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FIXED POINT PRINCIPLES FOR CONES OF A
LINEAR NORMED SPACE

GILLES FOURNIER

0. Introduction. In [8] and [9], Krasnosel’skii proved several funda-
mental fixed point principles for operators leaving invariant a cone in a
Banach space. In [11], Nussbaum extended one of the results, the
theorem about compression and expansion of a cone, to condensing maps
and he applied this theorem to prove the existence of periodic solutions
of nonlinear autonomous functional differential equations.

Nussbaum'’s proof makes an essential use of the difacult Zabreiko and
Krasnosel’skii, and Steinlein (mod p)-theorem for the fixed point index
[13-16]. In [6], Fournier and Peitgen proved two different versions of this
theorem for completely continuous maps each one being sufficient for
Nussbaum’s applications. The proofs of these two theorems are much
less involved and, although they are different, they make use of the same
easier generalized Lefschetz number calculations (see [12] for (mod p)
and [5] for compact attractor). The proofs are divided into two com-
plementary parts, the first one gives the following results.

Let P be a cone in a Banach space and let 7: P — P be a completely
continuous map. Denote S, = {x € P:||x|| = r} and B, = {x € P:|x|
< r}.

TaEOREM 0.1. Assume that

(0.1.1) there exists m such that T (S,) C B, whenever 1 = m;
(0.1.2) there exists n such that T* (B,) C B,.

Thenind (P, T, B,) = 1.

THEOREM 0.2. Assume that

(0.2.1) there exists m such that T™ (S,) C B,

(0.2.2) for any x € B,, there exists n = n(x) € N such that T'(x) € B,
for 1 = n.

Then ind (P, T, B,) = 1.

Using Nussbaum'’s result, we would have a similar theorem.

THEOREM 0.3. Assume that

(0.3.1) there exists m = p' (where p is a prime and t 1s an integer) such
that T™ (S,)C B,;
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(0.3.2) T™(x) = x € B, implies T'(x) € B,.
Then ind (P, T, B;) = 1 (mod p).

In all three cases, T has a fixed point in B,.

Let us notice that Theorem 0.3 implies Theorem 0.1; conditions (0.2.1)
and (0.2.2) imply condition (0.3.2); thus if, in (0.2.1), m is a power of a
prime, the existence of a fixed point is implied by Theorem 0.3.

Furthermore, if we delete one condition from any theorem above, that
theorem is no longer true (see examples (2.7.1), (2.7.2), (2.7.3) of [6]).

The objects of this paper are to give a common proof of Theorem 0.1
and 0.2 and their complementary theorems, and to weaken, as much as

possible, the conditions on I° and T} . Our answer to this prob-

B P\B,
lem is given in Propositions 4.1, 4.2 and 4.3. Let us notice that, in
Proposition 4.1, condition (0.3.2) is no longer satisfied.

1. Lefschetz number. In this paper, we shall make an essential use
of the notion of the generalized Lefschetz number in the sense given by
Leray [10] and of the fixed point index for metric ANR’s developed in [7].

Let E be a graded vector space over the field of rational numbers, ¢ an
endomorphism of degree zero of E and

N(p) =\ {ker (¢"):n > 0}.

Then ¢ is said to be a Leray endomorphism if and only if E = E/N(¢) is
of finite type, that is (i) dim E, < oo for all ¢, and (ii) E, # 0 only for a
finite number of ¢. In that case, one defines Tr(¢) = trace (¢), where
é:E — E is the induced endomorphism.

Let H denote the singular homology functor with rational coefficients
and f, denote H(f), where f: X — X is a continuous map; f is said to bea
Lefschetz map if and only if f, is a Leray endomorphism and, in that case,
the generalized Lefschetz number of f is defined to be

A(f) = ; (=D Tr (fao)-

A topological space X is acyclic if dim Hyo(X) = 1 and for all ¢ > 0
H,(X) = 0. Notice that if X is acyclic, it follows that A(f: X — X) = 1.
Any contractible space is acyclic (X is contractible if 1x is homotopic to a
constant map).

The reason for using singular homology is that it has compact support.
We use this essential fact in the following lemma.

LEMMA 1.1. Let f: X — X be a map and Y C X be a subset of X such that
(1) H,(Y) = 0 for all ¢ > m and (ii) dim (H,(Y)) < o for all q. Assume
that, for any compact subset K of X, there exists a map ¢g:X — X and an
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integer n such that g 1s homotopic to f* and g(K) C Y then f isa Lefschetz
map and

A = 2 (=D)Tr (fuo),
=
Furthermore, if faq(iaq(H(Y))) C 14,(H(Y)) for all q < m, where
1: Y — X 1s the inclusion, it follows that
A(f) = Z; (=)' Tr (faol tyqmarn)-
=
Proof. 1t suffices to prove that
tr(f*q) = tr(]?*qﬁjq - gq)
where A is the smallest f-invariant subspace of H(X) containing
i« H(Y) whenever this last map is defined. (Notice that if ¢ > m, the

latter is 0.)
Consider the following commutative diagram

0 >» I, ——HX)——> 1,X)/ —0
4‘1
Fh Tf*a I:@'a
- ~~ ~
0 > 1, > HQ(X)———>H(I(X)/ —0
A(I

where fy,/ and f,,”’ are contractions of f4,. (This diagram is obtained from
the similar diagram without the ~’s). By a property of the ordinary
trace, we obtain that

tr(];*q') = tr(f*q’) + tr(feg")
if the last two traces are defined. If tr (fy,”) = 0 and dim 4, < 0, the
lemma is proved. Thus it remains to show that

Nmm=mav
4,
and dim 4, < .

Let a € H,(X). There exist a compact subset K of X and b € H,(X)
such that jg,(b) = @, where j: K — X is the inclusion. Since the following
diagram is commutative

y— X

1k

K——‘Z——>X

where ¢’ is a contraction of g, it follows that
fad"(@) = gag(a) = gagoina(b) = ixgo gas (b) € 14, (V) C A4,.
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Thus @ + 4, € N(fy,') and if Z is a basis of 14,H,(Y) there exists an
integer n such that \U {fy,/(#):1 < i < n} generates 4,.

2. Fixed point index. A map f:X — Y is locally compact provided
that for any x € X, there exists a neighbourhood % of x such that f(%)
is contained in a compact subset of ¥. Consider the map f:% — X where
9 is an open subset of X. Denote by Fix (f) the set of fixed points of f
(that is Fix (f) = {x € X:f(x) = x}).

A map f:% — X is called admissible provided (i) % is an open subset
of X and (ii) Fix (f) is compact. A homotopy #:% X I — X is called
admissible provided (i) % is an open subset of X and (ii)

Fix (h) = U {Fix (h,):t € I}
is compact.

Let X be an ANR (cf. [1]) and let f:% — X be a locally compact,
admissible map. Then the number ind (X, f, %) is defined ([2], [7]) and
is called the fixed point index of the map f:U — X.

This index satisfies a number of properties among which are the
following:

Additivity: Assume that % = %,\J %, and that

Fix () N U N Uy = 9.
Then
ind (X,f,%) = ind (X,f,%,) + ind (X, f, U,).
Excision: Let %' C % and Fix (f) C %’. Then
f=fl U -x
%I
is admissible and ind (X, f, %) = ind (X', f', U’").
Fixed points: 1f ind (X, f, %) # 0, it follows that Fix (f) # 0.
Homotopy: Let h:% X I — X be an admissible homotopy; then

ind (X, ho, %) = ind (X, by, U).

Normality: Let % = X and f be a compact map; then ind (X, f, X) =
A(f).

Let M be a compact subset of X; M is said to be a compact attractor for
the map f:X — X provided the closure of the set { f*(x)} e~ intersects M,
for any x € X.

Assume f: X — X is a map with a compact attractor M ; then ([4], [5])
M has an f-invariant open neighbourhood 17 such that f(1') is relatively
compact in VV and A(f:V — V) = A(f). Since f has no fixed points in
X\M, we obtain the following property of the fixed point index:
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Normality: Assume that % = X and that f has a compact attractor.
Then ind (X, f, X) = A(f).

3. Main results.
Notations 3.1. Let 4 be a set. Denote by A4, the interior of 4, 04 the
boundary of 4, and 4 the closure of 4.

Definition 3.2. r: X — Y is a retraction if ¥ C X and r o7 = 1y, where
1: Y — X is the inclusion.

In this section, we shall prove the following theorem.

THEOREM 3.3. Let f:X — X be a locally compact map where X is an
ANR. Let A be a closed acyclic subset of X such that f(0A4) is relatively
compact and there exists a retracting r onto OA which is homotopic to 14.
Furthermore assume that the following conditions are satisfied:

(3.3.1) for any a € A, there exists an integer n(a) = 1 such that
fn(a) (a) € /i

(3.3.2) there exists an integer n such that f*(d4) C A

(3.3.3) for any @ € 0A and for any integer 1 < i < n (where n s the
same as in condition (i1)) there exists an integer m and V a neighbourhood
of a such that

(VM 04) C A and m = 1 (mod n).

Then ind (X,fop,Ao) =1, where p:X — X 1s defined by p 4 =7

and p xX\4 = lx\a. If furthermore f(A) us relatively compact, then

ind (X,f,A) = 1.

Notice that condition (3.3.3) can be replaced by the following simpler
but less general condition.

(3.3.3a) for any ¢« € 04 and for any integer 1 < 7 < n, there exists
an integer m such that

fm(@a) € A and m = i (mod n).

In order to prove this theorem, we shall need the following lemmas.
But first let us introduce some definitions used in these lemmas:

W=\ {f-id)i =1}
p:X — X such that p 4= and »p X\/f = 1x\i
g:X — X such that g = fop.

LeEMMA 3.4. Under the assumptions of condition (i) of Theorem 3.3,
fTW)Y CW,p(W) CW,g(W)CW,p~1gpand g~f:W—W.
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Proof. This is evident from the fact that 4 is in W.
LEMMA 3.5. Under the assumptions of condition (3.3.1) of Theorem 3.3,
W =\U {g-i(d): = 1}.

Proof. If a € W, it follows that p(a) € W. Thus there exists an integer
n = 1, minimal with respect to the property f*(p(a)) € A; hence

g"(a) € 4 since g

x\d = xnd-

LEMMA 3.6. If f(0A) s relatively compact and 04 C \J,* f~*(A4), then
g: W — W has a compact attractor.

Proof. Consider the compact set M = f(04). First, M C W: In fact,
by (i), f(04) C Uiy f~*#1(4) hence
e CyY M@ cyitm Ccw.

Finally M is a compact attractor; if ¢« € W there exists # such that
g"(a) € A thus g"t'(a) € g(4) = M.

LemMaA 3.7. Under the assumptions of Theorem 3.3, A(g:W — W) = 1.

Proof. We shall apply Lemma 1.1 with ¥ = 4.

(A) Let us show that for any compact subset K of W, there exists an
integer & and a map hA:W — W such that k& is homotopic to g* and
h(K) C A.

By Lemma 3.5, there exists jsuch that K C U {g~i(4):i =1, ...,
j — 1}. Hence if x € K, there exists d < j such that g%(x) € 4 and
gi(x) ¢ A for all d <7 =7 Let b = pogl(x) € 04; we have that
gi(x) = f=%b) for all d < 7 < j hence n > j — d, since f*(b) € f*(0A4)
C A. Consequently

g(K) =\ULfi(K),i=0...n—1}

where K; = po g7~ *(K) M 04 is compact. Since f*op(A) C 4 and
fhop~ g": W — Wit is sufficient to prove that for every K, there exists
s such that

(frep)® (f'(Ky) C 4.

Let x € K;. By condition (iii), let m = 7 (mod #) and let V" be an open
neighbourhood of x such that f(V M\ 04) C A. Denote by ¢ the integer
such that m = tn + <. Then

fro f{VN 04) = f~(VMN 04) C 4
and since (f"op) (4) C A4, it follows that
(frop)to fi(VM 04) C A.
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Finally since 17 and ¢ depend on x, which is arbitrary, we can cover K; by
a finite number of such V’s; and if 5 is the maximum of the corresponding
t’s, we have that

(frop)to fi(K:) C 4

since (f"op)(A4) C 4.

(B) Let us show that A(g: W — W) = 1.

Since dim Hy(4) = 1, the homology class [x] of the constant map x
generates Hy(4) for any x € A. It is sufficient to prove that fyo([x]) =
[x]: because, since ¢ ~ f and so g, = fs, we have that

gxo o Jxo(Ho(A)) C juo(Ho(4));
hence by Lemma 1.1 and by (4), we obtain that

ﬁM%M»)ZL

Let us now prove our assertion. Notice that [x] = [y] forany x, y €
Take x € 04; we have that fe"([x]) = [[*(x)] = [x] since f"(x) €
Furthermore, take m = 1 (mod ) such that f™(x) € 4; thus fg™([x])
[f™(x)] = [x]. Take k such that m = kn 4+ 1; then

Jwolx] = f((fe")*(x]) = fEEPx] = faeo"[x] = [x].

Proof of Theorem 3.3. By Lemmas 3.6 and 3.7 and the normality
property of the index,

ind (W,g, W) = A(gW—-o>W) =1

A0 = Te( g0

4.
A.

(g 1s locally compact since g = f o pand fis locally compact). By Lemma
3.5, g has no fixed points in W\A4, thus by excision,

ind (X,¢,4) = ind (W, g, A) = ind (W, g, W) = 1.

This proves our first assertion.
Finally let us show the homotopy property of the index,

ind (X, g 4) = ind (X, f, 4),

provided that f(4) is relatively compact.

In fact, the homotopy k(x, t) = tf(x) + (1 — ¢)g(x) is a homotopy
between f and g, which is compact since g(4) = f(94) C f(4) are com-
pact. Furthermore k(x,t) = f(x) for any x € 04 and ¢t € [0, 1]; thus £,
has no fixed points on 04, and

Fix (h:d X I - X) = Fix (h:4 X I — X)

which is a closed subset of the compact A M h(4 X I).
This concludes the proof of Theorem 3.3.
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4. Applications. We shall try to apply the preceding theorem in
order to obtain certain fixed point principles of the Krasnosel'skii type
([8], [9]) for mappings of cones in a linear normed space. Our results
although similar to those of ([11]), are independent of these last results.
However, they will generalize Theorems 2.5 and 2.6 of [6].

We shall call a wedge a subset P of a linear normed space E which is a
convex subset of £ and satisfies the following conditions:

(i) a € P implies that ta € Pforallt = 0

(ii) there exists y € P such that —y ¢ P.

Notice that P is an ANR (cf. [3]).

ProrosiTION 4.1. Let P be « wedge of E and let f:P — P be a com-
pletely continuous map (i.e., « map which 1is compact on bounded subsets).
Assume that there exists r > 0 such that

(4.1.1) for all a € B, there exists n, > 0 such that fra(a) € B,

(4.1.2) there exists n > 0 such that (i) f*(S,) C B,, and (ii) for any
a € S,and i € N, there exists m € N and ¢ > 0 such that m = 1 (mod n)
and

fm"(Ne(@) N S,) C B,
Then ind (P, f, B,;) = 1.

Proof. It is sufficient to verify the conditions of Theorem 3.3 for 4 = B,.
Since B, is convex, it is contractible, hence acyclic. Since B, is bounded,
f(B,) is relatively compact. Notice that the retraction from B, onto S, is
homotopic to the identity. Finally the conditions (i)-(iii) of Theorem 3.3
are immediate from conditions (i) and (ii) of the Proposition.

ProposITION 4.2. Let P be a wedge of E and let f: P — P be a completely
continuous map. Assume that there exists r > 0 such that
(4.2.1) for all a € P\B,, there exists n, such that

fra(a) € P\B,

(4.2.2) there exists n > 0 such that (i) f*(S,) C P\B, and (ii) for any
a € S,and i € N, there existsm € N and € > 0 such that m = 1 (mod n)
and f"(N(a) N S,) C P\B,.
Then ind (P, f, B,) = 0.

Proof. We apply Theorem 3.3 with 4 = P\B,.

First there exists the radial retraction of P\B, onto S,. Since P\B, is
contractible (cf. [6]), P\B, is acyclic. Furthermore g(P\B,) C f(S,)
which is relatively compact. Hence by Theorem 3.3,

ind (P, g, P\B,) = 1.
Moreover ind (P, g, P) = 1: In fact, g(P) = f(B,) is a compact subset
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of P, hence g is compact. Therefore
ind (P, g, P) = A(g:P — P).

Furthermore A(g:P — P) = 1 since P is acyclic.
It follows that

Il

ind (Prfr-Br) ind (Pr £ BT) = ind (P! gvP) — ind (Pv g)P\Br)

=1-1=0

since f = has no fixed points on S,.
T

B, ¢|B

ProposiTION 4.3. Let P be a wedge of E and let f: P — P be a completely
continuous map. Assume that conditions (4.1.1) and (4.1.2) are satisfied
for r and that conditions (4.2.1) and (4.2.2) are satisfied for R. Let

U = {x € P: min {r, R} < |x]| < max {r, R}}.
Then

. _ ) —=1,1fr < R (expansion)

ind (P,f, %) = {—I—l, if r > R (compression);
thus, f has a fixed point in U.

Notice that we can replace, in Propositions 4.1, 4.2 and 4.3, the sphere
S by a closed convex subset.

Remark 4.4. Let H be a hyperplane such that H M P = {0} and let
y € P such that —y ¢ P and S, = (ry + H) M P is bounded for all
r > 0. Call

B, = (co (S, \J {01)\S:;

then S,, B, and P\B, are convex subsets and the boundary of B, and
P\B,, in P, is S,: in fact,

Br = Usgr SS and P = Ung Ss.

Since S, is an ANR, the two retractions from B, and P\B,, respectively,
onto S, exist and Propositions 4.1, 4.2 and 4.3 are still valid for these new
definitions of S,, B, and P\B,.
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