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SOME INEQUALITIES ON QUASI-SUBORDINATE FUNCTIONS
Fuvao REN, SHIGEYOSHI OwWA AND SEIICHKI FUKUI

The object of the present paper is to derive some interesting coefficient estimates
for quasi-subordinate functions. Furthermore, a conjecture for quasi-subordinate
functions is shown.

1. INTRODUCTION

Let g(z) and f(z) be analytic in the unit disk U = {z: |z] < 1}. A function
g(2) is said to be subordinate to f(z) if there exists an analytic function w(z) in the
unit disk U with w(0) = 0 and |Jw(z)] < 1 (z € U), such that g(z) = f(w(z)). We
denote this subordination by g(z) < f(z). The concept of subordination can be traced
to Lindelsf [1], but Littlewood [2, 3] and Rogosinski [5, 6] introduced the term and
discovered the basic properties.

Further, a function g(z) is said to be quasi-subordinate to f(z) in the unit disk
U if there exist the functions ¢(z) and w(z) (with constant coefficient zero) which are
analytic and bounded by one in the unit disk U, such that

(1.1) 9(2) = é(2) f(w(2))-
Also, we denote this quasi-subordination by g(z) <, f(z). It is clear that the quasi-

subordination is a generalisation of the subordination. The quasi-subordination was
introduced by Robertson [4].

2. COEFFICIENT ESTIMATES

We begin with the statement of the following lemma due to Xia and Chang [7).

LEMMA. Let w(z) = 3 caz™ be analytic in the unit disk U and |w(z)| < 1
n=1

(z€U). Then

2.1) lea] < 1,

(2.2) lea) 1= leaf?,

(2.3) Jes (1 - leaf*) +mae| < (1 - jexl?)” = leal?

Applying the above lemma, we prove
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THEOREM 1. Let f(z) = i anz" and g(z) = § bnz™ be analytic in the unit
n=0 n=0
disk U and let g(z) be quasi-subordinate to f(z). Then
(1) bl < |ao| with equality only if g(z) = e*’ f(w(z)) (8 is real) in which
w(z) is analytic with w(0) =0 and |w(z)] <1 (z € U).
(i)  [b1] < (5/4) max(|aol, |a1]) with equality only if g(z) = ¢(z)f(w(2)),

a

#(z) = e"ﬁli_‘—_&; (la| = 1/2; B is real).

In particular, g(z) = ((1 +2z)/(2 + 2))f(z) with ao = a, is an extremal
function.
(i)  |be] € (7/27)(1 + 2\/7) max (|ag], |a1|, |a2|) with equality only if

— B Z T2 (0 —t= _
o(2) =P 22 f(e2)  (lal=t=(Vi-1)/3),
where 8 and 0 are real. In particular, g(z) = ((z + t)/(1 + tz)) f(z), with
—ag = a; = az is an extremal function.
PROOF: Note that there exist the functions ¢(z) = Y anz” and w(z) = Y, cnz”
n=0 n=1

such that g(z) = ¢(z)f(w(z)). Comparing the coefficients of both sides, we have

(24) bO = Qpay,
(2.5) by

(2.6) by = (cfaz + czal) + ajc1a; + azag.

apc1a; + aiag,

It follows from (2.4), (2.5), and (2.6) that

(2.7) fbo] = |aoaol,
(2.8) [61] € (|aoer]| + |aa|) max (|ao|, |ai]),
(2.9) |82 € (Iaocl| + |aocz| + |arcr| + |az|) max(lao|, [a1], |az]),

respectively. Since |¢(z)] <1 (z € U), we see that the function ¢;(z) defined by

(2.10) $1(2) = ¢£z)—¢?:) Ednz

is analytic and bounded by one in the unit disk U/. Note that

(2.11) dy = —2
1 — |ao]
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and

1 Aag
(2.12) dy= ——— | ag + —22 .
1—|aol? 1— |eof?

Therefore, using the Lemma, we have

(2.13) loa| €1 Jo|?
and
(2.14) |d2| < 1—|dsf?.

With the aid of (2.11), (2.12) and (2.14), we obtain

|as |?

B 1+|ao|'

(2.15) lez| < (1 - Iaolz)

Thus, it follows from (2.13) that |by| < |ao| with equality only if g(z) = €' f(w(z)).
Further, using (2.1) and (2.13), we obtain

(216) b1 < (1+ laxol = laol*) maxlao] , Jaa])

5
< 5 max(las , aa)

with equality only if

9(z) = P "2 f(e2) (o] =t =1/2).

l1-az

In particular, g(z) = ((2 + ¢)/(1 + tz))f(z) is an extremal function.
Next, let

(217) U= |aocf| + |ao¢12| + |a1c1| + |a2| .
Then, using (2.2) and (2.15), we have

|a1|2
1 + laol )

(2.18) U < el +losea + (1 Jaof?) -

Letting ¢t = |ag|, z = |¢1| and y = |ai], (2.18) can be written in the form

(2.19) ULl+t—t* +zy—y*/(1 +1) = ¢(y).
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Clearly, yo = z(1 +t)/2 is the maximum point of ¥(y). If yo > 1 — ¢?, that is, if
1-2/2<t<1,0<z<1,then y<1-¢3 50

(2.20) U<y(1-+¢)
=t+(z+t)(1-1%)
<142t -2 —t3 = A(2).

It is easy to see that to = (v/7—1)/3 is the maximum point of A(t) of which the
maximum is

7(1 4 27
(2.21) A(to) = —(—;7—‘0— — 1.631130309.
Hence, when y, > 1 — t2, we obtain
7(1+2V7
(2.22) U < A(to) = T1+2v7)
27
If yo=2z(1+1t)/2<1—1%, thatis,if 0 <t <1-z/2, then
2
(2.23) U <¥(y) = (1 + %) (1+1) - = Q).

Since to = (1 + z%/4)/2 is the maximum point of Q(t),if to <1 —2z/2, 0r,if 6 <z <

2(v2 —1), then

2

(2.24) U<Ote)=1+> +

1 22 2 \/—
1 Z(1+T) < 10— 6v2,

and, if to > 1 —2/2, or, if 2(vV2—-1) €z <1, then

8 + 4z + 222 — 23 < 13

(2.25) U<Q1-2/2)= < =.
8 8
Therefore, it follows from (2.22), (2.24) and (2.25) that
7(1+2v7
lb2| < —(T—)mu(lad, laa], |az])-

Finally, from the above process of the proof, we know that the extremal function
9(z) = ¢(2) f(w(z)) occurs only if

7-1 1427
|a0|=t=\/-3 :lall_—_l_tz:ig—\/__)
e 18-v7

laz| =1 —1¢2 , lal=1, ¢z =0.

1+t 27
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Hence, w(z) = €%z, ¢(z) = e®((z — a)/(1 —@z)), la] = t. In particular, g(z) =
((z+t)/(1 + tz))f(z) with —ao = @) = a; is an extremal function. This completes the
proof of Theorem 1. 0

Next we derive

o0 o0
THEOREM 2. Let g(z) = ) ba2™ be quasi-subordinate to f(z) = Y. anz™, and
n=0 n=0

let G(z) = Y Bnz™ be quasi-subordinate to F(z) = ), Anz™. Further, let
n=1 n=1

Un = inf {uy, : [b,| € vnmax(|ag|, |a1], ..., |aal])
for all f(z) and g(z) such that g(z) <4 f(2)}
and let Vo =inf {vn : |Bp| < vomax(]4:], |42], ..., |4a])
for all F(z) and G(z) such that G(z) <4 F(2)}.
Then
(2.26)
|bn| < Unmax(lac|, las], ..., lanl),
(2.27)
|Ba| < Vo max(|A4], |42], ..., |4xl]),
and
(2.28) Vo € Un_y.

Furthermore, for an arbitrary given natural number n, if the extremal function is

9(2) = ¢(2) f(w(2)) which makes

lbn—1| = Un-1max(|ac[, |az], ..., |an-1])
and z¢(z)/w(z) is analytic in U, then
(2.29) Vo = Uny.

PROOF: The inequalities (2.26) and (2.27) are clear from the definitions of U,
and V,. In order to prove (2.28), we first show that if G(z) <, F(z), then G(z)/z <,
F(z)/z. Indeed, since G(z) <4 F(z), there exist the analytic functions ®(z) and
w(z) (with constant coefficient zero) bounded by one in the unit disk U such that
G(z) = ®(z)F(w(z)). Thus we have

G(2)
) _ saaa),
where H(z) = F(z)/z and ¢(z) = ®(z)w(z)/z.This shows that G(z)/z is quasi-
subordinate to F(z)/z.
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If G(z) = ®(z)F(w(z)) is an extremal function of (2.27), then
(2.30) |Bn] = Vamax(|4;}, |42], -.., |4a]).
Since G(z)/z is quasi-subordinate to F(z)/z, by (2.27), we get
(2-31) |Bn| < Un-1max(|4i], [42], ..., |4n])-

Consequently, we have V,, < U,,—; for all n.

Finally, in order to show (2.29), let G(z) = 2¢9(2), F(2) = zf(z) and ¥(z) =
z¢(z)/w(z). Since g(z) = ¢(z)f(w(2)), we see that G(z) = $(z)F(w(z)). Noting that
®(z) is analytic in U and bounded by onein U, we conclude that G(z) <4 F(z). Since
B, =b,-1, A1 =ag, ..., An = an—_1, (2.27) gives

(232) |bn_1| S Vn ma.x(|ao| s |a1| g reey |a,,,_1|).

But, by the hypothesis

Ibr—1] = Un—1 max(lao|, |as|, ..., lan-1l),
we have U, -1 < V,,. Thus we complete the assertion of Theorem 2. 0
COROLLARY. Let G(z) = > B,2z" be quasi-subordinate to F(z) = i An2™ in
U. Then n=l =t
(2.33) |41] < | By

with equality only if G(z) = e’PF(e*z),
5
(2.34) |Ba| < 3 max(|4i], |4,[)

with equality only if G(z) = &(z)F(w(z)) in which &(z) = €#((z — a)/(1 — @z))
(la| = 1/2), w(z) = e®z. In particular, G(z) = ((1 +22)/(2 + 2))F(z) with A; = A,
is an extremal function, and
7(1+ 27
(2.35) |Bs| < %mmﬁ(lfhl, |21, |4s]),
with equality only if
z—

G(z) = e"‘g1 aazF(ewz) (|a| =t= (\/'_(' - 1)/3).

In particular, G(z) = ((z+1)/(1 +tz))F(z) with —A4; = A; = A; is an extremal
function.

REMARK. The inequalities (2.33) and (2.34) in the Corollary were verified by Robertson

[4].
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3. CONJECTURE

In view of the last assertion of Theorem 2, it is enough to study the extremal
problem (2.26) if we can prove that the extremal function of the extremal problem
(2.26) for n has the property of Theorem 2, because we can immediately obtain the
solution of the extremal problem (2.27) for n + 1.

What can we say on the problem (2.26)? For this problem, it is reasonable to make
the following conjecture.

o0 Lo
CONJECTURE: If g(z) = Y bnz™ is quasi-subordinate to f(z) = Y an2™, then

n=0 n=0

(31) |ba| < Un max(|aol, |ail, ..., [an]),
where

_ — _gn _ gn—1
(3.2) |Un| = max Uy(t) = max Q+2t—tm—t"1).

The equality in (3.1) holds only if g(z) = ¢(2)f(w(z)) in which ¢(z) =
e((z - a)/(1 — @z)), w(z) = €z, and t = |a| is a maximum point of U,(t) on
[0,1].

We know that it is true for n =1, 2, but, for n > 3, it is also an open problem.
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