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Abstract

We give a simple method to approximate multidimensional exponentially tempered stable
processes and show that the approximating process converges in the Skorokhod topology
to the tempered process. The approximation is based on the generation of a random angle
and a random variable with a lower-dimensional Lévy measure. We then show that if
an arbitrarily small normal random variable is added, the marginal densities converge
uniformly at an almost linear rate, providing a critical tool to assess the performance of
existing particle tracking codes.
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1. Introduction

Being able to approximate stable and tempered stable processes is important for investigation
and simulation purposes. A stable or tempered stable process is a process whose increments
are independent stable or tempered stable random vectors. An exponentially tempered stable
random vector X, is obtained from a stable random vector X by exponentially cooling its jump
size (or Lévy measure); the general class of tempered stable vectors was introduced in [15].
Tempered stable laws are used in physics as a model for turbulent velocity fluctuations [11],
[14], as well as in finance [2], [3] and hydrology [13], [16] as a model of transient anomalous
diffusion [1]. As the random variables are infinitely divisible, they can be approximated
using LePage’s method, whereby their Lévy—Khintchine integral representation is split into
a compound Poissonian part (with tempered Pareto jumps) and an approximately normal part
[7]. For general processes with operator scaling, this is also nicely exhibited in [8]. In the case
of a stable random vector this involves adding a random number of random vectors comprised of
one-dimensional Pareto jumps multiplied by a random direction drawn according to the mixing
measure M. In Zhang et al. [17] the authors compared this approach to just drawing a random
direction multiplied by a one-dimensional skewed stable variable, which can also easily be
generated [6]. As they are in the same domain of attraction of an operator stable [12], both
approaches work well. However, in the case of tempered stable vectors, they are in the domain
of attraction of the multivariate normal and, hence, another argument is needed. Furthermore,
the rate of convergence was not explored; we address these issues in this paper.

In this paper we explore approximations to a stochastic process with stationary, independent
increments for which we are given a coordinate transform 7 : Qg x Q, — R4 for some measure
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spaces €2g and €2, which decomposes the Lévy measure ¢ of the stochastic process into lower-
dimensional Lévy measures; that is, assume that we have a probability measure M on €2y and,
for each 6 € g, there is a measure ¢y on €2, such that, with 14 being the indicator function
of aset A,

f 140 (dx) = / 1LA(T (6, )T 0, )
Qo X Q2

= / / 14(T (0, r))¢o(dr)M(d6)
Qy J Q)
for any measurable set A and the induced degenerate measure on R¢ via
Po(A) = / 14(T (6, r))o (dr)
Qr

is also Lévy. Note that for most processes appearing in applications there is a canonical
decomposition.
We show that, for T — 0, the processes

e/
Se(t)y= Y XL

j=1
converge to the original stochastic process in the Skorokhod topology, where the increments
X {_) ;(7) are distributed according to the infinitely divisible distributions with Lévy measure
rq~5@ ; and the ®/ are random vectors distributed according to M. Here /7] denotes the
integer part of 7/7. In the case that 2, C R is a set of scale factors (radii), Qg C R? is
a (d — 1)-dimensional hypersurface (directions) and 7'(8, r) = 0Or, the increments take the
simpler form X é (1) = Y rei, where rg; is a random variable with Lévy measure t¢g; and
©; is a random direction picked according to M.

In particular, if Qo = {0: ||8]] = 1}, 2, = R, and if ¢y is the Lévy measure of a one-
dimensional tempered stable, this provides a method to approximate multidimensional tempered
stable processes, extending the one-dimensional method to obtain tempered stable laws as
random walk limits developed recently by Chakrabarty and Meerschaert [5].

We then investigate the rate of convergence in the exponentially tempered stable case with
a single « [15] and show that the densities at a fixed time 7 converge in the L2-multiplier norm
at a rate of C (1 + log® n)/n. We further show that, given a small random initial perturbation,
the marginal densities of the processes converge uniformly in x and ¢ at an almost linear rate.
This is important as it provides a performance measure/benchmark for existing particle tracking
codes [16], where this approximation method was used to estimate the density of the tempered
stable model (without knowing how accurate the density approximation was), comparing it to
a numerical simulation of particle transport in a random fracture network.

Furthermore, we also show that if the Lévy measure can be decomposed into finitely many
tempered stable measures (e.g. of different «s) then, for each step, randomly choosing which
tempered a-stable to simulate also converges at an almost linear rate.

2. The general result

Let X (1) be a stochastic process in R¢ with stationary, independent increments. Then X (¢)
has a unique Lévy—Khintchine representation,

Efexp(—i(k, X ()))] = exp(t (k)),
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and log-characteristic function,

1
VO =ik v) — 5k, OK) +/

R

w0 )
d(e L+ s e @)

for some drift vector v, covariance matrix Q, and measure ¢ satisfying

]I
/ T ”x”2¢>(dx) < 0.

The notation (x, y) denotes the R? inner product. Such a measure is called a Lévy measure.

Definition 1. Assume that, for a Lévy measure ¢, there exist measure spaces g and €2,, and
a measurable map T: Qg x Q, — R< such that

/ 140 (dx) = /Q /Q LA(T (6, r))bo (dr) M (d6)
0 r

for any measurable set A, and assume that the induced degenerate measure Py defined via
Pg(A) = er 14(T (@, r))pe(dr) is Lévy. We then call (¢g, M) a Lévy decomposition of ¢ and
we call ¢ the projected Lévy measure in the direction of 6.

Let ® be an ©2p-valued random variable with Pr{® € A} = M (A). Let Xo(7) be a random

variable with characteristic function

E[exp(—i(k, Xo(7)))] = exp(z o (k))
and

Vo (k) =ik, v) — %(k, Qk) +/ (e“k’” -1+ M)qgg(dx).

R 1+ |lx]?

Clearly, ¥ (k) = fQH Yo (k)M (dO). Let Xé (t) and ©/, j € N, © > 0, be random variables
on the same probability space distributed as Xy (7) and ©, respectively, all independent, and
define the approximate process

/e
Se(1) = Z XL (@).
j=1

We are ready to state the first theorem.

Theorem 1. Let X be a stochastic process in R¢ with stationary, independent increments and
a Lévy measure with Lévy decomposition (¢pg, M). If

/Q lexp(t[yo (k) )M (dF) < oo
6

for some T > 0 and all k € R?, then S; — X in the Skorokhod topology as T — 0+.

Proof. By design, S; has independent increments. According to [9, Corollary VII.4.43]
all we have to show is that the characteristic function of S;(¢) converges to the characteristic
function exp(#y (k)) of X (¢) uniformly on compact intervals in ¢ for all k € R4,
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Conditioning on ®, the characteristic function of S; (¢) is given by

Le/]
E[e! ik. S (1) 1= (/ exp(T g (k))M(d9)> :
Qp

Using the facts that a” — b" = (a — b) Zn lafbn 7=V and | exp(zy(k))| < 1, we see that
|exp(tyr (k) — E[e 71520
= lexp(ty (k) — exp(ry (k) /™) + exp(zy (k) /™) — E[e 150N

exp(tyr (k) — exp(r Hw(m)‘

“[7]

Using Taylor’s expansion, the last term may be bounded as

g

exp(zy (k) —/ eXP(ﬂ/fe(k))M(dQ)‘- )

Qo

exp(zy (k) — / exp(t o (k)M (d0)

Qg

LHZ(H//(/O)’ / Z(T%.Ek))jM(dO)‘
991':2 J:

<,zMW(k)pexp(ﬂwk)n+,2H /Q o e oM.
0

It follows from our assumption on s that the integral is bounded for fixed k € R? and small
enough 7, and, hence, (2) converges to 0 uniformly in # on compact sets. Since the first term in
(1) converges to 0 uniformly on compacta as well, the proof is complete.

Example 1. Let X (r) be an operator stable process. Using the Jurek coordinate system [10],
the log-characteristic function can be written as

E ilk, r£0) c
k i(k,r=0) 1+<—) drM(do
o[ reirEap )2 M

for some scaling matrix E with eigenvalues whose real part is larger than . By Theorem 1,
this process can be approximated by generating steps via randomly (accordmg to M) choosing
a direction ® and generating a random variable with log-characteristic function

o0 . . ik, rE®) c
o(k) = —ilk.rfe) _ 1 1<’— —dr.
e T[o <‘°‘ i rEeE) 2 Y

Example 2. Let X (#) be a tempered operator stable process with uniform scaling, i.e. its log-
characteristic function can be written (see [4]) as

[’} . —rp(0)
Yk = /m 1 fo e RO 1 4k, 0)r )e ’ dr M (d9)

= CAel_l[((ik, 9) + /0(9))0‘ — p(@)a _ Cl(ik, g)p(g)a—l]M(de)

for some 1 < @ < 2, ¢ > 0, and exponential taper p, that is, a bounded measurable function
p: 871 — Rt where S~! = {# € R¢: ||0] = 1}. By Theorem 1, this process can
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be approximated by generating steps via randomly choosing a direction ® (according to M)
and generating a one-dimensional exponentially tempered stable random variable Yg with
tempering coefficient p(®) and time scale 7 (see [1] for an efficient algorithm to generate
tempered stable variables with given time scale and tempering coefficient), and letting Xg =
BYe.

3. Rate of convergence for tempered stable processes

In the case of most tempered stable processes we can go further and actually provide a rate
at which the densities of the processes converge. We are going to show that the characteristic
functions converge uniformly at a rate of o(log? n/n), which translates into an L?-multiplier
convergence of the densities or uniform convergence if an arbitrarily small normal random
variable is added to the process.

Definition 2. Let p(0) > 0 be a bounded measurable function on S9-1 1 < <2,anda > 0.
Let

Ap: k> ailk, 8) + p(0)* — ap(®)* — aap®)* ik, 0)

be the tempered fractional derivative symbol in the direction 0. If p(6) = 0 then we call
Ag: k — a(ik, 6) the fractional derivative symbol in the direction of 6.
We call p the taper and the extended real-valued function

Fc:0+— lim
e—>04+

(eSSUP||9|—1P(9) + 8>2_°‘
p) +¢

the normalized fractional content of the taper at 6.
For a probability measure M on $?~!, define the (tempered) fractional derivative symbol to
be

A:kr—>/ Ap (k)M (d6).
lo=1

We say that a tempered fractional derivative symbol is full if

Am = min/ (n,0)>M(d6) > 0.
Inl=1Jy6)=1

It is easy to show that Aj; is the smallest eigenvalue of the covariance matrix of M viewed as
a measure on RY, and is 0 if and only if M is supported on a subspace.

Our main theorem is as follows.

Theorem 2. Let A be a full, tempered fractional derivative symbol, and assume that Fc €
L2(S9=1, M (d6)). Then there exists a C > 0 such that

‘(/ etAe(k)/nM(d9)>n _ etA(k)
lo1=1

forallk e R n eN, andt > 0.

1 + log?
§C+Ogn 3)
n

Proof. See Section 4.
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Let ¢ € L®(RY), and let S(RY) denote the space of Schwartz functions. We call ¥ an
LP-Fourier multiplier, 1 < p < oo, if the map

SR > f > Ty f i=F ' WF)

extends to a bounded linear operator on L” (R?), where the Fourier transform of f is denoted
F (k) = f ge X £y du. Tti is well known that, for a bounded Borel measure @ on
Rd its Fourier transform [i(k) = ]Rd e~ 1%} (dx) is an LP-Fourier multiplier and

T, f = f.

The Fourier multiplier p-norm of w is defined as

||M||Mp(Rd) = sup Il e f||Lp(]Rd) = ||T;1||£(Lp(Rd))’
HfHLp(Rd)zl
where “x” denotes the convolution and || - || g(z.»(rey denotes the operator norm on L” (RY).

Let u; and v, be probability measures with Fourier transforms
R () = / e ®M(do)
lo1=1

and
b (k) = exp(t[ Ay (k)M(dG)),
lel=1
and let 4** denote the nth convolution power of a measure u.

Corollary 1. Let A be a full, tempered fractional derivative symbol, and assume that F¢ €
LZ(Sd_l). Then, for all ¢ > 0, there exists a C > 0 such that

1+1og’n

||M;l/n Vel gty ety < € .

foralln € Nandt > 0.

Proof. Since, for a bounded Borel measure j, we have || il y,re) = SUPgepd | k)|, the
statement follows from Theorem 2.

The next corollary translates L?-multiplier convergence into uniform convergence in the
presence of a small perturbation § N (0, 1), where N (0, 1) is the multivariate standard normal
random variable.

Corollary 2. Let X be a tempered stable process with characteristic function
E[e X)) = exp(tA(k)),

where A is a full, tempered fractional derivative symbol with Fc € L*(S4~1). For j € N,

T >0,and ||0|| =1, let ® and Y; ¢(t) be random variables on the same probability space,
all independent, with ©; distributed as Pr{®; € Q} = M () and the distribution of Y; ¢
satisfying

E[e kY50 ()] = exp(t Ag (k).

Then, for all § > 0, there exists a C > 0 such that the marginal densities of the approximate
process (SN(O D+Y t_q ®;Yj 0,(t) converge uniformly in x € R? and t > 0 at a rate of
Ct(l1+ 10g (1/7)) to the margmal densities of N (0, 1) + X (t) as T — 0+.
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Proof. See Section 4.

The next theorem is important when it is used in conjunction with Corollary 1, as it allows
the mixing of operators with different as or tempered and untempered (p = 0) operators.

Theorem 3. LetA; € C(Rd), j=1,...,m, besectorial, i.e. assume that thereisac > 0such
thatRe(Aj(k)) < —c|Aj(k)|fork € R4 andall j =1, ..., m, and let u; and v; be probability
measures with Fourier transforms ji; (k) =Y A je' Ai®) and ¥, (k) = exp(t Y & jAj(k)). Then,
for each collection of 0 < A; < 1 with ) A; = 1, there exists a C > 0 such that

1+ log’n

||M’;1/n Vel pgy ey < C "

foralln € Nandt > 0.
Proof. As in the proof of Corollary 1, we use the fact that

n
||M?/*n = Vel pyrey = H <Z)»jemf/"> — exp(erjAj)

Without loss of generality, assume that 0 < A; < A;, which implies that 11 < 1/m. We divide
the proof into two cases.
Case 1. Assume that k € R is such that

Zk

Then t|A;(k)|/n < 2mlogn/ (A%cn) and, by the binomial formula,
n
}(Z )»jetAj(k)/n> — exp(z Z)\jAj(k))‘
t
Ajel i/ Aj—Ajk
”(Z j€ expzjn j (k)

2
t t
§n<§ A= e"AJ‘<">'/"+‘§ hj—A (k)

2
- nc(logn>
n

_ Clog’n

“

L&(Rd).

2m log n

A (k)’ c)qn

2
eXP(ZAj:—ZMj(kN))

n

Case 2. Assume that k € R is such that

ZA

Then there exists j; such that A j, [t A (k)/n| > 2logn/(cAin) and, hence,

‘Z)\jetAj(k)/n

2m logn
chin

A (k)’

< )"jle_C”Ajl (k)/n| + (1 _ )\'Jl)

= pjedloen/hn (3.

< )lee—chogn/ckln +(1— )‘jl)
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It can be seen by differentiating with respect to x thatif 0 < x < In2thenle™ + (1 — 1) <
e /2 and, hence, as 1| < Ajrs

)\jlefﬂogn/xn +(1— )”./'1) < eflogn/n'

Hence,

’ <Z )»jetA-j(k)/n) — exp(t Z )»jAj(k))

By cases 1 and 2, there exists a C such that

H (Z xje’Af/">n - exp(t ijAj)

which completes the proof in view of (4).

C
< eflogn +672mlogn/kl < =,
n

2
- C( +log n)’

< neN,t>0,
LOO(]Rd) n

The next corollary allows us to approximate each ¢/4//" with its polar approximation.

Corollary 3. Let A; = f\|€\|=1 AjoM;i(d0), j =1,...,m, be tempered fractional derivative
operators each satisfying the conditions of Theorem 2, and let (1 and v; be probability measures
with Fourier transforms ji,(k) = Y_ X fuenzl e!4i0W M (d) and D, (k) = exp(t A ;A (k).
Then, for each collection of 0 < A; < 1 with 3 Aj =1, there exists a C > 0 such that

1 +1log’n

||l/v;l/*n = Vil mey < C "

forall n e Nandt > 0.

Proof. The proof follows by a straightforward combination of the proofs of Theorems 2
and 3 using the case in which

ZM‘/”

or not, with ¢ = cgc3, where A1, cg, and c¢3 are respectively the smallest of the A;, the constants
in property 1 of Proposition 1 below, and the constants ¢ from Proposition 2 below.

t 2m logn
—Ajo()|M;dF) < ——
n M Cn

0l=1

We complete this section with an example highlighting the intended usage of Corollaries 1,
2, and 3.

Example 3. Consider a process on R2 that has Yk) =(1/2m) fozn Ag (k) d6 asits log-charact-
eristic function, where
((ik, 6) + sin(9))!® — sin!0(0) — (1.6) sin®0(0)(ik,H), 0<6 <,
Ag(k) = { (ik, 6)12, T <6 <31/2,
Qr — 6)(ik, 6)18, 3n/2 < 6 < 2n,

bl

Bl

and 6 = (cos 6, sin#). In order to apply Corollary 3, let | = %, Ay =A3 =
1 2
Mi(dx) = ;I[o,n](X) dx, M>(dx) = ;I[n,Sn/Z](x)dx’

8
and M3(dx) = ?1[371/2’2”]()6)(271’ —x)dx.
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So we can rewrite ¥ (k) as

v =x1f
0

By the developed theory, the process can be faithfully approximated by generating increments
with step size T, where each increment is generated by first generating a uniformly distributed

2 21

2
Ae(k)Ml(d9)+k2/ Ae(k)Mz(d9)+)»3/ %(ik,9)1'8M3(d9)~
0 0

random variable ® over [0, 27 ], letting ® = O for ® < 37/2and ® = 27w — ,/nz — @n/2
otherwise, and then generating a one-dimensional random variable Xg with characteristic
function

Elexp(—ikXe)] = exp(r Ao (k)),

where

ik 4 sin(®))'° —sin! @) — (1.6)sin®°®)ik, 0<6 <,
Agky = | ("2, 7 <0 <371/2,
%(ik)l'g, 37/2 < 6 < 27

The one-dimensional variables can be generated (or approximated) using the methods in [1]
and [6]. The increment is then given by Xg ©. In Figure 1 we plot a sample path over the time
intervals t < 1, r < 100, and r < 1000, generated with t = 1/1000. In Figure 2 we plot the
log density estimate at time ¢t = 1 taken from 1 000 000 sample paths generated with T = 6i4.
In Table 1 we show the absolute error decreasing between estimates for different 7. As the error
from one simulation to the next with T = 61—4 is of the order of the error between simulations

. 1
with decreased 7, we stopped at T = ¢;.

t=1 t=100 t=1000
0.6 20
50 |
10 ol
y y
0 -50
04 ~10 ~100
04 -02 00 0 5 10 15 40 20 0 20 40
X X X

FIGURE 1: A simulated sample path of Example 3, generated with T = 0.001. Note that relatively large
upward jumps are present in the small and medium scales virtually disappear in the larger scale on the
right as the probability of jumps larger than x is less than exp(—x sin(9)) for 0 < 0 < 7.
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t=1 t=1000

-5 =50
-5 0 5 -50 0 50 -100 0 100

FIGURE 2: The estimated log densities of Example 3, generated with 1 000 000 sample paths and a small
Gaussian smoothing. Level sets depict a decrease by 1.5 (in log space), starting innermost with —3, —7.5,
and —9 respectively.

TABLE 1: Absolute error in Monte Carlo density estimates of 1 000 000 sample paths to ¢t = 1 for different
time steps. At 7 = 6L4 the error is between different realisations.

T 1 1 1 1 1 1 1
2 4 8 16 32 64
sup|fr — fi/e4l  0.107 0.072 0.045 0.020 0.008 0.004 0.003

4. Proofs of Theorem 2 and Corollary 2

Proposition 1. Let A be a tempered fractional derivative symbol. Letu = (k, ), where k € R¢
and 0 € S, Then the following properties hold.

1. There exists a constant cs > O such that
Re(Ag (k) < —cs|Ag (k)|
forall k and 0, i.e. Ay and A are sectorial.

2. There exist constants cy., cy > 0 such that

uz o s uz o
W’M = |A¢(k)| = cy min W’M

for all k and 6 with p(0) > 0; if p(0) =0, cp|ul® < |Ag(k)| < cylul®.

cL min{

Proof. Note that without loss of generality we can set p(6) = a = 1 as the general case
follows by replacing u (or, equivalently, k) with u/p(6) and multiplying Ag by ap(0)*. As

(iw 4+ D% = 1 — aiu = (i)* + o(|u]*)
as u — oo and, by the Taylor expansion,

oo — 1)u2
2

as u — 0, the inequalities follow once we establish that | Re(Ag)| and | Im(Ap)| with p(0) = 1
are continuous, increasing functions of |u|.

Gu+1D%—1—aiu = — + o(u?)
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First we show that Re((iu + 1)* — 1) is decreasing for u > 0; it is clearly continuous and
differentiable. To that end, let ¢ = arctan u. Then |iu + 1| = sec ¢ and

f(¢) =Re((itang + 1)* — 1) = cosagp sec” ¢ — 1. (5)

Its derivative is given by

%f(d:) = —a sin(a@) sec®(¢) + cos(ag)a sec® ! (¢) sec(¢p) tan(¢)

= —a sec®t! (@) (sin(a @) cos(¢p) — cos(ag) sin(¢))

= —asec® () sin(ap — ¢)
<0 (6)

for ¢ > 0 and positive for ¢ < 0. Hence, f is decreasing for positive ¢ or u# and increasing for
negative u, and since f(0) = 0, | f| is increasing for increasing |¢| or |u|.
Similarly, we show that Im((iz + 1)* — «iu) is increasing. Again, let ¢ = arctanu and

f(¢) =Im((itan¢ + 1)* — aitan ¢) = sina¢ sec® ¢ — atan ¢.
Then

if(q)) = a cos(a¢) sec” (¢) + sin(ad)a sec? ™! (¢) sec(¢) tan(¢p) — « sec? (@)

d¢
=« sec““(q&)(cos(aqﬁ) cos(¢) + sin(a¢) sin(¢)) — o sec? ¢
= asec®t(¢) cos(ap — ) — o sec? ()
= sec? (@) (@ sec® ! (@) cos((@ — D) — ). (7)

At ¢ = 0, we have df(¢)/d¢ = 0. The last factor in (7) is similar to (5) and its derivative,
given by

—a(a — 1) sec®(¢) sin((a — 2)¢) > 0

for ¢ > 0 and negative for ¢ < 0, is computed similarly to (6). Hence, d f (¢)/d¢ > O for all
¢+# 0, and since f(0) = 0, | f] is increasing for increasing |u|.

Lemma 1. Let F¢ € Ll(Sd_l, M(dO)) and € > 0. Then there exists a constant ¢ > 0 such
that

/ Ao (01 M (d0) > &
[161l=1

implies that if pmax ‘= essupHQH:lpz_“ ) >0,

F,
min{nknzﬂ, ||k||“} s

max

otherwise, ||k||* > ce.
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Proof. Assume that pmax > 0. As Fc € L1891, the set for which 0(0) = 0is anull set.
By Proposition 1,

] (k.6)?
/ |Aa(k>|M(d9)5cU/ mln{ 2l ,|(k,9)|°‘}M(d9)
lol=1 161=1 p(O@)=—«
. (k, 0)* / o }
do), k,0)|*M(do
SCUmln{/GII s M. [ ko)

) IFcll
<cy mm{ukn2 ||k||“}

max

Hence

{||k||2” Fell ||k||“} > 2
cu

max
In the case where pmax = 0, |Ag (k)| = al(k, 8)|%. Similarly, we then obtain ||k||* > ¢/cy.
Lemma 2. There exists a ¢ > 0 such that if pmax 1= essup‘w”:lp(Q)z_"‘ > ( then

|Ag (k)| > cmin { :
’ e

k|12 m ”a}<k,e>2,
max
otherwise, |Ag (k)| > c||k||*2(k, ).

Proof. 1f p(6) = 0 then |Ag(k)| = al(k,6)|* > allk||®(k,6)*/|k|*. If p(6) > 0, by
Proposition 1 we have

] (k,0) o
|Ag (k)| = ¢z min ‘p(e)Z—a , [k, 0)] }
[ [k, 0)? < k >}
> ¢z min , 0
Pmax ”k”

[ kI 2ok )\
> ¢, min N e
Pmax ||k|| Ikl

[1kI? ”k”a} (k,0)?

= ¢z min .
lIk112

Pmax

Lemma 3. Let M be a probability measure on [0, 1]. Then, for u > 0,

1 : 1
/e_““M(du)fexp(—M/ uM(du)).
0 2 0

Proof. Clearly, foru € [0, 1], e ™" <1 — (1 — e *)u. Hence,

1 1 1
/ e MMdu) <1—-(1-— e_“)/ uM(du) < exp(—(l - e_“)/ uM(du)).
0 0 0

The assertion follows from the fact that, for 0 < u < 1,1 —e™ > pu/2 and, for u > 1,

_e#>1
1—e > 5.
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Proposition 2. Let A be a full, tempered fractional derivative symbol. Assume that Fc €
Ll(Sd_l, M(d0O)). Then there exist 0 < ¢ < 1andd > 0 such that, foralle,t > Oandn € N,

/’ L Ap ()| M(6) > ¢
leg=1 1

implies that
/ e_tlAG(k)l/nM(dg) < e—mil‘l{CS,d}.
llel=1

Proof. Combining Lemma 1 and Lemma 2, there exist ¢, cy > 0 such that

k|1 k,0)?
|M@qummp”'mwﬂﬂwé
zzzz~{ ! Jykﬁz

t cy | Felly llk112
n ecr (k,0)2

i<t . @®)
t cullFelli k]2

max

Define a measure Mj on [0, 1] via

2
M (Q) = M({@: Uﬁkii € sz})

for each measurable 2 C [0, 1]. Then, by Lemma 3 and inequality (8), there exists 0 < ¢ < 1
such that

2
/ e—tle(k)I/nM(dg)Sf exp(_ﬁﬁL(k’m >M(d9)
lol=1 le1=1

1
5/ exp(—Lu>Mk(du)
0 cullFell
1 1
< exp| —= min L,l / uMy (du)
2 cullFelh 0

1 . ecr
<exp| —zminy ———, 1Ay
2 cullFelh

<e~ min{ce,d}

Lemma 4. Let A be a full, tempered fractional derivative symbol. Then there exists a constant
¢ > 0 such that, for all ¢ > 0,

f |Ap (k)M (dO) < &
le11=1
implies that
[Ap (k)| < ceFc(0).
Proof. By Lemma 2, if ppax := essupnguzlp(e)z"" > 0 then
[ kD12 (k,6)2
|Ag (k)| = cL mln{—, (1 e

max
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and, hence,
2
&Il

max

ez/ |Ae<k)|M<de)chmin{ ,||k||0‘}AM.
16]=1

Therefore, either ||k||> < epmax/Apcr or |k||* < &/Aycr. If pmax = 0, we clearly also have
Ikl < &/Apcr. In the case where ||k||2 < &Pmax/AMcL, this implies that

(k, 6)*
p(0)>~«
in the case where ||k||* < &/Apcr, this implies that

(k,6)
p(0)>«

U Fe®)e;

l[Ag ()] = cu min{ ,I(kﬁ)l“} =

MCL

[Ag (k)| < cu min{

,|<k,e>|°‘} < A“U e
MCL

As Fc(6) = 1, the lemma is proven.
Proposition 3. Let A be a full, tempered fractional derivative symbol, and assume that F¢ €

LZ(Sd_l, M (d0)). Then there exists a constant ¢ > 0 such that, for all 0 < ¢ < 1 and all
n,t >0,

5/ |Ap ()| M(d6) < &
lefl=1

n

implies that

/ e 400/n a1 ey — AR < g2,
o)1=1
Proof. Note that, by Lerr!n!a 4, there exists a constant ¢ = cy /cp Ay such that
2|40 ®)| < ceFe@).
Then, using the facts that A(k) = f” ol=1 Ap (k)M (dO) and M is a probability measure,
ol A /n _ f e 46/ b1 (d6)
lol=1

1
loi=1Jo \n n n "

s=1
= ‘ / [s(LA(k) — LAg(k)) exp(i(sA(k) + 1 - S)Ag(k)))
fleN=1 n n

n

s=0

1 2
_/ s(LA(k)—LAg(k)) exp<s1A(k)+<1—s)5Aa(k)> ds]M(dm‘
0 n n n n

1 2
— ‘/ s<5A(k)—5A9(k)> exp<sﬁA(k)+(1—s)5A9(k)> dsM(d@)‘
ler=1Jo \n n n n

1 t t 2
<1 / L) — L ago)| mMo)
2 Jipi=1 In n
1 1 2 3,
< —/ —Ag(k)| M(dO) + =¢
2 Jip=1 In 2
2.2
3
<L |Fe(0)>M(do) + =&, )
2 Jyon=1 2
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Proof of Theorem 2. We divide the proof into two cases. First let

t logn

—/ |Ag (k)| M (dB) > ——,
n Jyol=1 cn

where ¢ = cgc3. Here cg denotes the constant in property 1 of Proposition 1 and ¢3 < 1 is the
constant ¢ from Proposition 2. Then, by property 1 of Proposition 1,

exp (t f Ag (k)M(d@))
le1=1

Furthermore, by Proposition 2 we also have

n
(..o
leli=1

Hence, there exists a C > 0 such that

n
’(/ el‘A(k)/n) _ etA(k)
jol1=1

t logn

—/ |Ap (k)M (dO) = ——,
nJyel=1 cn

1

< e—nCSIOgn/En —
- nl/cs :

< e—Csn min{c3 logn/En,d}.

=

C
o

In the case

first note that, for |a|, |b| < 1,
n—1
la" = b"| =la—b| Y _ |a’b""'"I| < nla —bl.

j=0

By Proposition 3, there exists a ¢ > 0 such that

‘(/ etAg(k)/nM(d9)>n _ (etA(k)/n)n
lon=1

<n

/ etAg(k)/nM(de) _etA(k)/n
leln=1

1 2
< nc( 0~gn>
cn

1 2
—cEn (10)
n

By combining the two cases, it follows that there exists a C > 0 such that (3) holds.

Proof of Corollary 2. Uniform convergence of the densities follows from the L'-conver-
gence of the characteristic function since || f[|co < || fll1/ (2m)?, where

f: k — /ei<k’x>f(x) dx.
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Hence, we need to estimate

. L1/7)
”e—‘”‘” /2 <erA<-) _ < / ot A) M(d9)> )
lol=1

L1(Rd)
—sII-112 B :
< e P20 — T/ TAOY
2 Lt/1]
+ He—sm /2(efu/rJA(-) _ < / e”‘e(')M(dé))> >
j61=1 LI
= 11 + 12-

Using the fact that Re A(k) < 0, we obtain

I < 1l P21 — eFAO )y .

Comparing real and imaginary parts we easily see that there exists a ¢ > 0 such that
11— ®) < er(1 + 1AM,

and, hence, there exists a C such that I} < Cr.
In order to estimate I, note that, by Proposition 1, there exists a cy such that

max |Ag (k)| < cy|k||*
”9”:1| (k)| < cullkl

for all k € R?. We divide the estimate into two parts.
Firstly, consider ¢+ < 1. Then using the same technique as in (9) and (10), we see that

T
orlt/TIA®) _ ( / RO M(d9)>
jol=1

{—J#/ |Ag (k) — A(k)|> M (d6)
el=1

IA

20 t
Cr|k|*,

IA

where the last inequality follows from Proposition 1. Hence, for¢t < 1,
—_SI1.112
L= Cr|ll - 12 M2 i -
For t > 1, apply Theorem 2 with n = | /7 to obtain

lt/7] 2
RV (/ etAg(k)M(d9)> -c 1 +log”|[t/T]
e1=1

B Lt/z]

1
< Cr(l +10g2<—)),
T

1
L < Ct(l + 10g2<;>> ||e*8“'”2/2||L1(Rd).

Thus, the marginal densities converge independently of ¢ at the prescribed rate.

and, hence, in this case
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