LATTICE SUBGROUPS OF FREE CONGRUENCE GROUPS
by A. W. MASON
(Received 16 February, 1968)

1. Introduction. Let I'(1) denote the homogeneous modular group of 2 x 2 matrices
with integral entries and determinant 1. Let £(1) be the inhomogeneous modular group of
2 x 2 integral matrices of determinant 1 in which a matrix is identified with its negative.
I'(N), the principal congruence subgroup of level N, is the subgroup of (1) consisting of all
Tel(1) for which T'= +1 (mod N), where N is a positive integer and [ is the identity matrix.
A subgroup & of I'(1) is said to be a congruence group of level N if € contains £'(N) and N is
the least such integer. Similarly, we denote by I'(N) the principal congruence subgroup of
level N of I'(1), consisting of those TeI'(1) for which T = I (mod N), and we say that a sub-
group ¢ of I'(1) is a congruence group of level N if ¥ contains I'(N) and N is minimal with
respect to this property. In a recent paper [9] Rankin considered lattice subgroups of a free
congruence subgroup F, of rank n of £}(1). By a lattice subgroup of F, we mean a subgroup of
F, which contains the commutator group F.. In particular, he showed that, if F, is a con-
gruence group of level N and if € is a lattice congruence subgroup of F, of level gr, where r is
the largest divisor of gr prime to N, then N divides ¢ and r divides 12. He then posed the
problem of finding an upper bound for the factor g. Tt is the purpose of this paper to find
such an upper bound for q. We also consider bounds for the factor r.

We note that, if ¢ is a lattice congruence subgroup of level gr of a free congruence sub-
group F, of level N, then 4 n ['(NV) is a lattice congruence subgroup of ['(V) of level gr. This
reduces the problem to the consideration of lattice subgroups of f'(N) which are congruence
groups of level gr. We may also assume that such a lattice subgroup is normal in (1), since
the intersection of its conjugates is also a lattice congruence subgroup of ['(¥) of the same
level gr. We therefore confine our attention to lattice subgroups of I'(%¥) in I'(1) which are
congruence groups of level gr and which are normal in I'(1). We use McQuillan’s classification
of normal congruence subgroups of I'(1) [4] and follow his notation.

2. Let G = []G;, the direct product of s finite groups G;, and let L be a subgroup of G.
i=1
We let F; = {g,€G;:(1,1,...,9;,...,1)e L} and call F; the ith foot of L.

THEOREM 1. If L is a normal subgroup of G, then F; is normal in G,. If, in addition, G|L
is abelian, then G,[F, is abelian (1 £i < s).

The proof is clear and is omitted.

t t
Now let N = [] p¥ and q = ] p¥, where p, is prime and B; 2 o; >0 (1 i 1)
i=1

i=1

THEOREM 2. T(N)/T(gr) = T(1)/T(r) x fI T(pt)/T(pf).

i=1
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Proof. 1t is well known [7] that I'(d)/T'(dmn) = T'(d)/T(dm) x I'(d)/I[(dn), when d is an
arbitrary positive integer and (m,n) = 1. By repeated applications of the above we obtain

r
L(N)/T(qr) T(N)/T(Nr) x [] T(N)/T(Npf—).
i=1
The resulf follows since (r, N) = 1, and so

T(N)/TC(Nr) =T(1)/T(r).
Also

C(N)[D(Np{™*) =T (p)IT(p!) (A =igh).

A R |

Let ¢* be a lattice subgroup of I'(V) and let it be a congruence group of level gr. As
previously stated, we may take ¢* to be normal in I'(1). Let

We write

g ~ g*I(qr).

Denote the foot of ¢ in I'(1)/I'(r) and F(pf‘)/l"(pf‘) by F and F, respectively (1 <i<t). We
let

F=F*I(r) and F;=F}I(pf).

We now apply Theorem 1 (with L = %) and conclude that F* is a normal congruence subgroup
of T'(1) of level r, such that I'(1)/F* is abelian, and that F* is a normal congruence subgroup of
T'(1) of level pf*, such that I'(p3")/F; is abelian.

THEOREM 3. The factor r divides 12.

Proof. Clearly F* 2T7(1), where I''(1) is the commutator subgroup of I'(1). The result
follows since van Lint has shown [3] that I(1) is a congruence group of level 12.

THEOREM 4. If p,; is an odd prime and F is a lattice subgroup of T(p}) and a normal
congruence subgroup of T(1) of level pf', then p?' divides p?*.

Proof. For p; odd, Section 3 of McQuillan’s paper shows that F{ is either I'(p?) or
T(pf"), when T(l) = {AeT(1): 4 = +1(mod )}

Now if Ff =T(pf), then —IeF?. As F} < I'(p¥), this implies that —I = I (mod p{’),
which leads to a contradiction as p; is odd and «; > 0.

https://doi.org/10.1017/50017089500000641 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500000641

108 A. W. MASON
Hence F¥ = I'(pf), and we have that I'(p¥)/I(pf") is abelian. Thus we must have
UPHi WPl = WryPh (mod p?l)’

which is true if and only if p/* divides p?*.
We now consider lattice subgroups of I'(2") which are normal congruence subgroups of
T(1) of level 2™, Let ¥* be such a subgroup and set

g =~ g*TQ2m.
The non-trivial possibilities for ¢ are, in McQuillan’s notation,
$=Z2™; E,, +E,mz2); C,H.,A,(im=z3); D,F,, +D,(mz4).
The group A,, is not listed by McQuillan but is the normal subgroup corresponding to I'(2™),
re. A, =T (2™)/T(2™).
We consider the cases n =1 and n > 1 separately. We denote the group I'(2¥)/['(2™) by
K.

THEOREM 5. If 4* is a lattice subgroup of I'(2) and is a normal congruence subgroup of
I'(1) of level 2™, then 2™ divides 16.

Proof. The non-trivial possibilities for ¢ are as listed above. We note that two matrices
A, Be% are considered as equal if and only if 4 = B (mod2™).

Now it is readily seen that all the possible groups ¢ have elements whose (1,2) and (2,1)
entries are either zero or 2"~ !, Now, considering U? and W?2 as members of K, we have, since
K1/% is abelian,

[U2, W2] = UW2U W™ 2e9.
21 - .
As [UL, W] = [ 8 i], this implies that 8 = 0 or 2™~ ! (mod 2™). These two congruences

combine into 16 = 0 (mod 2™), which gives the required result.

Now
D, = 10 5 8 9 0 -3 8
70 1] |8 =3 o 9f 8 5|’
when the matrices are considered modulo 16. Let

D, = D}/T(16).

I'(2) is generated by + U2 W2, and hence the commutator subgroup I'"(2) is generated by
[U?*, W2#], with A, u integral. Since

144 —8ui?
[U*, W] = [ 8#2'1# l—gly] (mod 16),
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it can be readily verified that [U2?*, W**]e D%, for all A,u. Hence D} is a lattice subgroup of
I'(2) of level 16, which shows that the upper bound for 2™ is in fact attained. We note finally
that + D% is also a lattice subgroup of I'(2) of level 16, where

+D, = +D*T(16).

We now assume that n> 1 and consider the non-trivial possibilities for the group ¥,
listed previously.

Lemma 1. 9#A,, £E,, +D,, Z(2™).
Proof. The result follows because each of the above groups corresponds to a subgroup of
I'(1) containing —1.

Now ¢ = K" and —I¢I(2"), when n > 1. We shall assume from now on without loss of
generality that m > n.

LEMMA 2. Ifm>n, 9# H, and 4 # F,.

Proof. If 4 = H,_, we have, since ¥ < K7,

—142m! 0
=1 d2"
[ 0 —1+2"'-1] (mod2),
whichisuntrueasn > 1. Thus% # H,,.
If 4 = F,,, we have, since ¥ < K},
—1-2m"2 0
=] d2"),
[ 0 —1+2'"-2] (mod )

This yields the congruence 2™~ 2 = 2 (mod 2").

Now we are assuming that m—2 = n—1. If m—2 > n—1, then the congruence reduces
to 2 = 0 (mod 2"), which is not so. If m—2 = n—1, then we have 2"~ ! = 2 (mod 2"), which
is only true if n = 2. But the existence of the group F,, ensures that m = 4. Hence n+12=4
and so n = 3, which gives the required contradiction.

Thus we may conclude that ¥ # F,,.

We shall now use Lemmas 1 and 2 to obtain the following theorem.

THEOREM 6. If 9* is a lattice subgroup of T'(2") and is a normal congruence subgroup of
(1) of level 2™, then 2™ divides 2*"*!.

Proof. Lemmas 1 and 2 show that the remaining possibilities for ¢ are
¢ = Dm’ Em, Cm'

Suppose now that ¢ = D,,; we make the further assumption, again without loss of
generality, that m > n+1. Now D,, € K""2< K", if m > n+1. But we know that K7,/D,, is
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abelian. Hence K™~2/D,, is abelian and
(Kn/Dw)[(Kn™2[D,y) = Kp/Kp™2 =T(27)[T(2"2).
Thus I'(2%)/T(2™~ %) is abelian and so
U¥w* =w»U?»  (mod2m 2,

which is true if and only if 2™ divides 22"*2,
However, if m = 2n+-2, then the fact that K3, ,/D,,, , is abelian implies that

[UZ"’ WZ"] € D2n+2'
Now

142" 0

2n 2m 2n+2
[U,W]_[ o 1_22"] (mod 22"*2),

A simple inspection shows that [U?", W*"]¢D,,.,. Hence we conclude that, if ¢ = D,
then 2™ divides 22"+,

Suppose now that ¢ = E,, or C,. Now both E, and C,c Ki~! < K", for m> n.
Using an argument similar to that given in the first part of the theorem, we can show that the
fact that K*/% is abelian implies that I'(2")/['(2™~!) is abelian, for ¥ = E,, or C,. Thus

[U¥, W)= (mod2"~1),

which is true if and only if 2™ divides 22"t 1,

The theorem is thus established and we now show that the upper bound of 22"* ! is attained.
Let

Con+1 2C3y [T,
and suppose that 4, BeI'(2"). Then

A=[1+“‘ b2 ] where (a-+d) = 2'(be—ad),

2 1442
and
14e2" f2¢
B= = 2"(fg—eh).
[ s 1+h2":|’ where (e+ h) = 2"(fg—eh)
Thus
_[1+(a+e)2"+(ae+bg)2>"  (b+1)2"+(af +bh)2*"
(c+9)2"+(ce+gd)2®"  1+(h+d)2"+(cf+hd)2*" |’
and

A-'B ! = [1 +(h+d)2"+(hd+bg)2*"  —{(b+f)2"+(fd+be)2”"}
= {c+9)2"+(hc+ag)2*}  1+(a+e)2"+(ae+fc)2*"
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Now
il 1+(bg—fc)2%" 0
[4,B] = ABA™'B! E[ ( gof) 1+(fc_bg)22"] (mod 22"+ 1),
Thus
1+2* 0
= 22n+1 ]
[A4,B]=1 l: 0 1+22":| (mod )

This implies that [4, B]e C3,., ,, for all 4, BeT'(2"). Thus C3,,, is a lattice subgroup of ['(2")
and is a congruence group whose level is equal to the upper bound of 22"*1!,

We now tabulate the results, quoting the upper bounds for the factors ¢ and r in each case
and stating a lattice subgroup of I'(N) which is a congruence group whose level is equal to the
upper bound for gr, denoted by max gr.

We shall make use of the groups I'"(1), M* and I'*. The group M* is the group corres-
ponding to M quoted by McQuillan, M* is a normal congruence subgroup of I'(1) of level 3
containing I'"(1). The group I'* is not listed by McQuillan. It is the subgroup of I'(1) gener-

—1 -1 -
_1 and ) 0
subgroup of I'(1) of level 4, containing I''(1). We put N = 2"/, where n = 0 and / is odd.

ated by and can readily be shown to be a normal congruence

TABLE

(N, 12) | g divides | rdivides | maxgr | maxgr attained by

1 N? 12 12N% | I'(1) n(N?)
2 4N? 3 12N? | DENT(®H N M*
3 N? 4 4N? | T(N®})AT*
4 2N? 3 6N?2 | CY TP M*
6 4N? 1 4N? D% AT(?
12 2N? 1 2N? | C} . nT(Y

Further, for all integers & such that N divides 4 and d divides maxgr, a lattice subgroup of
I'(N) which is a congruence group of level 4 may be readily produced.

3. We now extend the results of the table to the inhomogeneous modular group F(1).
We let 4 be a lattice subgroup of ['(V) and let it be a congruence group of level gr, as before.
We may take ¢ to be normal in '(1). Let & be the corresponding subgroup to & in I'(1). We
have 4 = @|A, where A = {I, —I}. ltis easily verified that @ is a congruence group of level d
in £'(1) if and only if Z is a congruence group of level d in T(1).

We consider the cases N =2 and N > 2 separately.
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THEOREM 7. If 9 is a lattice subgroup of T'(2) and is a normal congruence subgroup of (1)
of level gr, then gr divides 48.

Proof. We have ['(2) @ I'(2)/A and 4 = @/A, when & is the group corresponding to %
in I'(1). Then & is a normal congruence subgroup of I'(1) and has level gr. We also have

Q)% =1©)/%.

Thus, since ['(2)/¥ is abelian, & is a lattice subgroup of I'(2). The result follows by applying
the results of the table for the case N = 2.

Let 2*(8), + D% and M* be the subgroups of (1) corresponding to the subgroups
Z*(8), +D* and M* of I'(1) respectively. 2*(8) and + D* are lattice congruence subgroups
of £(2) of levels 8 and 16 respectively and M* is a congruence group of level 3 containing
I'(1), the commutator subgroup of I'(1). The groups A nK, where A = £(2), ['4), 2*(8) or
+ D%, and R = (1) or M*, form a set of lattice congruence subgroups of '(2), whose levels
are equal to the eight even divisors of 48, including 48 itself.

THEOREM 8. If N > 2 and 9 is a lattice subgroup of T(N) and is a normal congruence sub-
group of T (1) of level gr, then there exists a lattice subgroup 4 of T(N) in T(1) such that 4 is a
normal congruence subgroup of T'(1) of level qr and 4= 4.

Proof. Let & be defined as before, so that Z =~ @/A. We also have
L(N) = T(N)/A = T(N).

Now & < T(N) so that, for any 4€%, A =+1(mod N). We note that, as N > 2, we cannot
have a member of @ congruent to both I and —I(mod N).
We define a subset ¢ of & as follows.

9 ={4e%: A = mod N)}.

Clearly ¢ is a subgroup of & contained in T(N), such that ¢ =~ @/A. Now [(gr) = & and gr
is minimal. This implies that F(gr) and hence I'(gr) is contained in Z.
In fact T'(gr) = ¢; for, if not, there exists Xe@ such that

X=I(modgr) and X=-I(modN).

This yields a contradiction, since N divides gr and N > 2. Moreover the level of  is exactly
gr; for if there exists d < gr such that ['(d) S ¥, then ['(d) € &, which contradicts the mini-
mality of gr.

Finally ¢ is of course normal in I'(1) and is a lattice subgroup of ['(N); for we have

L(N)|G =T(N)/%.

We note that, if ¢ is a lattice subgroup of I'(N), where N > 2,and ¥ is a normal congruence
subgroup of I'(1) of level gr, then the subgroup ¢ of I'(1) corresponding to ¢, where ¥ =~ &,
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is a lattice subgroup of ['(V) and is a normal congruence subgroup of I'(1) of level gr. The
fact that its level is exactly gr follows from Theorem 8. For, clearly, [\(gr) = & and, if ['(d) = ¢
with d < gr, then Theorem 8 shows that I'(d) € ¢, which contradicts the minimality of gr.

Theorems 7 and 8 show that the upper bounds for gr in I'(1), shown in the table, also
hold in £'(1). Moreover the remarks following the two theorems show that the upper bounds
are attained in I'(1) in all cases. More generally, it is easily seen that, for all integers d such
that d divides max gr and N divides d, there exists a lattice subgroup of T'(N) which is a con-
gruence group of level d. In particular we note that in (1) the factor r divides 12 in all cases,
a result obtained by Rankin by different methods.

4. In this section we introduce an infinite class of lattice subgroups of (V) and use the
results of the previous section to investigate which of these groups is a congruence group.
These subgroups provide a natural extension to the subgroups Q(p, S) of ['(p) (p a prime)
introduced by Reiner [10], and for p = 2 by Fricke [1] and Pick [8], and contain an infinite
set of subgroups of finite index in (1) which are not congruence groups.

LemMa 3. For N> 1, UY may be taken as a free generator of L(N).

Proof. For N> 1, it is well known that (V) is a free group [5]. Further, ['(¥V) has
n = p/N > 1 incongruent cusps, where u = [['(1): ['(NV)]. Now, by Section VI, 4 (p. 241) of [2],
(N) has a canonical fundamental region with n incongruent parabolic vertices and 4g+n
other * accidental * vertices, which are all congruent to each other mod ['(N), where g is the
genus of (V). The n parabolic vertices determine n parabolic generators P, ..., P,, which
form part of a set of 2g +» generators of £(V), and which satisfy one relation only (Theorem,
p. 234 of [2]). We may take P, = U, and, as n > 1, we may use the relation to eliminate P,,
leaving a set of free generators of ['(N), one of which is U,

LemMMA 4. The rank of £(2) is 2 and, when N > 2, the rank of [(N) is 1 +u(N)/12, where

sNY=NT] (1—%) .
pIN p

Proof. Tt is known that [(2) is freely generated by U2 and W?. Using this fact we may
compute the rank of £(2N) (N > 1) by the well known Reidemeister-Schreier formula for the
rank of a subgroup of finite index in a free group of finite rank. The rank of [(¥) (N > 2)
may then be calculated from the rank of I'(2N) using the Reidemeister~Schreier formula in
reverse.

Let P = [(N)/I(N) and let P° be the subgroup of P generated by the Sth powers of the
elements of P (S = 1). Denote by Q(N, S) the inverse image of P° under the canonical map-
ping of F'(NV) onto P. Tt is readily seen that Q(N, S) consists of those elements of [(N) for
which the exponent sums with respect to each of the free generators of ['(V) is a multiple of S.
Clearly Q(N, S) is a lattice subgroup of £(N) and is normal in [(1). It also follows that
[T(N): Q(N, S)] = §°, where ¢ is the rank of ().
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LeMMA 5. If' S, divides S,, then Q(N, S,) 2 YN, S,).
The proof is obvious.

THEOREM 9. Q(N, S) is a congruence group if and only if Q(N, S) 2 T(NS).

Proof. The level of Q(N, S), as defined by Wohlfahrt in [11}, is NS. This follows from the
normality of Q(N, S) in I'(1) and from the fact that U" may be taken as a free generator of
[(N). We obtain the required result by applying Theorem 2 of Wohlfahrt’s paper.

We now use Theorem 9 to investigate which of the groups Q(N, S) is a congruence group.
The results obtained will include these of Reiner, for clearly, when Nis a prime p, the groups
are the subgroups Q(p, S) introduced by him. We treat the cases N=2, N=3 and N= 4
separately.

THEOREM 10. Q(2,S) is a congruence subgroup if and only if § = 1,2,4,8.

Proof. If Q(2,S)is a congruence group, then by Theorem 9 and the results shown in the
table in Section 2 we may conclude that S divides 24.

If S is any divisor of 24 divisible by 3, then Lemma 5 implies that Q(2, 3) is a congruence
subgroup. However, [['(2):Q(2,3)]1=9 and [['(2):1(6)] = 12, which yields an immediate
contradiction. Hence Q(2, 3) is not a congruence subgroup.

There remain the cases S = 1,2,4,8 to consider. We note that £'(2) is freely generated
by U? and W?. The proof for the case S = 8 is to be found in Theorem 3 of a paper by
Newman [6]. In fact Newman shows that £'(16) is contained in that lattice subgroup of ['(2)
whose elements have exponent sums with respect to the generator U? that are multiples of 8.
However, elementary modifications of his proof show that any element of £(16) also has its
exponent sum with respect to the generator W2 congruent to zero modulo 8. Since Q(2,8)
is a congruence group, so also are Q(2,1), ©(2,2) and Q(2,4), by Lemma 5. Clearly
Q2, D= f(g) and it is also readily verified that Q(2,2)=I(4), Q(2,4)=2*@8) and
Q(2,8) = £ D. This completes the proof of the theorem.

THEOREM 11. Q(3, S) is a congruence subgroup if and only if S = 1, 3.

Proof. 1If Q(3, S) is a congruence subgroup, then by Theorem 9 and the results for N =3
in the table, we conclude that S divides 12. If S is an even divisor of 12, then Lemma 5
implies that Q(3,2) is a congruence subgroup. But [['(3): Q(3,2)] = 8 and [['(3): ['(6)] = 6,
which yields an immediate contradiction.

Trivially Q(3,1) = ['(3) and, since £'(3) is freely generated by (U~ 'W) U U~ 'W)’
(v =1,2,3), it is easily verified that [(9) = Q(3,3). This completes the proof of the theorem.

THEOREM 12. If N = 4, Q(N, S) is a congruence subgroup if and only if S = 1.

Proof. If Q(N,S) is a congruence subgroup, then, by Theorem 9 and the results of the
table in Section 2, S divides 12N. Clearly Q(N, 1) = I'(¥) which is a congruence subgroup
and, if §> 1, then Lemma 5 implies that Q(N, p) is a congruence subgroup, where p is any
prime dividing S. Now, since S divides 12N, this implies that Q(N, p) is a congruence sub-
group, where p is any prime dividing N, or, when (N,2) = 1, that Q(N,2) is a congruence
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subgroup, or, when (N, 3) = 1, that Q(N, 3) is a congruence subgroup. We shall obtain a
contradiction in the most general case for (¥,6) = 1. The remaining cases for N = 4 are
proved similarly.

When (¥,6) =1,

[EV): TP =p®,  [E@WV):TQN)]=6, [[(N):T(3N)]=24.
Also
[EV):QN,pI=p°, [EWN):QN,2]=2°, [[(V):QW,3)] =3

Contradictions follow in all cases since the formula established in Lemma 4 shows that ¢ > 3.
The proof of the theorem is complete.

We conclude by observing that we may easily extend Lemma 3 in the following way.
If 4 is any free normal subgroup of finite index p in (1), whose level, as defined by Wohlfahrt
in (11], is N, then we may take U" to be a free generator of &, provided u/N > 1. As the
commutator subgroup ¢’ = &, the level of 4’ is a multiple of N. If uy/N > 1 and UMe@’, for
some integer /, this implies a non-trivial relation between the free generators of &, which is an
obvious contradiction. Hence, when u/N > 1, the level of @’ is infinite. In fact u/N > 1 for
all free normal-subgroups ¢ of finite index in (1), except for ¢ = [(1), when u= N =6.
;his discussion shows that Proposition 1 of [9] only holds for € = (1), where the level of

"=T1"(1)is 6.
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