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ON THE UNIQUE SOLVABILITY OF A CLASS OF MODIFIED
BOUNDARY INTEGRAL EQUATIONS

by R. E. KLEINMAN and G. F. ROACH
(Received 2nd March 1984)

1. Introduction

In a recent paper the authors considered the transmission problem for the Helmholtz
equation by using a reformulation of the problem in terms of a pair of coupled
boundary integral equations with modified Green’s functions as kernels. In this note we
settle the question of the unique solvability of these modified boundary integral
equations.

Modified Green’s functions were introduced by Jones [3] to eliminate the problems of
non uniqueness in boundary integral equation formulations of the exterior Dirichlet and
Neumann problems for the Helmholtz equation. Specifically it is shown in [3] that if
the free space Green’s function is modified by the addition of a linear combination of
radiating wave functions then the coefficients in the modification can be so chosen that
the boundary integral equations, obtained by either a layer ansatz or the Green’s
Theorem approach, are uniquely solvable for all real values of the wave number. The
arguments in [3] were refined by Ursell [14] and also by the authors [6], [7] where it
was shown that the coefficients could be chosen to ensure that a number of different
optimality conditions are satisfied. These ideas were extended to the Robin problem in
[1].

The Transmission problem may also be cast in terms of boundary integral equations
using either a layer ansatz [2], [12] or the Green’s Theorem method [4]. Although in
neither of these particular approaches does the problem of non uniqueness present itself
[2], [12], nevertheless modifying the Green’s function could still be of advantage for
numerical purposes.

The idea of choosing a modification of the Green’s function which minimized the
norm of an integral operator was considered in [7] and in [S] it was shown, for a
particular example, that the procedure produced well conditioned operators. The
extension of this idea to the Transmission problem was reported in [8] and extended
and more general versions appear in [9] and [10]. We shall show here that, subject to
only mild restrictions on the coefficients appearing in the modification of the Green’s
function, the modified boundary integral equations are uniquely solvable.

2. Notation and statement of the problem

Let B;=R", n=2 or 3, be a bounded domain with a smooth closed boundary B and
let B, be the simply connected exterior of dB. Arbitrary points in R" are denoted by p
and g whilst the unit normal to 0B at p, written 7, is assumed to be directed into B,.
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With respect to a Euclidean coordinate system with origin in B; the distance of any
point p from the or1gm will be written r, |p| We shall use §, and &, to denote
derivatives at p and g in the direction of the unlt normals 7, and #, respectlvely

The Transmission problem for the Helmholtz equation can be stated in the following
manner. Determine functions ¢, and ¢; defined in B, and B; respectively which satisfy

(A+k3)¢p,=0 in B,

@.1)
(A+k)$;=0 in B,
o _ fo(r, '*) in R?
o ot i >
0,0.=0,6;+g on OB (2.3)
l’te¢e =.ui¢i +f on aB (24)

where p,, u; are known constants and f,g are arbitrary continuous functions.

A uniqueness theorem for this problem is known for the case when u, and u; are
constants; see [2] for the case when k, k;, u.,pu; are real and [12] when they are
complex.

In order to reformulate this problem in terms of boundary integral equations we
define the free space Green’s functions

J—%Hf,“(up—ql) in R

)’5(17,41)3= eikelp*‘ﬂ (25)
—_—_— in R3
2n|p—q|

—sHP(k[p—q]) in R?
)’f)(P, q):= ﬁ eikilp—al (26)
in R?

_2n,p—q|

We shall denote by {V°(p)} and {V'(p)} families of radiating solutions of (A+k2) V=0
and (A +k?)V =0 respectively in B, and V{ satisfies the radiation condition (2.2) whilst
Vi satisfies (2.2) with k, replaced by k;. We also define families of regular solutions
{U¢(p)} and {Uj(p)} of (A+kZ)U=0 and (A+ k?)U =0 respectively in B;. Much of the
succeeding analysis may be carried out without specifying further these various families.
However considerable simplification can be made by taking V¢ and Vi to be radiating
spherical or cylindrical wave functions with wave number k, and k; respectively and U§
and U} to be regular spherical or cylindrical wave functions associated with k, and k;
respectively. Furthermore we assume a normalisation of the functions so that the
unimodified Green’s functions have the expansions

wip =y VEip>)Urip<) @.7)

l1]=0
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where

p if ry,>r, p if r,<r,
> = . <= . .
p {q if r,<r, P q if r,>r,

Explicitly, if we take I to be the multi-index

_J(n,j),n20,0<j<1 in R?

~Umm,j), n20,0sm<n, 0<j<1 in R3
with

1= n+j in R?
" ln+m+j in R3

then

: 1/2
V‘“=< l%") HV(k, ;(sinng+(1—j)cosng) in R?

_ _ik (n—m)! L m
_< > ga(2n +1)( " )'> hV(k,, ;r)Pr(cos 6)

x(jsinmp+(1—j)cosm¢g) in R3
, ig, \ M2
Uf-'=<——21> Jolk,, ;P)(jsinng +(1—j)cosng) in R2

(n—m)!

(n+mj!

ike,i
<— o eq(2n+1)

) Jalke,i7) Py (cos 6)

x(jsinm¢p+(1—j)cosm) in R3

where ¢,=1 and ¢, =2, m>0 and P? are associated Legendre functions, J, and H'V are
Bessel and Hankel functions respectively and j, and h{" are spherical Bessel and Hankel
functions respectively.

We now define modified Green’s functions

—1

(D, @): =7:(p, )+ Z asVip)Vi(g) (2.8)
and
vﬁv(p,q):=vf,(p,q)+|:i=;an§(p)Ui(q) 29)

where the summation is absent when N =0.
In terms of these modified Green’s functions we define the single and double layers
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e and D by

(S5 D)D) =aIB v {(p, ) P(q) ds, (2.10)

(D% ')(p): =6IB 0,,7% (@) P(q)ds,. (2.11)

We remark that S% and Dy are defined everywhere in R", n=2,3, whereas S§ and D¢
are not. This is because there are no non-trivial radiating solutions of the Helmholtz
equation defined throughout R", n=2,3, thus V¥, hence S% and D% must be singular in
Bi-

We also define the boundary integral operators K& by

(Kf&"'<15)(p):=6{9 0n,¥5 (P, @) (q)ds,, pe dB. (2.12)

In terms of these integral operators the layers satisfy, on 0B, the following jump
conditions.
As, p approaches dB from B;

0, S%'d=(—1+K5" o (2.13)
Di'op=(I+K5™)o. (2.14)
As p approaches dB from B,
3, S%'d=(I+K%") ¢ (2.15)
Dy'¢p=(—1+K5"™)o. (2.16)

To reduce the Transmission problem (2.1){2.4) to a boundary integral equation
problem we use the layer approach and assume

¢e=DI<'¢1+SI¢;JAu'e¢2 il’l Be

¢ =Dy + Sk, in B,

(2.17)

where ¢,, ¢, are unknown continuous functions defined on 8B.

With this ansatz using the jump conditions (2.13) to (2.16) and the transmission
conditions (2.3) and (2.4) we obtain [9], [10] the following matrix boundary integral
equation

(I—By)®=F (2.18)
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R 1 -
|:¢2:| and F'—ue+ui[g] @19

_ 1 [#eKif —wKS  pSin —uiS}'vui]
”e+:ui anD;V_anDeN K;V/li_K)eVIle

where

o:

with

N:

(2.20)

Because the difference (3,Dy—3a,D%) is at most weakly singular, as indeed are all the
other operators in By, it follows that By is a compact operator on either
L,(éB)® L,(0B) or C(0B)@® C(dB). Therefore (2.18) is uniquely solvable, for any F,
provided there are no nontrivial solutions of

(I—By)®=0. (2.21)

3. A uniqueness theorem

In this section we establish a uniqueness theorem for the boundary integral equations
(2.18). The proof combines features of uniqueness theorem proofs for the integral
equation formulation of boundary value problems using modified Green’s functions [6]
on the one hand and those for transmission problems using unmodified Green’s
functions on the other [2]. To be specific we prove
Theorem 3.1. If

(1) u., u;, k., k; are real positive constants

(i) 1—|20f+12>0 and Reof> —1VI
or
1—|2af +1]2<0 and Reai < —1VI

(i) — (e + ) by + (KT — KR ) Dy + (1eSStte — i Shits) 2 =0
(e + 1) b2+ (3,05 — 3,D4) by + (Kt — Kivpt;) 6, =0
holding on 0B

then

¢,=¢,=0 on OB.

Proof. Assume that ¢,, ¢, are solutions of (iii) and define

©:=D5$,+Siu.b, in B, @3.1)
ye:=Did, +Siud, in B} (32)
“:=Dy¢,+Sku¢, in B, (3.3)
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Y :=Dyd,+ Sy, in B, (3.4

The jump conditions (2.13)«(2.16) together with (iii) indicate that ¢ and y’_ solve the
homogeneous transmission problem

(A+k>)y% =0 in B,
(3.5)
(A+k)yYy'_ =0 in B
Mo =u and O,¥% =0,4_ on OB
“ satisfies the radiation condition (2.2).
Since there are no nontrivial solutions of the homogeneous Transmission problem

provided (i) is satisfied, [12], it follows that % =0 in B, and y*. =0 in B,.
Again, using the jump conditions we find that on 0B

G =(—I+K5)$; +S§p.dp, =0 (3.6)
oy,
VY 0,D4s + I+ K5)$2 =0 )
Vo =(I+K5)p, + Sk, =0 (3.8)
ot , .
= 0.Divs +u(— T+ Ki) $2=0. (3.9)

Applying the jump conditions to ¥° and ¥/, and using (3.6) to (3.8) we obtain

Yo =y5 +2¢,=2¢, (3.10)
Y=yl —-2¢,=-2¢, (3.11)
o oY _
an =~ an  He®2= 210, (3.12)
oy, _ oy
on on T 202 =21;¢5. (3-13)
From these equations we infer
Ye +¢y, =0 on OB (3.14)
and
Wi— s +u, o' =0 on 0B (3.15)
on on
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Using (3.14) it follows that
JRCE )85 — B0 (WS + )} ds=0 (3.16)
which on using (3.15) reduces to
RN —ﬁ{(wf+WI—IaTanwf+)}ds=0- (3.17)

Now choose B, and B, to be balls with centres in B; and radius a and A respectively
such that B,cB;cB;cB,. Then Green’s Theorem applics to the region contained
between B, and B, yields, on using (3.17)

[ W0t —¥Tous)ds—22 [ WL 5,0% —¥% ') ds=0 (3.18)
B, Hi oB,
where
0 0
a,,_am on 0B, and a"=6—r,=A on OB,

Recalling the definition of the modified Green’s functions (2.8),(2.9) we may write y%
and ', in the form

N-1
Y<=D¢,+ Sﬁue¢z+mzoafoCf (3.19)
. . . N—l . . »
V' =D, +Sou; 05+ |t|z~:0a;U;C; (3.20)

where

Ci:= afﬂ (0nVipy+Vinds)ds

Ci:= a_‘;(anUi¢1 +Uipd,)ds.
Introducing the expansion (2.7) of the unmodified Green function (3.19) and (3.20)
become

Yo=Y Ci[Ui+«fVi] O<r,=a (3.21)
lt|=0

Vo= ¥ CilVi+aUl] r,z4 (3.22)

where we set «f =« =0 for |I|2N.

D
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Using these expressions for ¢ and ¥, together with the orthogonality relations for
spherical wave functions the two parts of (3.18) can be written after a straightforward
but lengthy calculation, in the form

[ (o090 —y= 0, )ds= —iINlil |C*{1—|20f +1]7} (3.23)
oB 1|=0
i Vo — U5 8,0',)d —4z“§0| {12(1+ Re of). (3.24)

Substituting (3.23) and (3.24) into (3.18) yields
N-1 U 0 i i
iy IC?|2(1—|2af‘+1|2)+u—e4l | ;|2(1+Rea;)=0. (3.25)
It[=0 i li[=0

Thus the restrictions (i) and (ii) imply that

Ci=0 foralll

_ (3.26)
=0 for OZ|l|SN-L1
However (3.26) together with (3.19) and (3.22) indicate that
Yo =D +Su. ¢, in B, (3.27
i =0 for r>A. ' (3.28)

By analytic continuation we then see that i’ vanishes identically in B, and, in
particular,

Vi, =0,,=0 on 0B
This result with conditions (3.10)—(3.13) then guarantees that
$1=¢,=0

which completes the proof of the theorem.
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