NIL SEMI-GROUPS OF RINGS WITH A
POLYNOMIAL IDENTITY
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The basic properties of associative rings R satisfying a polynomial identity
plxy, ..., %s1=0 were obtained under the assumptions that the ring was an
algebra [e.g., [4] Ch. X1, or with rather strong restrictions on the ring of
operators ([1]). But it is desirable to have these properties for arbitrary rings,
and the present paper is the first of an attempt in this direction. The problem
is almost trivial for prime or semi-prime rings but quite difficult in arbitrary
rings. The known proofs for algebras have to be modified and in some cases
new proofs have to be obtained as the existing proofs fail to exploit the known
structure. In the present paper we extend the results of [1] on the nil subal-
gebras of a ring with an identity for arbitrary multiplicative nil semi-groups
of the ring and for arbitrary rings.

Finally, we extend our results to rings with a pivotal monomial and as a
consequence we show that the nil multiplicative semigroups of a simple ring

of bounded index are nilpotent.

1. Notations. Let 2 be a set of linear mappings of a ring R into a ring
T, i.e., given a mapping 2% R— T, denoted by w.r. and satisfying

w(rs) = (wr)s = r(ws)
(1.1) , weR; r,sER.
w(r+s) =wr+ ws

Let x, %, . . ., be an infinite set of indeterminates. Let 2[x] be the free
ring generated by the {x;} and the symbols of £, and among the elements of
2«1, we restrict ourselves to the set 2[x] of all polynomials plx] = D w x;,
-+ +x;, which are finite sums of different monomials x;, - - - x;, preceded by an
element w;, of the set £.
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In most applications (e.g., algebras over a field F=2) 2 is a commutative
ring, then Q[ x] is the free ring generated by 2 and {x;} as long as only additive
structure of 2[x] is considered.

For plx]l = 2 w)%,* « - xi, we define degree, linearity, multilinearity in the
usual way, and we set 2(p) = {w} the set of all coefficients of p[x]. Thus
Ker 2(p) ={7rlr =R, wr=0 for all we 2(p)}. We shall also decompose p[x]=
polx]l+plx]+ - - - +plx] in homogeneous components p;{x] of degree j and
note that also p;[x]< 2[x].

If plx]l <= Qlx] then for every substitution x;=7; € R, the element plr,
72, . . . is a well defined element in K, and if p[#] =0 for all substitutions we
say that p =0 is a polynomial identity of R.

In the linearization process of a polynomial identity one starts with a
monomial 7(x) =x(x, ..., %) =wuXime%- - - meXMes;, wWhere m; is either 1

or a monomial not containing x;; then one replaces x; by x4+ x¥s:1 and write
(1.2) (%) =m+m+ - Fmx

where the sum ranges over all 2% monomials obtained from = by the distribntive
law. m=n(%, %2, . ..,%) and mx=n(%r+1, %, . .., %,) and all other r; are
different monomials of degree <k in x; and %x,+1. '

This simple observation is applied to the following extension of the lineariza-

tion process.

LemMAa 1. Let R satisfy a polynomial identity plxi, %, ..., xa1=0 of
degree d, and let p =po+ P+ * < - + pa be the decomposition of p in homogeneous
component p; of degree j. Let n(x) = wxi %i,- * * %i, be a monomial of degree r

appearing in plx], then R satisfies a polynomial identity:-

(1.3) fb[xl, e X =Wy 'xr“l‘Zr[xl, e ey xr:|+1_7r+1[x1, e ey Xrld
+ o+ palx, L, %]

where p; e Q[x] is homogeneous of degree j and the coefficients 2(p;) S 2(p;)
for r<j<d, and p.[x]=Dwi%i,+ * - %, is homogeneous multilinear with mono-
mials = %% " * * Xr.

In particular for r =d, plx] is multilinear and homogeneous.

Proof. Let p; be the degree of x; in the monomial 7(x) and » = Max u;,

and let ¢ be the number of x; of degree » in n(x). Consider the pairs (», 7)
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ordered lexicographically and our proof will be by induction on these pairs (v,
T):

Let #(x) contain % different x; then by setting x; = 0 for all x; not appearing
in n(x), and choosing x;, . .., %, for the x; appearing in n(x), we clearly get
from plx] a polynomial p[lxi, ..., x,1€ QLx], which holds in R, containing the
monomial z(x) and for which 2(3%;)C 2(p,).

If y=1 (then r=7), n is multilinear and we can assume that n(x) = wx; %,

- +%. Next we obtain a polynomial p[x] € Q[ «x] satisfied in R of the same
type as » but whose monomial contain all the %, i=1,2,...,7 in the fol-
lowing way: Zlx;, ...,%1-700, %, ..., %] 2[x], and it is satisfied in R
and with the same properties ie., n(x) is a monomial in it and the set of
coefficients of the monomials of degree jSQ2(%;)<2(p;), and all monomials of
1 contain x.  Repeat this process with $; to obtain a polynomial identity 7.
whose monomials will contain both x; and x,; and so on---. Finally the
polynomial p[#i, ..., %] is necessarily of the form (1.3) as all its monomials
are of degree =7, and those of degree r must contain all %1, %, ..., %;
furthermore none of the monomials is repeated.

So let »>1, and %, ..., x: be x's appearing in #(x). Consider the poly-
nomial identity of R, gl ..., xz+:1=0 given by:

alx, oo, Xeed=glei+ xre1, %2y ..., ] = Glen, %, o .., 2]

—(j[xkn, X2y o o oy xk]

It follows readily from the remarks preceding (1.2) that g¢[x]e @[x] and
2(q;) S 2(p;) < 2(p;). Furthermore, g =0 in Ris a consequence of the distributive
law of (1.1); and finally it follows by (1.2) that g{x] contains a monomial
with the coefficient w as that of z(x), but for which we have the pair (», v — 1)
if t>1 or (»—1, A) for some 2 if r=1. In both cases we can apply our induc-

tion to obtain the required polynomial identity =0 of (1.3).

2. Multiplicative nil semigroups of rings.

The theory of the Lower Radical (e.g., [4]) is well known to hold also for
semi-groups with a zero. For further references we recall some of the defini-
tions and results required later:

Let S denote a semi-group with a zero, which in our applications will always

be a multiplicative subset of a ring R. A subset M S is an ideal if SM and
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MSc M. As usual we construct for each ideal the quotient semi-group S/M,
which is the set S with all elements of M are identified with the zero.

An ideal ICS is said to be nilpotent modulo M of index % if I* = {aa,- - -
arla;eI}cM. Then the union of a finite number of ideals nilpotent mod M
is also an ideal and it is nilpotent mod M. Denote by Ni(S/M) the union of
all nilpotent ideals mod M, which is an ideal in S containing M, but need not
be nilpotent.

We define for every ordinal A:

No(S/M)=M
N\(S/M) = Ni(S/Nx-1) if 2 is not a limit ordinal
N(S/M) = PL‘))\N,.(S/M) for limit ordinals A.

The basic properties of the Lower Radical is the following :

LemMA 2. i) There exists an ordinal ¢ such that No = N- for all t=0. The
ideal N, is the minimal ideal Q in S containing M such that Ni(S/Q) =@ (ie.,
S does not contain ideals = Q which are nilpotent mod Q)

it) Each ideal N, is locally nilpotent (mod M) ; that is, every finite set in

N, generates a nilpotent (mod M) semi-group.

Proof. The proofs are well known for the case of rings (e.g. [4]) and it
is even simpler for semigroups. As we shall need here only the fact that
Ni(S/N,) =N, and (ii) we reproduce their proofs. The first is evident by
chosing ¢ to be the first ordinal for which N, =N,.;, and to prove (ii) let
S, . ..,S5 €N, and the proof is carried by induction on A. If 2 is a limit
ordinal, then the finiteness of ¢ puts our set in an NV, with ¢ <2 where induc-
tion can be used.

If A=p+1, then s;, ..., s belongs to a union of a finite set of nilpotent
ideals mod N, which is nilpotent—hence, s = si,si,* * *si, € N, for some fixed
k and all products of % elements of the s;’'s. This set {s.,} is finite and therefore
it follows by induction that {s.} is nilpotent mod M which clearly implies the
nilpotency of {si, ..., st

We need also the following property of nil semi-groups:

LemMma 3. Let M be an ideal tn S, and let S be nil mod M. If S does not
contain nilpotent ideals mod M, then there is an infinite set a;, @, . . . , Gn, .

of elements in S with the property that aia:a;- + - an M for every n, but aia; €
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M if i=].

Proof. As S is nil mod M, choose in S an element a;¢ M but such that
ai€ M. Suppose ai, ..., an-; have been chosen such that aia:: * - an-1& M
but a;a; = M when j<i, then choose a, as follows :

Let b=aia:. . .an-1= M, and S does not have nilpotent ideal—the ideal {}
generated by & is not nilpotent. This implies that bSb<=M, as otherwise the
ideal {6)’CM. So let bxbe M for some %< S as S is nil we can choose ¥ such
that 4(xb)*= M. Repeating our process with bxb replacing b, we choose y S
with bxbybxb< M, and finally we set a, = xbybxbE M. Now aia:* * * @n-18, = ban
=bxbybxbe M, and a;a; € M for j<i<n—1. Finally a.a; = xbybx (a;* - * an-1) a;
€ M since anp-a;€ M, and ak = xbyb(xb)*ybxb < M as b(xb)’= M. This com-
pletes the proof of the lemma.

The following lemma takes into account the addition of the ring R which

contains the semi-group S:

LEmMMmA 4. Let 2= (w1, ...,wys) be a finite set of operators of 2, and
M=SNKer 2 ={sls€S, wis=0 for every w;< Q). For seS, if
2os S QNN R/ M) then s< Ny(R/M).

Proof. We use induction on A. For 1=0, our condition requires that
205 20Ny = QoM = 0, hence s MN,(S/M).

Let 1>0, we get wis = > wjaij, with a;j € Nx(R/M) and the number of the
ai; is finite, hence our proof is immediate if 2 is a limit ordinal. If A=p+1,
then the finite set of elements ai; generates a nilpotent ideal modulo N,(S/M)
and say it is of index =, then

%00 %@ %+ + - a™x, € N,(S/M) for all x;& Sand all a'*’ of the set {a;;}. Hence,

by (1.1)
WiXoSX1SX2* = * Xn-15%n = (XS * * * $Xp-1) (WiS)%n = (X4S* * * Xn-18%n—1) * 2\ W;,Gij, Xn
Jn
= (%S * * $%n-2) 20 (W}, S) Xn-1Gij,%n = (XS * * * SXn-2) D) Win_, @, in-, Xn-1Gin%n
Jn Jn=1, Jn
= = D WK, K15, ¢t Bn-1Gif, % S D) QN (S/ M),

Thus, 2o(xesx:s* * - $%:) S >, 20N, (S/M) for arbitrary x; € S. It follows, therefore,
by induction that xesxis- « * s¥s € N,(S/M) and consequently the ideal {s} gener-
ated by s in S is nilpotent modulo N,, and hence s N,+(S/M). q.e.d.

3. Our main result is now:
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THEOREM 5. Let R be a ring with a polynomial identity plx]1=0 of degree
d and coefficients 2(p) € 2, and let M= Ker Q(p), and S be a multiplicative
subset of R. Then:

i) If S is nilpotent mod MNS of index n then S') generates a nilpotent
ideal modulo M in the ring R, of index< (d+1)*".

i) If S is nil mod MN S then S ) N{(R/M).

Remark. Clearly in our case M is a two sided ideal in the ring R and hence

Ni(R/M) is the sum of all nilpotent ideals in the ring.

Proof. Let R™ denote the ring obtained by adjoining a unit to R. Let
R*TR* denote the two sided ideal in R generated by T, where T is any subset
of R.

For every integer m set u(m) the index of nilpotency of the ideal R*S™R*

modulo M. Thus u(n) =1 in case (i) of our theorem since S"C M.

SR

Let m be any integer>[%], where [ ] denotes the largest integer <

The proof begins similarly to the proof of this theorem for algebras given in
[1]1:

Consider the sets Tij_;=S"7R*S’™), Ty;=S"7R*S’ for j=1,2,..., m.
Note that if a; € T; then ajas = R*S™R* if k<i, and a} € R*S" 'R*. By choosing
a; arbitrary in 7y, the products aia:+ * *a, (for any 7) will range on a set of
generators of the additive sets T4 Ty« - Tr = (S™'R*)"S” where 2 j=ror2j+1
=7.

For any w < 2[p], a coefficient of the polynomial p[x], we apply Lemma 1

and obtain the polynomial p[ %y, . . . , %] which we write in the form:

(3. 1) wxikas * “%r=— D2, .o %= ProalXy, oo %] — 0o e = Paly, L. L, %]
Letting x; = a; € T, the last relation shows in view of the preceding remarks

that

(3.2) w(S"R*)'S'<2(5:) (R'S™R*) + () (R*S"'R™)

Indeed, 2(p,) € 2(p,) and the monomials x;* - - x;, in P, differ from x %

* *%r, hence it must contain a product x;x; with j< ¢ so that the substitution
% = a; yields an element in 2(p,)(R*S™R*); and as for other monomials of 7,
being of degree k> 7, they necessarily contain a product x;x; with j<7 so they
yield elements in 2(7x)(R*S™'R*)<(pr) (R*S™'R*), which completes the
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proof of (3.2).
The validity of (3.2), for any w< 2(p,) yields by multiplying on the left
by R* and on the right by S"7R*:

(3.3) QP (R*S"IR* 1< 2(p, ) (R*S™R*) + 2] 2(p) (R*S™'R™).

Note that for r = d, the second summand does not appear. Now multiply both
sides of (3.3) by (R*S™'R*)"** and apply (3.3) for i =+ 1 in the terms under
sum, then noting that (R*S™R*)(R*S™ 'R*)"cR*S™R we get:

2(p,) (RFS™ ' R** ™V 9( p, ) (R*S"R*) + 2(pr+1) (R*S™R)
+ N 2(p) (R*S™'R™).

>r+l

Repeating this process we finally get:

Q(P)(R¥S™IR* I ST 2(p:)) (R*S™R™)

iZ=p

dd+1)

. 2
5 =8< (d+1)%

where t(r) =(r+ 1) +[(r+ D)+ (r+2)+ - - +dIL1 +
This being true for »=0,1, . .., d yields

(3.4) 2(P)(R*S"'R*)° < R(p)(R*S™R*).

Next multiplying both sides of (3.3) by (R*S™'R*)° and apply (3.4) to the
right side we get 2(p)(R*S™ 'R")® c Q(p) (R*S™'R*)’(R*S"R*) < Q(p) (R*S"R*)".

Continuing and multiplying again by (R*S™'R*)’ and so on we finally obtain :
2(P)RS™R*)*c2(p)(R'S"R*).

From the preceding definition of x= u(m) it follows that 2(p)(R*S"R*)*
=0. Hence 2(p)(R*S™'R*)** =0 which shows that for m>l—‘21] ulm—1) <
w(m)s. Now u(n) =1, so u([g—])su([%]+l)b‘g- o< () = gt
<(d+1)*", which means that S/% generates a nilpotent ideal mod M of index
<(d+ 1%, and (i) is proved.

To prove (ii), let My=SNM={s|se S, 2(p)s=0}. Consider the Lower
Radical N,(S/M,) of Lemma 2. If N,%S, then S has no nilpotent ideals mod
No(S/M,) and hence we obtain by Lemma 3 a set of elements ai, @, . .., ar
in S such that aia:- - -a,$ N, but every other product a; - - -a; for which
some #,+1 <4, will belong to N;. This will always be the case if 2> 7, or if it
is the product of these r elements but in a different order.

Substituting these a’s in the polynomial (3.1), for every we 2(p) we get
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wla- * ~a,)S > 2(H)Ns(S/M,) and therefore, also 2(p)(ai+ * *as) < > 2(p)N,
by multiplying on the right by a@,+1° - *aq. It follows now by lemma 4 that
@@+ *as <= N, which is a contradiction. Hence N.(S/M,) = S.

In particular, this yields that S is locally nilpotent modulo M,, which means
that for arbitrary s, s, . . ., Sa21 € S, the multiplicative set So = {si, . . ., Srai)}
generated by the s; is nilpotent. It follows, therefore, by part (i) of our theorem
that S}%") generates a nilpotent ideal in R. 'Thus s;5;- - - S € SSYP < N(R/ M),
and this being true for all s;& S yield that S““*'c Ny(R/M) as required.

4. We extend our result now to rings with a (two-sided) pivotal monomial.
This notion has been introduced in [3] and followed in [2], and in the present
paper we try to define it in its most general form where the method of the
preceding section can be applied.

Let = be a function from the set of integers (1,2, . . ., d) into the positive
integers. We make correspond to = a monomial 7(%) = %X.q)* * * ¥ of degree
d. Let C. = {s} be the set of all functions s defined on (1, 2, . . ., g) for arbitrary
¢ and satisfying one of the. following:

1) ¢>d

2) The non ordered sets (z(1), . .., n(d)) = (a(1), ¢(2), ..., a(d))

3) If g<d and the sets (z(#)) and (4(j)) are the same, then for some
1<i<gq we have [o(i+1) — a7z +1) —x(£)1<0, ie., the order (in magni-
tude) of the pairs (g(7), o(i+1)) and (z(i+1), =(4)) are different.

We now define #(x) to be a pivotal (two-sided) monomial of degree d if

for every substitution x; = a;:

Rr(a)RS > Rs(a)R.

oeCy

This definition is a slight generalization of the notion of strong pivotal
monomial of [3] and [2].

Our aim is to show

TuEOREM 6. If R has a pivotal monomial of degree d and S is a nil multi-
plicative semi-group in R then:

1) Is S is nilpotent then s4 generates a nilpotent ideal in R.

i) If S is nil then S°CNy(R) which is the union of all nitlpotent ideals in
R (In particular, S is locally nilpotent).
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Proof. First one follows the proof of Theorem 2 of [3] to show that we
can assume that 7(x) =e(x) = 222+ - *24. This is justified, since in the lineari-
zation process of (1.2) used in the proof of the quoted theorem, we have that
for each m; in (1.2)--n; € Cx, if i=j and g; € Cx, for all j if s € C», and therefore
the arguments of that proof hold and so will be the first result that we may
take 7 =e.

Theorem 6 has an interesting corollary which is well known for matrix

rings over division rings:

CoroLLARY 7. Let R be a simple ring whose nilpotent elements are of index
bounded by n, then the nil multiplicative semi-groups of R are nilpotent of index
<n

Proof. The ring R of our theorem has n(x) = ™ as a pivotal monomial.
Indeed, for every a< R: if a""' %0, then Ra"R = R = Ra""'RC c§ Rs(a)R, since
R is a simple ring, and if a**' =0 then a is nil and hence also ma” =0, which
shows that 0 = Ra"R = Ra"“RgozE. Ros(a) R, which shows that in any case x” is
a pivotal monomial. ’

The rest of the proof follows now from the fact that if R is simple and
not nilpotent then N:;(R) =0, and our result is a consequence of Theorem 6.
If R is nilpotent, then R*=0 and our corollary holds trivially.

A final remark is that one can define also pivotal monomials with operators
2 by requiring that .Qo(Rn(x)R)gag, 2:(Rs(x)R) for finite sets 2. In this case

the preceding results will be valid mod M = Ker £,.
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