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Generalized Descent Algebras

Christophe Hohlweg

Abstract. If A is a subset of the set of reflections of a finite Coxeter group W, we define a sub-Z-module
Da(W) of the group algebra ZW. We discuss cases where this submodule is a subalgebra. This family
of subalgebras includes strictly the Solomon descent algebra, the group algebra and, if W is of type B,
the Mantaci-Reutenauer algebra.

Introduction

Let (W, S) be a finite Coxeter system whose length function is denoted by £: W —
N={0,1,2,...}.In1976, Solomon introduced a remarkable subalgebra XW of the
group algebra ZW, called the Solomon descent algebra [11]. Let us recall its definition.
IfI C S, let W; denote the standard parabolic subgroup generated by I. Then

Xi={weW|Vsel, liws) > l(w)}

is a set of minimal length coset representatives of W /Wy. Letx; = ) o w € ZW.
Then XW is defined as the sub-Z-module of ZW spanned by (x;);cs. The study of
this algebra is strongly related to the study of many problems in symmetric groups
and Coxeter groups, see for instance [2,5, 10, 12].

In [3], the authors constructed a subalgebra ¥/(W,,) of the group algebra ZW,, of
the Coxeter group W, of type B,: it turns out that this subalgebra is defined from
“generalized descent sets” relative to a larger set of reflections than S and that it con-
tains XW,,. In fact X2’ (W,,) is the Mantaci—Reutenauer algebra [8].

It is natural to ask whether this kind of construction can be generalized to other
groups. Let us explain now what kind of subalgebras we are looking for.

Let T = {wsw™! | w € W ands € S} be the set of reflections in W. Let A be
a fixed subset of T. If w € W, let D4s(w) = {s € A | £(ws) < £(w)} C A be the
A-descent set of w. A subset I of A is said to be A-admissible if there exists w € W
such that Dy(w) = I. Let P,q(A) denote the set of A-admissible subsets of A. If
I € Paa(A), weset Dff = {w € W | Da(w) = I} and df = 3> .pnw € ZW. Now,
let

DAW)= P zd;.
I€P(A)
As an example, Dg(W) = Xg(W) = EW. In fact, they are precisely the YW -modules
defined in [9] (see Remark 1.12). The main theorem of this paper is the following
(here, C(w) denotes the conjugacy class of w in W).
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Theorem A If there exist two subsets Sy and S, of S such that A = S; U (Uses2 C(s)),
then D4 (W) is a subalgebra of ZW.

This theorem is a generalization of Atkinson’s proof [1] of Solomon’s result (take
A = §). It provides a generalization of Atkinson’s proof to the case of the Mantaci—
Reutenauer algebra (take A = {s,...,s,1} U C(t), where S = {t,s1,...,8,—1}
satisfies C(¢£) N {sy,...,s,—1} = &). But for instance the theorem also gives another
algebra in type B, (take A = {t} UC(s1)) and a new algebra in type F; of Z-rank 300
(take A = {s1,5} UC(s3), where S = {s1, 5, 53,54} satisfies {s1,5} N C(s3) = ).
Moreover, if A = T, we get that Do(W) = ZW (see Example 1.7). In the case of
dihedral groups, we get another family of algebras.

Theorem B If W is a dihedral group of order 4m (m > 1), S = {s,t} and A =
{s,t,sts} or A = {t,sts}, then Ds(W) is a subalgebra of ZW .

It must be noted that the algebras constructed in Theorems A and B are not nec-
essarily unitary. More precisely, 1 € D,(W) ifand only if S C A. Moreover, if S C A,
then XW C D4 (W). Some computations with GAP suggest that the following ques-
tion has a positive answer. If D4(W) is a unitary subalgebra of ZW, is it true that A
is one of the subsets mentioned in Theorems A and B?

This paper is organized as follows. Section 1 is essentially devoted to the proofs
of Theorems A and B. In Section 2, we discuss more precisely the case of dihedral
groups.

1 Descent Sets

Let (W, S) be a finitely generated Coxeter system (not necessary finite). If s, s’ € S,
we denote by m(s, s”) the order of ss’ € W. If W is finite, we denote by wy its longest
element.

1.1 Root System

Let V be an R-vector space endowed with a basis indexed by S denoted by A =
{as | s € S}. Let B: V x V — R be the symmetric bilinear form such that

B ) = = 1)

foralls,s’ € S. If s € Sand v € V, we set s(v) = v — 2B(«,, v)a,. Thus s acts as the
reflection in the hyperplane orthogonal to o (for the bilinear form B). This extends
to an action of W on V as a group generated by reflections. It stabilizes B.

We recall some basic terminology on root systems (see for instance [4,6]). The

root system of (W, S) is the set & = {w(c;) | w € W, s € S} and the elements of A
are the simple roots. The roots contained in

o — (Z]Rm) ne

aEA
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are said to be positive, while those contained in &~ = —®* are said to be negative.
Moreover, P is the disjoint union of ®* and ®~. If w € W, £(w) = |N(w)|, where

Nw)={ae€®" | wa) e ™ }.

Let « = w(a,) € ®; then's, = wsw ! acts as the reflection in the hyperplane
orthogonal to o and s, = s_,. Therefore, the set of reflections of W

T=|J wSw™!
wew

is in bijection with ®* (and thus 7).
Let us recall the following well-known result.

Lemmalll Letwe W,

(1) Ifa € @, then L(wsy) > L(w) if and only if w(a) € @™.
(ii) Ifs € S, then

N(sw) — Nw) [[{w ()}  ifb(sw) > £(w),
I Nw)\ {—wNay)}  otherwise.

Henceforth, we fix a subset A of T. We start with easy observations.
As a consequence of Lemma 1.1(i), we get that

Dy(w)={so, €Al a €@ andw(a) € D~ }.

We also set
Na(w) = {a € ®" |s, € Aand w(a) € P }.

The map Na(w) — Da(w), o +— s, is then a bijection.
1.2 Properties of the Map D,
First, using Lemma 1.1(ii), we get the following.

Corollary 1.2 Ifs € Sand if w € W is such that w™'sw = s,-1(,,) & A, then
Na(w) = Na(sw) (and Da(w) = Dy(sw)).

Remark 1.3 1fA, C A, C T,then Dy (w) = Dy, (w)NA, forallw € W. Therefore
if W is finite, Dy (W) C Dy, (W).

Proposition 1.4  We have

(1) @ is A-admissible;
(ii) D4 = {1} ifand only if S C A.

Proof We have Ds(1) = @ so (i) follows. If s € S\ A, then Ds(s) = &. This
shows (ii). [ |
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The notion of A-descent set is obviously compatible with direct products:

Proposition 1.5  Assume that W = W, x W, where Wy and W, are standard para-
bolic subgroups of W. Then for all I € P,q4(A), we have

W AW
D? = D?mwll X D?mwzz-

Corollary 1.6 Assume that W is finite and that W = Wy x W, where W, and W,
are standard parabolic subgroups of W. Then Dy(W) = Danw, (W1) @z Danw, (W2).

Example 1.7  Consider the case where A = T (then Nj(w) = N(w)). It is well
known [4, Chapter VI, Exercise 16] that the map w +— N(w) from W onto the set of
subsets of @™ is injective (observe that if & € N(wyw;, 1), then tw, () lives in the
union, but not in the intersection, of N(w;) and N(w,)). Therefore, the map W —
P.a(T), w — Dr(w) is injective. In particular, if W is finite, then D7 (W) = ZW.

In the case of finite Coxeter groups, the multiplication on the left by the longest
element has the following easy property.

Proposition 1.8  If W is finite and if w € W, then Dy(wow) = A\ Da(w).

Corollary 1.9  If W is finite, then

(i) Ais A-admissible;

(i) I€ Pua(A)ifandonlyif A\I € Pu(A);
(iii) D4} = {wo} ifand only if S C A.

Proof Dy(wp) = A, so (i) follows. (ii) follows from Proposition 1.8. (iii) follows
from Proposition 1.8 and Proposition 1.4(ii). ]

1.3 Left-Connectedness

Atkinson gave a new proof of Solomon’s result by using an equivalence relation to
describe descent sets [1]. We extend his result to A-descent sets. It shows in particular
that the subsets Df are left-connected (recall that a subset E of W is said to be left-
connected if, for all w, w' € E, there exists a sequence w = wy, wy, ..., w, = w’ of
elements of E such that W1'+1Wi_1 € Sforeveryi € {1,2,...,r—1}).

Let w and w’ be two elements of W. We say that w is an A-descent neighborhood
of w/, and write w —4 w/, if w'w™! € Sand w™'w’ & A. It is easily seen that
w4 is a symmetric relation. The reflexive and transitive closure of the A-descent
neighborhood relation is called the A-descent equivalence, and is denoted by ~4. The
next proposition characterizes this equivalence relation in terms of A-descent sets.

Proposition 1.10  Letw, w’ € W. Then

weraw & Day(w) = Da(w') & Na(w) = Na(w').
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Proof The second equivalence is clear. If w4 w’, then it follows from Corollary 1.2
that Na(w) = Na(w'). It remains to show that if Ny (w) = Na(w'), then w ~4 w'.

So, assume that Ny (w) = Na(w'). Writex = w/w ™! and let m = £(x). If ¢(x) = 0,
then w = w’ and we are done. Assume that m > 1, and write x = s;5, - - - 5, with
s; € S. We now want to prove by induction on m that

(%) W g SyW 4 S 1SmW A A Sy SpW A SIS+ SmW = W',

First, assume that w /- 4s,,w. In other words, w—!s,,w € A. For simplification, let
o = « . By Lemma 1.1(ii), we have

Na(smw) = Naow) [ [{w™"(@m)} or  Na(suw) = Naw) \ {=w ™" (aun)}.

In the first case, as Ny(w) = Nj(w’), and by applying Lemma 1.1(ii) again, there
exists a step i € {1,2,...,m — 1} between N4(w) to Na(w') where w™!(a,,) is
removed from Ny(s; - - - s,,w), that is, (si41 - - - s,uW) " ;) = —w ™ (cyy). In the same
way, we get the same result in the second case. In other words, we have proved that
there exists i € {1,2,...,m — 1} such that s, - - - s;y1 (@;) = —a, so, by Lemma
1.1(i), we have £(s,, - - - s;y18;) < £(s, -+ -siy1). This contradicts the fact that m =
l(x). So w4 s,,w, and then Ny(w) = Ny(s,,w). Hence Ny(s,,w) = Na(w’) and
W (spyw) ™! = 5155 - - - 5,,_1. We then get by induction that

SW A Si—1SmW A " A S1S2** * SW = le
which shows (). [ |
Corollary 1.11  IfI € P,4(A), then DY} is left-connected.

Remark 1.12  The above corollary was first stated by Tits [13, Theorem 2.19] as
follows: Let s € T; we denote by X; the set of w € W such that {(ws) > £(w). Then
forall ] C A C T,theset Y} =, XN Nsear s (W \ X;) is left-connected. An easy

computation shows that Y1 = Dﬁ\ ; (possibly empty). Proposition 1.10 provides a
new (shorter) proof of Tits’ theorem.

We mention that, using this result and the terminology of Tits, Moszkowski [9]
has shown that for all A C T, D, (W) is a YW -module for the left multiplication.

1.4 Nice Subsets of T

We say that A is nice if for every s € A and w € W such that w™!sw ¢ A, we have
D4 (sw) = D4(w). Notice that every subset of S is nice, by Corollary 1.2.
Ifwe WandlI, ] € Pq(A), we set

Da(I, J,w) = {(u,v) GDfA X D‘}‘ | uv:w}.

The next lemma gives a characterization of the fact that D4 (W) is an algebra in terms
of these sets.
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Lemma 1.13  Assume that W is finite. Then the following are equivalent.

(1)  Da(W) is a subalgebra of IW.
(ii) Foralll, J € P,4(A) and for allw, w' € W such that D4y(w) = Da(w’), we have
|DA(I; ]a W)| - |DA(Ia ]7 W’)|

If these conditions are fulfilled, we choose for any I € P,q(A) an element z; in D\, Then

did} = > |Da(l, J,zx)|dg.
KePq(4)

Proof That (ii) implies (i) is obvious.
If (i) is true, then, on the one hand,

did) = > cdy
KeP.4(A)

for some cx € Z. On the other hand,

dai= 3w 3OS s

Dy(u)=I Ds(v)=] K€P(A) Da(w)=K

(ii) follows by identification. |

Let us now fix s € Sand let (u,v) € W x W. If u 4 su, we set 2 (u, v) = (su,v).
If u /L asu, then we set 12 (u,v) = (u, u~'suv). Note that in the last case, u~'su € A.
We have (¢4)? = Idw xw. In particular, 1 is a bijection. Using 1/, one can relate
the notion of nice subsets to the property (ii) stated in Lemma 1.13.

Proposition 1.14  Assume that A is nice. Let I, ] € P,q(W), letw € W, and lets € S
be such that w4 sw. Then 2 (Ds(I, J,w)) = Da(I, ], sw).

Proof Let (u,v) be an element of D4(I, J, w). By symmetry, we only need to prove
that 92 (u,v) € Da(I, ], sw). If u 4 su, then Dy(su) = Da(u) = I by Proposition
1.10, so Y2 (u,v) = (su,v) € Du(I, J,sw). So, we may assume that u ¥, su. Let
s" = u'su € A. Note that w—lsw = v~1s'v & A. Then ¥ (u,v) = (u,s'v) and
us’v = sw. So we only need to prove that D4 (s'v) = D4(v). But this just follows from
the definition of nice subset of T. [ |

Corollary 1.15  If W is finite and if A is nice, then D, (W) is a subalgebra of ZW. It
is unitary if and only if S C A.

Proof This follows from Lemma 1.13 and from Propositions 1.10 and 1.14. [ ]
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1.5 Proof of Theorems A and B

Using Corollary 1.15, we see that Theorems A and B are direct consequences of the
following theorem (which holds also for infinite Coxeter groups).

Theorem 1.16  Assume that one of the following holds.

(i) There exist two subsets Sy and S, of S such that A = §; U (Usesz C(s)) .
(i) S ={s,t}, m(s,t)is even or oo, and A = {s, t,sts} or A = {t, sts}.

Then A is nice.

Proof Assume that (i) or (ii) holds. Let r € A and let w € W be such that
w™lrw & A. We want to prove that D,(rw) = D4(w). By symmetry, we only need
to show that D (rw) C Da(w). If r € S, then this follows from Corollary 1.2. So we
may assume that r ¢ S.

Assume that (i) holds. Write A’ = Usesz C(s)and S’ = A\ A’. Then §’ C §,
A = A']]S" and A’ is stable under conjugacy. Thenr € A’ and w™'rw € A’ C A,
which contradicts our hypothesis.

Assume that (ii) holds. If m(s, t) = 2, then A is contained in S and therefore is nice
by Corollary 1.2. So we may assume that m(s,t) > 4. Since r € S, we have r = sts.
Assume that Dy (rw) ¢ Da(w). Let

Dy = {a €’ | Sa € A} C {OzS,Ott,S(Oét)}.

There exists & € P, such that rw(a) € &~ and w(a) € ®*. So w(a) € N(r) =
{as, s(ay), st(a)}. Since w™lrw & A, we have that ws,w™! # r, so w(a) # s(ay). So
w(a) = a or st(a,). But the roots «; and oy lie in different W-orbits, so @ = a; and
w(as) € {as, st(as)}. If W is infinite, this gives that w € {1, st}, which contradicts
the fact that w™'rw & A. If W is finite, this gives that w € {1, st, wps, stswp }. But
again, this contradicts the fact that w=lrw & A. ]

1.6 A Remark Concerning the Solomon Homomorphism

Let ZIrr W denote the characters algebra of W, ¥W is endowed with a Z-linear
map 0: XW — ZIrr W satisfying 0(x;) = Indm lw,. This is an algebra homo-
morphism [11].

If W is the symmetric group &, then 6 becomes an epimorphism and the pair
(XS, 0) provides a nice construction [7] of Irr(S,,), which is the first ingredient of
several recent works, see for instance [12]. However, the morphism 6 is surjective if
and only if W is a product of symmetric groups.

In [3], the authors have shown that the Mantaci—Reutenauer algebra is also en-
dowed with an algebra homomorphism 6': ¥/(W,) — ZIrr W, extending 6. More-
over, 6’ is surjective and Q) ®; Ker 0’ is the radical of Q ®; X'(W,,). This leads to a
construction of the irreducible characters of W, following J6llenbeck’s strategy.

However, the situation seems to be much more complicated in the other types. Let
us define another sub-Z-module of ZW. If I C A, we still denote by W the subgroup
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of W generated by I and we still set
X;={weWw|Vxe W, l(wx) > lw)}.

Then X; is again a set of representatives for W /W;. Now, let x; = ZWEXI w e LW.
Then X, (W) = Zch 7xp is a sub-Z-module of ZW. However, it is not in general a
subalgebra of ZW.

The bad point in the above construction is that in many cases one has X4 (W) #
Ds(W). Also, we are not able to construct in general a morphism of algebras
0a: Dy(W) — ZIrr W extending 6 if S C A (see Remark 2.2 and Proposition 2.3
below).

Example 1.17  Assume here that W is of type F,, that S = {51, 55, 53,54} and that
A = C(s;) US. Then, using GAP, one can see that rank; D4(W) = 300 and
ranky ¥4 (W) = 149. Moreover, 34(W) is not a subalgebra of D4 (W).

2 Example: The Dihedral Groups

The aim of this section is to study the unitary subalgebras D4 (W) constructed in
Theorems A and B whenever W is finite and dihedral. Henceforth, we assume that
S = {s,t} with s # r and that m(s,t) = 2m, with 2 < m < co.

Note that wy = (st)™ is central. In what follows, we will need some facts on the
character table of W. Let us recall here the construction of Irr W. First, let H be the
subgroup of W generated by st. It is normal in W, of order 2m (in other words, of
index 2). We choose the primitive (2m)-th root of unity ¢ € C of argument 7 /m. If
i € 7, we denote by &: H — C* the unique linear character such that &;(st) = ¢'.
ThenIrrH = {& | 0 < i < 2m — 1}. Now let x; = Ind}} &. Then x; = Xam—i
and, if 1 <i < m—1,x; € IrrW. Also, x; has values in R. More precisely, for
1<i<m-—landj€eZ

Yil(ts))) = T + ¢~ = zcos(%”) and  y;(s(ts)’) = 0.

Let 1 denote the trivial character of W, let € denote the sign character and lety: W —
{1, —1} be the unique linear character such that v(s) = —v(¢) = 1. Then

(1) IrrW = {l,e,7,e7}U{xi | 1 <i<m—1}.

In particular, | Irr W| = m + 3.

2.1 The Subset A = {s,t, sts}

From now on, we assume that A = {s,t,sts}. Wesets = A\ {s} = {¢,sts} and
F = A\ {t} = {s,sts}. Itis easy to see that Poq(A) = {@, {s}, {t},5 ¢, A}. For
simplification, we will denote by d; the element &' of ZW (for I € P,q(W)) and we
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setd; = dygy and d; = dy;y. We have

d@ = 17 d§ = Wps, ds =S, dA = Wo,

m—1 m—1

d, = Z((St)i 4 (ts)i—lt) . di = Z((st)is—}— (ts)i) .

i=1 i=1

The multiplication table of D4 (W) is given by

Lt fddd]d 4]
11 ad|dldlalda
ds || ds | 1 | da | ds | di | df
ds || ds | da | 1 | ds | di | 4
da || da | ds | ds | 1 | di | 4
dy dy | dp | dy | di | za | 24
df df dt df dt ZA ZA

where z4 = (m — 1)( 1+dy+d,+ ds-) +(m—2) (d, + df) . We now study the sub-Z-
module 34 (W); we will show that it coincides with D4 (W). First, it is easily seen that
Po(A) = {@, {s}, {t}, {sts}, 5, A} is the set of subsets I of A suchthat W, NA =1

and that
XA = 1
xs =1+ d,
X¢s = 1 + ds + d;
x =1+ d + d;
x =1 + d; + d;

Xg =1 +ds +di +di +ds + dy

Therefore, X4(W) = Dp(W) = ®IETU(A) 7x1. So we can define a map
QA: EA(W) — ZIrr W
by 04 (x;) = Indjy, lw,.

Proposition 2.1  Assume that S = {s,t} with s # t, that m(s,t) = 2m withm > 2
and that A = {s,t, sts}. Then

(1) X4(W) =Ds(W) is a subalgebra of ZW of Z-rank 6.

(ii) 4 is a morphism of algebras.

(iii) Kerfs = Z(x; — Xos).

(iv) Q ®gz Ker 8, is the radical of Q. ®z X4 (W).

(v) 04 is surjective if and only if m = 2 that is, if and only if W is of type B,.

Proof (i) has already been proven. For proving the other assertions, we need to
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compute explicitly the map 6,. It is given by the following table:

d] 1 ds dg dA dt df
m—1 m—1

Oaldn) | 1ley |7 | e | Doxi| D xi
i=1 i=1

(iii) This shows that Ker 04 = Z(d; — d;) = 7.(x; — Xys), so (iii) holds.
(ii) To prove that 64 is a morphism of algebras, the only difficult point is to prove
that 04(d?) = 04(d;)*. Let p denote the regular character of W. Then

1
Oa(d;) = E(p—l—v—fv—d-

Therefore, 04(d;)?* = (m—2)p+1+y+ey+e. But,d? = zy = (m—2)xp+1+d,+ds+d,.
This shows that 04 (d?) = 04(d;)*.

(iv) Let R denote the radical of Q) ®; ¥2(W). We only need to prove that
C®z R = C®z Kerfy. Since CIrr W is a split semisimple commutative algebra,
every subalgebra of CIrr W is semisimple. So (C ®; Z4(W))/(C ®z Kerfy) is a
semisimple algebra. This shows that R is contained in C ®z Ker 4. Moreover, since
(x; — s45)> = (di — d;)* = 0, Ker 6y is a nilpotent two-sided ideal of X4(W). So
C ®y Ker 0, is contained in C ®7 R. This shows (iv).

(V) Ifm = 2, thenIerW = {1,v,ev,e,x1} = 0a({1,ds,ds,da,d,}) so 04 is
surjective. Conversely, if 8,4 is surjective, then | Irr W| = 5 (by (i) and (iii)). Since
| Irr W| = m + 3, this gives m = 2. [ |

We close this subsection by giving a complete set of orthogonal primitive idempo-
tents for 34 (W), extending to our case those given in [2]:

1 1 1 1 1
Eg = —xo, E= —(Xs - —szf) , E= _(xt - —xz) )
m 2

4 2 2 2
Eszl(xs— lxt lxst5+m_1x,g,)
2 2 2 2 ’
Ei=1— —x lxt + lxsts X; + I.Xg
2 4 4 2 4

2.2 The Subset B = {s} UC(t)

Let B = {s} UC(z) (so that |B| = m + 1). It is easy to see that P,q(B) consists of the
sets

@ = Dg(1), B=Dg(wy), {s}=Dg(s), C(t) = Dp(wps),
Dp((ts)') = Dy(s(ts)’), 1<i<m—1,

Dp((st)’) = Dp((ts)'1), 1< j<m—1.
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Therefore Dg(W) is a subalgebra of ZW of Z-rank (2m + 2).
Using GAP, we can see that, in general, X5(W) # Dp(W). First examples are
given in the following table

m 2134 |5|6|7]8|9]10]11
Z-rankof Dg(W) || 6 | 8 | 10 | 12 | 14 | 16 | 18 | 20 | 22 | 24
Z-rank of Xg(W) || 6 | 8 | 10 | 10 | 14 | 12 | 18 | 18 | 22 | 16

Remark 2.2  The linear map 0p: Yg(W) — ZIrrW, x; — Ind&,/[ lw,, is well-
defined and surjective if and only if m € {2,3} (recall that m > 2). Indeed, the
image of fp cannot contain a non-rational character. But all characters of W are
rational if and only if W is a Weyl group, that is, if and only if 2m € {2, 3,4, 6}.

Moreover, if m = 2, then A = B and 0 = 0, is surjective by Proposition 2.1. If
m = 3, then this follows from Proposition 2.3 below.

2.3 The Algebra D;(G;)

From now on m = 3, that is, W is of type I,(6) = G,. For convenience, we keep the
same notation as in §2.1. We have

dy =1, dy = djy =t+st,

d; =s, d, = dl{gs’m} = ts+ sts,

ds = dg ;) = wos, d; = dl{gs’stmtst} = tsts + ststs,
dy = diy = wy, dy = dl{itsm} = tst + stst.

Let us now show that ¥5(W) = Dg(W). First, it is easily seen that

Po(B) = {2, {s}, {t}, {sts}, 5, {tstst}, {s, tstst}, B}

is the set of subsets I of B such that W; N B = I and that

XA = XB =1
X5 :1+d5
X{ststst} =1 + d
xtstst == 1 +d5+d1 +d2
Xy =1+ d, +dy + ds
Xets =1+d, +d + d,
X =1 + d; + dy + ds
X =1+di+dy+dy+ds +dy +d; +dy

Therefore, Xg(W) = Dg(W) = @16%(3) Zx;. So we can define a map
Og: Xg(W) — ZIrt W

by QB(XI) = Indm 1W1-
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Proposition 2.3 Assume that S = {s,t} with s # t, that m(s,t) = 6 and that
B = {s,t,sts, tstst}. Then
(i) 2p(W) = Dp(W) is a subalgebra of /W of /-rank 8.

(ii)  Op is a surjective linear map (and not a morphism of algebras).
(iii) KerOp = Z(xestst — %t) D L Xestst — Xets)-
(IV) IrrW = 93 ({1, ds, dg, dA, dl, dg})
Proof With computations similar to §2.1, we obtain the following table for the
map 0 B-
ds 1| ds |ds|dp|dy | da|ds| dy
Op(d)) |1]ev v ] e |xe|xa|x2 |1
This shows (ii) and (iv). Asdy — ds = x(qq) — X% and dy — dy = Xeqst — Xas>
(iii) is proved. Finally, the fact that 65 is not a morphism of algebras follows from
Op(d})(wo) = (1 + &7+ x1)(wo) = =2 # Op(d1)* (W) = x2(wp)* = 4. u
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