()}, and I # @ = p € Trand I # G AL < 2N, #
o= p ) €T,

[Why? It is easier than Hsg.]

Stage E: This is similar to Theorem 2] with the changes necessitated by the change
in Stage D.

Stage F: We prove Hj, and the proof splits into cases.

Case 1: Some v € Sg is such that v € ¢/(T,)\Ts.

Let By € ob(B) N I. Such B, exists as v € Sgbut v ¢ ng asv ¢ T

Let C,, € ob(w) for n < w be such that ﬂ{CL{’,S”” :n < Lg(o)} N By is infinite
for every o € “~2.

We choose T; = T U {v"p : p € “72}. For p € “~2, we choose C,,., by induction
on lg(p): if bg(v"p) = Lg(v) + nis even and n € {2m,2m + 1}, then C,‘/Ap = Cum>
n odd, (see Stage a), and we act as in the proof of Hs. Lastly, let A’. ) =9.

Easily,

(%) if s <pp s1,|T | < 2%, then |Sj N &)@ = 2%,

So we are done with Case 1.

Case 2: SP = &, but not Case 1;let v = (J{n : n € Sp}.

Subcase 2A: vj; € Sg.

This is as in the proof Theorem[2.1] ending in contradiction.
Subcase 2B: v} ¢ Sp.

With the exception of ®,, which we will be elaborating on, this is as in the proofs
of Theorems 2Tl and Bl but in the end replacing “Subcase 1B” by “Case 1”. Recall
from Stage 2B as in the proof of Theorem 1} 0 := {g(v}) is a limit ordinal and
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Vo = (Wpla) (1 — vg(a)) for a < 6 and ((A;, : n < n(a)) : a < 0) and
A* == {BNA: A= A;, for some o < §,k < n(a) and BN A is infinite},
A ={ve ¥ :v; <vand A, N Bisinfinite} are as in Stage (2B) of the proof of
Theorem .1l We have to prove:
®, there is a set B; such that:

(a) B; C Bis infinite;

(b) By is almost disjoint to any A € A*;

(c) if A is finite, then v € A = |B; NA,| < N3

(d) if A is infinite, then for infinitely many v € A we have |B; N A, | = N,.
Why does ®; hold? If |[A*| < a,, then as in the proof of Theorem 1] the statement
of ®; follows. So we can assume |A*| > a,, let

W:={a<k: forsomel < n(a)wehaveA], NBec A"
(equivalently A% , N B s infinite) },

and let
W ={aeW:|lanW| < a,}.

Subcase 2B(«): sup(W’) € acc(E).

For o € W choose ¢(«) < n(«) such that BN A* o is infinite, hence A} , ¢
{A, 4, raa < a6y < nlan)}. Asn(a) < wfor a < &, clearly [W[ = |A*] > ay,
hence otp(W') = a,. i

So by Definition 3.2(3), i.e., the choice of (E,P), there is a pair (s, 77) as in
clause (e) there. So u, € iP**, hence u, = u,(4) for some a(x) € [’y] ,'y]H) ’y]H <
sup(W’), and W N sup(E ﬂ v = W’ N sup(E N 77) has cardinality < a,. Let
v = v} | sup(u.), and recall otp(u*) = w.

Recall also that (y4(x), : # < w) list u, in increasing order and so v := {n <
Wt Ya(x),n € W}isinfinite. Clearlyn € v = B;, ) \B;, (. ,y1 18 infinite as in the
proof of 3.1l So by the choice of P a() 1€ Theorem 3.5 and clauses (i) and (j) of
B, for some 5 € Uy(x), so B > £g(v), we have B\(C 1) (1 ¢ J, for £ = 0, 1. Hence
B, = B\(C;;;)[”B A1 ¢ ], recalling that for 8 € uma # 0and p € 72 the set c,
depends just on ¢g(p) and p| sup(u,) (and our s).

We finish as in the proof of Theorem[3.1]
Subcase 2B(3): sup(W’) € (’y,»*,'y;-*] where j = i+1so ’yi*,*y}k € E;lety* = sup(W’).

Apply DefinitionB2A(3)(f) to 7", v}, W'\v} we getu = u, € Pyrs0u = tla() C
(7", 77) for some a(x) € (7/,77).

Let B = sup(u.),v = v;[B3, so by ©®y1 and ©,4 in stage 2B of the proof of
Theorem[3.1] and by the choice of Ps, . -’ thereisa Q C Tgi - of cardinality 8, and
A C 22 of cardinality 2™ such that for every p € A there is B, € ob(B) N Jf such
that

AcQ=B, AV n<w=B,, =8 \U{C[”B ”‘“*)” tk<n} el

[Ya(s)m

Clearly for some v C Uy ) € (77, 7}‘) of cardinality Ro,v < p € T; A lg(p) >
sup(v) = {C,. :e€v} =Q
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For n € A analyzing Sp, and recalling 77, < s clearly S5 N {v € T, : £g(v) <
sup(us)}is {vf 17y : v < sup(u.)} and sup(u,) > 7* + 1, so there is no p such that
A;, is non-empty, p € T and sup(u,) < lg(p) < 7,50 S5, N{r € Ts: lg(s) <~}
does not depend on <A§] :n € suc(T;), lg(n) > 7}") so we can finish easily as in
case 1.

Case 3: See the proof of Theorem [3.11 [ ]

4 Further Discussion

The cardinal invariant s plays a major role here, so the claims depend on how s and a,
are compared; when s = a, it is not clear whether the further hypothesis of Theorem
B.II2) may fail. If s > a, > Ny, it is not clear if the hypothesis of Theorem 3.6l may
fail. Recall 2.1} dealing with s < a,, the first case is proved in ZFC, but the others
need pcf assumptions.

All this does not exclude the case s = N1, a, = N, hence b = N, as in [9]].
Fulfilling the promise from §0 and the abstract:

Claim 4.1 (1) If there is no inner model with a measurable cardinal (and even the
non-existence of much stronger statements), then there is a saturated MAD fam-
ily, A.

(2) Alsoifs < N, there is one.

(3) Moreover, if ], C ob(w) is dense, then we can demand A C J,.

Proof These follow from Theorems2.1l 3.1} and[3.6] (using well known results). M

We now remark on some further possibilities.

Definition 4.2 (1) Wesay . C ob(w) is s-free when:
(a) for every A € ob(w) thereis B € ob(A) such that B induces an ultrafilter
on Yie, Ce. =AC*CVAC (w\C).
(1A) We say . C ob(w) is s-free in I when I € OB and for every A € I there is
B € ob(A) inducing an ultrafilter on S.
(2) Wesay . C ob(w) is s-richly free when clause (a) holds and
(b) if A € ob(w) and the set {D N . : D an ultrafilter on w containing ob(A)}
is infinite, then it has cardinality continuum.
(3) Wesay . C ob(w) is s-anti-free if no B € ob(w) induces an ultrafilter on .%.
(4) Let G be {k: there is a C-increasing sequence (.%; : i < k) of s-richly-free
families such that | J{.% : i < k} is not s-free}.
(5) Recall s = min{|”]|:.¥ C ob(w) and no B € ob(w) induces an ultrafilter on
(6) We say chgim(B) < x when (In € By = Ig,) = cf(I,C) < K, recalling
[LA5).

Observation 4.3 (1) If . is s-free and .’ C ., then .’ is s-free.

(2) f ¥ C ob(w) and || < s, then . is s-free.
(3) If &, C ob(w) is s-free for n < w, then | J{#, : n < w} is s-free.
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(4) s e C.

(5) k € Sifand only if cf(x) € G.

(6) kE S =N < g < 2N,

(7) In the definition of © we can add “| J{.; : i < k} is s-anti-free”.
(8) cf(s) > Np,infact k € © = cf(k) > N.

Definition 4.4 (1) We say A € ob(w) obeys f € “w when, for every n; < ny,
from A we have f(n;) < n,.

(2) Let f = (f, : @ < &) be a sequence of members of “w. Wesay A = (A, : o € u)
obeys f when u C § and A obeys f, for o € A.

(3) a; = Min{|u|: there are B € ob(w) and A = (A, : a € u) obeying f such that
{Aa N B:«a € u}isa MAD of B}.

Remark 4.5 (1) Also note that in Theorems[2.1] B.1] and[3.6] we can replace s by a
smaller (or equal) cardinal invariant S, the tree splitting number.

(2) Let Sree be the minimal ~ such that there is a sequence C = (C,, : n € "72)
such that C,, € ob(w) for € *72, and thereisnon € "2 and A € ob(w) such that
e< k= AC* C,ll”(f]. Note that the minimal « for which there is such sequence
(Cy; : m € "2) has uncountable cofinality.

(3) Also in Theorem[Z.T]we may weaken s < a, tos < a A s < a,.
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